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Internal  waves  and  related  initial-value 
problems 

James  Lighthill 


Abstract 

This  paper  gives  a  detailed  account  of  how  small  disturbances  to  uni¬ 
formly  stratified  fluid  develop  when  the  initial  disturbances  are  confined  to 
a  limited  region.  Special  stress  is  laid  on  properties  of  vorticity  in  strati¬ 
fied  fluid,  with  horizontal  (yet  not  vertical)  components  of  vorticity  being 
propagated  away,  alongside  density  variations,  in  any  internal  wave  -  an 

important  difference  from  corresponding  properties  in  homogeneous  fluid.  i 

The  paper  includes  a  comprehensive  analysis  of  the  waves  which  em¬ 
anate  from  the  initial  disturbances,  as  well  as  of  those  residual  motions  that  ' 

are  left  behind  after  all  waves  have  been  propagated  away  (those  in  each 
horizontal  plane  being  determined  from  the  initial  distribution  over  that 
plane  of  the  vorticity ’s  vertical  component).  Some  mathematical  details 
are  included  in  an  Appendix,  which  outlines  too  an  additional  benefit  from 
these  studies  by  showing  how  the  wave  motion  generated  by  any  transient 
local  forcing  effect  can  always  be  identified  as  the  solution  of  a  well  defined 
initial-value  problem. 

1  Introduction 

This  paper  aims  to  treat  comprehensively  the  development  of  small  disturbances 
to  a  uniformly  stratified  fluid  (on  the  Boussinesq  approximation)  in  cases  where 
the  initial  disturbances  to  uniform  stratification  occupy  jus1  a  limited  volume  of 
fluid  but  are  otherwise  arbitrary.  Particular  attention  is  did  to  the  fact  that, 
while  certain  elements  of  the  initial  disturbances  are  propagated  outwards  as  in¬ 
ternal  waves,  a  residue  may  remain  in  the  initial  location  as  an  (ultimately )steady 
horizontal  motion  Relationships  between  the  results  obtained  and  general  prop¬ 
erties  of  vorticity  are  set  out  with  care. 


Also,  attention  is  paid  in  an  Appendix  to  outlining  all  the  necessary  mathe¬ 
matical  analysis  in  the  simplest  possible  (real- variable)  form  so  that  the  mathe- 

1 


i 


matical  conclusions  are  easy  to  follow  as  well  as  having  clear  physical  interpre¬ 
tations.  Moreover  the  mathematical  equivalence  between  initial-value  problems 
and  studies  of  the  waves  generated  by  purely  transient  local  forcing  effects  is 
made  clear  by  proving  that  the  latter  type  of  forcing  generates  the  same  waves 
as  would  arise  from  a  certain  (precisely  related)  initial-value  problem. 


In  the  body  of  the  paper,  however,  emphasis  is  laid  on  physical  aspects  of  how 
initial-value  problems  differ  fundamentally  for  stratified  and  unstratified  fluid. 
Without  stratification  there  is  no  propagation  of  vorticity;  which,  on  a  linear 
theory,  remains  unchanged  with  time  (evidently,  the  fully  nonlinear  conclusion 
that  vortex  lines  move  with  the  fluid  assumes  this  limiting  form  for  small  distur¬ 
bances).  Physically,  a  familiar  relationship  (section  2)  of  vorticity  to  the  angular 
momentum  of  a  small  fluid  sphere  allows  this  result  to  be  interpreted  in  terms  of 
all  pressure  forces  on  the  sphere’s  surface  acting  through  its  centre  and  so  having 
no  power  to  change  its  angular  momentum. 


In  stratified  fluids,  on  the  other  hand,  any  vertical  displacements  can  result 
in  horizontal  gradients  of  density.  These  shift  such  a  sphere’s  centre  of  gravity 
from  its  centre  of  buoyancy  (the  geometric  centre)  and  so  lead  to  a  horizontal 
couple  or  torque  on  the  sphere  and  a  rate  of  change  of  vorticity 

dui/dt » (Vs)  x  g,  (i) 

where  a  is  the  proportional  change  in  density  from  its  undisturbed  value.  Thus, 
density  variations  carried  by  internal  waves  carry  also  changes  in  vorticity  - 
which,  however,  are  confined  to  its  horizontal  components  since  g  is  directed 
vertically. 


The  science  of  aeroacoustics  deals  with  questions  of  how  turbulent  flows  in  a 
homogeneous  fluid  generate  sound  waves.  Vortex  lines  in  the  turbulence  move 
with  the  fluid,  and  the  only  wave  propagation  that  can  carry  disturbances  away 
from  the  flow  is  an  irrotational  acoustic  disturbance  associated  with  a  source  term 
quadratic  in  the  disturbance  velocities. 


By  contrast,  the  study  of  how  vortical  disturbances  in  a  stratified  fluid  gen¬ 
erate  internal  waves  involves  no  quadratic  source  terms.  Already  on  a  linear 
small-disturbance  theory  an  initial  distribution  of  vorticity  generates  internal 
waves  which  carry  away  changes  in  the  relative  density  a  along  with  associated 
fluctuations  (1)  in  the  horizontal  components  of  vorticity.  Ultimately,  the  waves 
have  removed  all  variations  in  a  so  that,  because  by  (1)  u.  *®  independent  of  time, 
the  residual  motion  is  a  steady  flow.  It  is  specified  on  small-disturbance  theory 
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by  the  fact  that  the  vertical  component  of  vorticity  has  never  changed,  This  fixes 
the  motions  in  each  horizontal  plane  separately,  with  shear  between  planes  deter¬ 
mining  horizontal  components  of  vorticity;  which,  however,  satisfy  (1)  because 
they  are  not  varying  with  time. 


In  my  book  "Waves  in  Fluids”  (Lighthill  1978)  there  is  not  much  that,  in  1994, 

1  would  wish  to  see  altered  except  section  4.8.  In  this  paper  and  its  Appendix  I 
welcome  the  change  of  indicating  the  physical  and  mathematical  material  which 
might  (I  believe)  usefully  replace  the  contents  of  that  section. 

2  Vorticity  in  internal  waves 

Classically,  the  vorticity  yj  is  interpreted  by  analysing  the  motion  of  a  small 
sphere  of  fluid  into  three  components:  (i)  uniform  translation  at  the  velocity  of 
its  centre;  (ii)  rigid  rotation  with  angular  velocity  and  (iii)  a  symmetrical 
straining  motion.  All  of  the  sphere’s  angular  momentum  is  in  component  (ii)  and 
takes  the  form  where  I  is  the  sphere’s  moment  of  inertia.  In  general  motions 
of  a  fluid,  the  laws  governing  changes  of  ui  can  be  deduced  from  a  consideration  of 
how  forces  acting  on  the  sphere  may  be  altering  its  angular  momentum,  provided 
that  the  effects  of  components  (i)  and  (iii)  are  carefully  taken  into  account. 


On  the  other  hand,  these  latter  effects  (a  convective  effect  due  to  the  sphere’s 
translation  and  a  stretching  effect  associated  with  changes  in  moments  of  inertia 
about  principal  axes  of  rate  of  strain)  disappear  from  any  studies  where  the 
squares  of  small  disturbances  from  hydrostatic  equilibrium  are  neglected;  since, 
evidently,  both  convective  velocity  and  rate  of  strain  are  small  as  well  as  the 
vorticity  components  on  which  they  act.  In  such  studies,  then,  the  “small-sphere 
angular  momentum”  model  of  vorticity  is  specially  easy  to  apply. 


A  sphere’s  buoyancy  force,  specified  by  Archimedes’  Principle,  balances  its 
weight  in  hydrostatic  equilibrium.  On  the  other  hand,  these  zero-order  forces  can 
generate  a  first-order  rate  of  change  of  angular  momentum  if  small  disturbances 
displace  the  sphere’s  centre  of  gravity  from  its  centre  of  buoyancy  (the  geometric 
centre).  A  gradient  Vs  of  relative  density  gives  the  sphere’s  centre  of  gravity  a 
displacements  M-1(lJVs),  where  M  is  its  mass  while  the  second  moment  of  the 
mass  distribution  in  the  direction  of  Vs  takes  the  simple  form  j/Vs.  But  the 
sphere’s  weight  Mg,  acting  through  this  displaced  centre  of  gravity,  generates  a 
rate  of  change  of  angular  momentum 

\lduJBt  »  AT1  (1/Vs)  x  Mg  (2) 

from  which  equation  ( 1 )  follows  in  any  case  where  viscosity  can  be  neglected  (that 
is,  where  all  forces  acting  on  the  sphere’s  surface  are  pressure  forces  which  share 
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with  the  buoyancy  the  property  of  being  directed  through  its  centre). 

Horizontal  gradients  of  density,  then,  induce  rates  of  change  of  horizontal 
vorticity  components  at  right  angles.  For  internal  waves,  this  is  well  illustrated 
by  the  simple  case  of  a  plane  wave. 

On  the  Boussinesq  approximation  adopted  in  this  paper,  any  vertical  displace¬ 
ment  h  is  resisted  by  a  vertical  force  N2h  per  unit  mass  where  N  is  the  Vaisala- 
Brunt  frequency,  here  taken  as  uniform.  Also,  the  velocity  field  is  solenoidal,  so 
that  fluid  motions  must  be  perpendicular  to  the  wavenumber  vector;  being  di¬ 
rected  up  or  down  lines  of  steepest  ascent  in  surfaces  of  constant  phase  under  the 
combined  action  of  the  above  vertical  force  and  pressure  gradients  normal  to  those 
surfaces  (WF, p.289).  The  resultant  force  along  such  a  line,  assumed  at  angle  0 
to  the  vertical,  is  N2hcos$  per  unit  '.Mass;  which,  in  opposing  the  acceleration  of 
fluid  (d2h/dt2)aec6,  gives  rise  to  oscillations  with  the  familiar  value 

<t  =  jVcosfl  (3) 

for  the  radian  frequency  cr  (a  letter  used  for  frequency  in  this  paper  so  that  u > 
can  be  kept  for  vorticity). 


But  the  oscillations  in  different  surfaces  of  constant  phase  are  by  no  means 
independent  of  each  other.  They  take  the  form  of  a  wave  travelling  in  a  direction 
n,  normal  to  those  surfaces,  along  which  the  phase  of  the  oscillation  changes 
at  a  rate  27r  per  wavelength.  Thus,  horizontal  vorticity  arises  because  the  fluid 
velocity  (dh/di)sec6  up  the  line  of  steepest  ascent  has  a  gradient  dfdn  normal 
to  the  plane,  so  that  the  rate  of  change  of  horizontal  vorticity  is 


0dh 

—N  cos  0-^-  ; 
on 


(4) 


which  moreover  does  satisfy  equation  (1)  because  it  is  (— g)  times  the  horizontal 
gradient 

cos  6-~{g^N2h)  (5) 

of  the  relative  excess  density  s  =  g~l  N2h.  Thus  internal  waves  -  even  in  the 
simple  case  of  plane  waves  —  involve  shearing  motions  possessing  horizontal  vor¬ 
ticity,  which  in  turn  is  always  related  to  horizontal  density  gradients  as  indicated 
by  equation  (1). 


Moreover,  vorticity  is  important  too  for  internal  waves  in  general.  For  any 
solenoidal  vector  field  (u,v.tt>)  the  relationship 

curlu.  =  curlcurl(u,v,w)  =  -(V3u,  V2t>,  V2u>)  (6) 
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is  well  known;  here,  its  z-component  (vertically  upwards)  gives 


by  equation  (1).  Now,  since  ds/dt  can  be  written  as  g~lN7dh/dt  or  g~* N2w,  a 
second  time-differentiation  applied  to  (7)  gives  the  full  classical  partial  differential 
equation  for  internal  waves: 


It  is  noteworthy,  however,  that  equation  (7)  for  the  vertical  component  of 
—d(curlm)/dt  included  only  the  horizontal  components  £  and  r?  of  u.  =  (£,*?,()• 
The  propagation  of  these  components,  as  was  physically  explained  above,  is  in¬ 
timately  coupled  to  the  propagation  of  velocities,  densities  and  pressures  in  the 
wave.  By  contrast,  the  vertical  component  (  does  not  propagate  at  all;  rather, 
the  vertical  component  of  equation  (1)  gives 

dC/dt  =  0 .  (9) 

We  return  in  section  5  to  some  consequences  of  these  different  propagation  prop¬ 
erties  for  horizontal  and  vertical  components  of  vorticity. 

3  Group  velocity  in  internal  waves 

Because  in  plane  waves  the  fluid  moves  up  and  down  the  lines  of  steepest  ascent 
in  surfaces  of  constant  phase,  these  are  also  the  only  possible  directions  of  energy 
flux,  specified  as  the  mean  product  of  fluid  velocity  and  excess  pressure.  Another 
route  to  the  same  conclusion  is  based  on  viewing  energy  flux  as  the  product  of 
energy  density  with  the  group  velocity  U,  defined  as  the  gradient  of  the  frequency 
<r  in  wavenumber  space;  thus,  by  equation  (3),  a  depends  only  on  the  direction 
and  not  on  the  magnitude  of  the  wavenumber,  so  that  its  gradient  U  must  be 
perpendicular  to  the  wavenumber  vector  itself. 


This  is  why  crests  of  internal  waves  are  observed  (WF,  figure  77)  to  stretch  out 
radially  from  a  source  of  wave  energy.  Actually,  crests  above  the  source  appear 
to  be  travelling  diagonally  downwards  (and  cre3ts  below  it  diagonally  upwards), 
reflecting  the  fact  that  the  wavenumber  vector  and  the  group  velocity  always 
have  vertical  components  of  opposite  sign. 


Figure  1  makes  this  clear  by  showing  how  the  direction  of  steepest  ascent, 
specified  in  section  2  as  making  an  angle  9  to  the  vertical,  represents  the  direction 


b 


of  the  group  velocity  for  a  wavenumber  direction  pointing  along  the  downward 
normal  to  the  surface  of  constant  phase  —  simply  because  the  frequency  <r  = 
N  cos#  increases  in  the  direction  fl  decreasing.  Also,  the  magnitude  of  U  is 
NK -1  sin  #  in  terms  of  6  and  the  magnitude  K  of  the  wavenumber. 


In  an  initial-value  problem,  we  may  be  interested  in  how  different  Fourier 
components  in  the  initial  disturbance  (assumed  confined  to  a  limited  volume)  are 
subsequently  propagated.  Essentially,  their  energy  moves  a  distance  Ut  in  time 
r.  Therefore,  in  spherical  polar  coordinates  (r,  #,  <f>),  defined  so  that  Cartesian 
coordinates  (x,  y,  z)  with  z  vertically  upwards  take  the  form 

x  —  r  sin# cos  <j>,  y  =  r  sin  # sin  <f> ,  z  —  r  cos#  ,  (10) 

their  position  can  be  written 

r  =  NK~'t sin #,#  =  #,  4>  =  <j>  (11) 

in  terms  of  a  definition  of  spherical  polar  coordinates  in  wavenumber 

space  such  that  the  Cartesian  form  ( k ,  /,  m)  of  the  wavenumber  (with  its  direction 
diagonally  downwards  as  in  figure  1 )  is 

A:  =  K cos# cos d  ,  (  —  K cos# sin </> ,  m  *  —  K sin#  .  (12) 


Equation  (11)  means  that,  at  time  t,  two  adjacent  wave  crests  (a  distance 
2ir K~l  apart)  stretching  out  radially  from  the  source  region  make  an  angle 

(2nK-')/r=  2jt/(M  sin#);  (13) 

which,  as  observed  experimentally  (WF,  figure  77),  diminishes  as  t  increases  - 
and  also  as  #  increases.  For  very  small  #  (near- vertical  oscillations  of  fluid  with 
frequency  almost  =/V)  the  near-vertical  energy  propagation  becomes  very  slow 
indeed;  on  the  other  hand,  for  #  near  |tt  (near-horizontal  oscillations  of  fluid  with 
frequency  <  N),  the  near- horizontal  group  velocity  approaches  the  substantial 
value  NK~'. 

As  t  increases,  changes  ia  the  amplitude  of  waves  of  given  wavenumber  depend 
on  changes  in  the  volume  r 2  sin  6drd6d<j>  of  physical  space  taken  up  by  waves  from 
a  given  elementary  volume  K*  zoa9dKd0d4>  of  wavenumber  space.  By  equation 
(11),  this  ratio  is 


r 2  sin  #  /  dr  N  _  r2  sin  #  /  Nt  ,  A 

K 2 cos #  I^a/ST ) M  "  /f2 cos#  \  tf2  *in  V  ; 


(14) 
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where  the  minus  sign,  of  course,  just  implies  a  reflection  and  does  not  affect  the 
volume  change  itself,  given  by  the  modulus  of  expression  (14). 

This  modulus  can  most  usefully  be  expressed,  either  with  r  eliminated  as 
f3  |</| ,  with 

J  =  — NaK~6  slvi*  6  sec  6  (15) 

as  the  Jacobian  of  the  group  velocity  in  wavenumber  space  (WF,  p.358);  or  else 
with  K  eliminated  as 

r6(Art)-3cosec20 sec0  .  (16) 

The  first  form,  written  i3  |det  A\  in  the  Appendix  (where  initial-value  problems 
are  treated  for  general  linear  homogeneous  dispersive  systems),  demonstrates  now 
the  volume  occupied  by  waves  from  a  given  volume  element  of  wavenumber  space 
necessarily  increases  as  t3  —  so  that  their  energy  density  diminishes  as  t~ 3  and 
their  amplitude  as  t~3^3.  At  the  same  time  the  second  form  (16)  will  also  be 
found  (section  4)  to  offer  useful  information  on  amplitude  distributions. 

4  Waves  excited  by  an  initial  local  disturbance  to  uni¬ 
form  stratification 

The  initial-value  problem  for  stratified  fluid  on  the  Boussinesq  approximation, 
given  that  arbitrarily  chosen  small  disturbances  to  uniform  stratification  initially 
occupy  just  a  limited  volume  of  fluid,  is  concerned  first  with  identifying  the  waves 
generated  (the  subject  of  this  section)  and  then  with  determining  (see  section  5) 
any  residual  motions  that  remain  after  the  waves  have  been  propagated  away. 
Disturbances  to  uniform  stratification  may  take  the  form  of 

(i)  initial  vertical  displacements  h  of  fluid;  along  with 

(ii)  an  initial,  necessarily  solenoidal,  distribution  of  fluid  velocities  (u,  v,  w). 

We  show  first  that  the  waves  generated  are  uniquely  determined  given  the  initial 
distributions  of  h  and  of  dh/dt  =  w.  Then  we  study  (section  5)  to  what  extent 
this  determination  has  solved  the  entire  initial-value  problem. 


Both  of  the  variables  ui  —  dh/dt  and  h  satisfy  the  same  equation  (8),  with 
its  dispersion  relationship  (3)  linking  the  frequency  a  to  the  polar  angle  6  in 
the  definition  (12)  of  wavenumber.  Now  section  2  of  the  Appendix  obtains  the 
solution  of  a  general  initial-value  problem  for  a  linear  homogeneous  system  with  a 
given  dispersion  relationship  and  with  given  initial  values  for  a  dependent  variable 
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A  and  for  its  time  derivative.  Here  -  quite  briefly—  we  apply  this  solution  to 
internal  waves  and  physically  interpret  it. 

The  analysis  in  section  2  of  the  Appendix  supposes  the  frequency  to  be  speci¬ 
fied  as  a  positive  function  <r(k)  which  takes  the  same  positive  value  for  wavenum¬ 
bers  k  and  -k.  These  conditions  are  satisfied  by  expression  (3)  for  a  provided 
that  the  value  of  6  appearing  in  (12)  is  constrained  to  lie  between  -|tt  and  \ir. 
Next,  the  functions  F(k)  and  G’(k)  is  wavenumber  space  are  defined  so  that  the 
initial  values  of  A  and  dh/d*.  have  the  Fourier  Transforms  given  in  equation  (6) 
of  the  Appendix.. 

The  waves  then  take,  at  any  time  t  >  0,  the  exact  form  given  in  equation  (4)  of 
the  Appendix  —  which  moreover  can  be  usefully  approximated  in  an  asymptotic 
procedure  where  t  is  allowed  to  become  large  while  the  ratio  x/t  remains  constant. 
These  asymptotics  are  based  on  the  stationary-phase  method  (section  1  of  the 
Appendix)  and  the  conclusions  are  expressed  in  terms  of  the  wavenumber  k( 
which  for  given  x/t  satisfies  the  condition  of  stationary  phase  (equation  (8)  of 
the  Appendix).  Physically,  k,  is  the  wavenumber  for  which  the  group  velocity 
U(k,)  takes  the  value  x/t,  so  that  energy  associated  with  it  has  just  reached 
the  point  x  at  time  L.  Then  the  asymptotic  form  of  A  is  expressed  in  terms  of 
k,  by  expression  (12)  of  the  Appendix;  here,  A  represents  the  matrix  of  second 
derivatives  of  o  (k)  at  k  =  k,,  with  det  A  as  its  determinant  and  S  as  its  signature 
(the  number  of  positive,  minus  the  number  of  negative,  eigenvalues). 

In  the  special  case  of  internal  waves  the  relationship  between  k,  and  x/t  is 
precisely  that  which  is  embodied  in  equations  (10),  (11)  and  (12)  above.  More¬ 
over,  det  A  is  the  Jacobian  (15),  and  the  signature  S  can  be  shown  to  be  1  (the 
determinant’s  negative  value  being  associated  with  the  fact  that  just  one  of  its 
three  eigenvalues  is  negative). 

But  this  special  case  of  internal  waves  exhibits  one  very  striking  exceptional 
feature.  The  fact  that  the  group  velocity  U  is  orthogonal  to  the  wavenumber  k 
means  that  x  =  U(k,)t  is  itself  orthogonal  to  k,  so  that  the  term  k»  •  x  which 
appears  in  the  phase  of  the  asymptotic  expression  (equation  (12)  of  the  Appendix) 
is  everywhere  zero!  In  short,  the  exponentials  in  it  take  the  forms 

e±iNt cot e  ^  (17) 
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which  apparently  describe  mere  oscillations  at  the  frequency  a  =  S  cm 6.  What 
then  has  happened  to  the  wavelike  character  of  the  disturbances? 


The  answer  is  that,  although  at  any  fixed  position  these  exponentials  rightly 
represent  oscillations  with  frequency  (3),  nevertheless  the  wavelike  nature  of  the 
disturbance  is  apparent  from  the  spatial  dependence  of  6  as  defined  in  equation 
(8).  Indeed  a  phase  Nt  cos  6  has  a  gradient  in  the  direction  (0  increasing,  as  figure 
1  shows)  of  the  wavenumber  vector  equal  to 


1  nx  Ntiinfi 


which  by  (II)  takes  the  expected  value  of  minus  the  wavenumber's  magnitude 
K. 


Against  this  background,  expression  (12)  of  the  Appendix  for  the  waves  gen¬ 
erated  can  now  be  written  in  two  alternative  forms.  The  first,  with  the  Jacobian 
J  =  det  A  represented  in  terms  of  wavenumber  as  in  (15),  expresses  the  waves  of 
given  wavenumber  ±k  at  time  t  as 

h  ~  Gl)3/J  *3si“g3*e,>/4  +  G(-k)e-™“*']  (19) 

(with  equations  (12)  defining  K  and  0).  Expression  (19)  shows  their  expected 
decay  as  f“3/a,  associated  with  an  increase  like  <3in  the  volume  occupied  by  waves 
from  a  given  element  of  wavenumber  space.  That  increase  is,  of  course  slowest 
wherever  the  magnitude  NK~ 1  sin0  of  the  group  velocity  is  smallest;  as  happens 


(i)  for  waves  of  large  wavenumber  K  -  which,  however,  are  subject  to  an 
additional  viscous  decay  (WF,  p.349)  like 

e(-l/2  )vKh  (20) 


in  terms  of  the  kinematic  viscosity  u;  and 


(ii)  for  very  small  values  of  5,  corresponding  to  wavenumbers  (12)  with 
vertical  component  almost  zero  so  that  wave  energy  exhibits  only  very 
slow  propagation  (in  the  vertical  direction). 


Any  such  singularity  around  0  =  0  disappears,  however,  when  we  adopt  the  more 
useful  second  alternative  form  for  the  wave  asymptotics. 

This  represents  t3  |det  A\  in  terms  of  position  in  space  as  in  (16),  and  expresses 
the  waves  found  at  position  (10)  after  time  t  as 

h  ~  0*^*1  (^(k)e,A,,“•,  +  G(•.k)e-^A'‘co•,]  .  (21) 

where  k  is  given  by  equations  (12)  with  K  =  Nr~xta\nd.  Here,  there  is  no 
singularity  as  6  — *  0;  moreover,  any  apparent  growth  for  large  t  is  suppressed  by 
the  viscous  decay  factor  (20)  —  wherein  h  itself  is  increasing  with  t. 


In  summary,  then,  the  initial-value  problem  for  internal  waves  has  this  useful 
general  asymptotic  solution  (21)  as  t  -•  oo  for  given  r/t  and  0.  Moreover,  the 
demonstration  in  section  3  of  the  Appendix  ‘.hat  waves  excited  by  any  transient 
local  forcing  of  the  system  taken  an  identical  form  (with  F( k)  and  G(k)  expressed 
rather  simply  in  terms  of  the  spatiotemporal  Fourier  Transform  of  the  forcing 
function)  adds  to  the  utility  of  this  very  general  result. 

5  Residual  motions  left  behind  after  waves  have  been 
propagated  away 

We  return  now  to  the  question  about  initial-value  problems  posed  in  the  first 
paragraph  of  section  4.  Initial  disturbances  to  uniform  stratification  may  include 
a  distribution  of  vertical  displacements  h  and  also  a  (solenoidal)  distribution  of 
fluid  velocities  (u,  u,u>);  yet  the  initial  distributions  of  k  and  w  alone  suffice  to 
determine  the  waves  generated. 


Moreover  the  solenoidality  condition 

dv/dx  +  dv/dy  =  -dw/dz  ,  (22) 

taken  together  with  the  definition 

dv/dx  -  du/dy  -  C  (23) 

of  the  vertical  component  of  vorticity,  imply  that,  in  each  horizontal  plane  z  =  constant, 
knowledge  of  w  fixes  only  the  two-dimensional  divergence  —  whereas  both  its 
value  and  that  of  (  are  needed  to  determine  uniquely  the  velocity  field  (tt,v),  in 
that  plane. 


This  conundrum’s  resolution  comes  from  equation  (1),  and  above  all  from  its 
vertical  component  (9).  We  have  just  seen  that  general  initial  disturbances  may 
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separately  determine,  not  only  those  distribution.;  of  h  and  to  which  were  shown 
in  section  4  to  excite  waves,  but  also  a  distiibution  of  the  value  (23)  of  (  —  while, 
conversely,  the  distributions  of  w  and  of  (  determine  those  of  u  and  of  v.  But 
equation  (9)  assures  us  that  the  initial  distribution  of  (  remains  unchanged  as 
the  waves  propagate  away. 


Accordingly,  when  this  propagation  has  reduced  to  zero  the  values  of  h  and 
w  in  the  limited  region  of  the  initial  disturbance,  equation  (22)  has  zero  on  the 
right-hand  side  whereas  the  righthand  side  of  equation  (23)  has  never  varied;  so 
that  the  distribution  of  (u,u)  in  any  plane  z  =  constant  has  become  that  vector 
field  with  zero  two-dimensional  divergence  which  is  specified  by  the  unchanging 
vorticity  distribution  (23).  Moreover,  since  the  density  is  uniform  in  that  plane 
(because  h  has  become  zero),  this  steady  horizontal  velocity  field  feels  no  dynamic 
effects  of  fluid  stratification. 

It  may  seem  paradoxical  at  first  sight  that  the  ultimate  steady  velocity  dis¬ 
tribution  (u,  v)  is  fixed  quite  separately  in  each  plane  z  =  constant  by  the  (un¬ 
changing)  initial  distribution  of  (  in  that  plane.  Clearly,  between  the  different 
two-dimensional  motions  in  adjacent  horizontal  planes,  a  shear  must  in  general 
be  present  —  which  implies  nonzero  horizontal  components  ij  of  the  vorticity 
U..  Yet  these  are  components  which  are  coupled  to  the  wave  motions  by  equation 
(1)  so  that  fluctuations  in  (  and  i}  must  accompany  propagation  of  the  waves. 

This  paradox  too  can  be  finally  resolved  by  observing  that  the  ultimate  mo¬ 
tions  in  each  horizontal  plane  are  steady  motions;  thus,  the  associated  shears, 
and  the  corresponding  vorticity  components  £  and  rj,  show  no  variation  with 
time.  But  it  is  only  the  time- variation  of  (  or  tf  which  equation  (1)  couples  to 
density  variations.  In  the  asymptotic  state  where  all  density  variations  have  been 
propagated  away,  equation  (1)  allows  nonzero  distributions  of  (  and  tj  to  remain 
in  the  region  of  the  initial  disturbance  provided  that  —  as  has  been  found  here— 
they  do  not  change  with  time. 
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Appendix:  general  mathematical  background 
on  homogeneous  linear  dispersive- wave 
systems. 

James  Lighthill 


In  this  Appendix,  general  initial-value  problems  for  a  homogeneous  linear 
dispersive- wave  system  are  solved  expeditiously  by  an  elegant  method  due  to  Jones 
(1982)  for  handling  multidimensional  stationary-phase  problems.  Afterwards,  waves 
generated  by  given  transient  forcing  effects  are  analysed,  and  proved  equivalent  to 
well  defined  initial-value  problems. 


1.  Stationary  phase  in  N  dimensions 

Asymptotic  estimation  by  stationary  phase  is  capable  of  rigorous  validation 
by  complex-variable  methods  as  in  WF,  sections  3.7  (in  one  dimension)  and  4.8 
(in  two  or  three  dimensions),  but  the  proofs  become  arduous  in  more  than  one 
dimension.  Purely  real- variable  methods,  as  used  by  Jones  (1982),  are  more 
transparent. 


They  start  from  the  simple  principles  of  Fourier  Asymptotics  which  are  set 
out  for  functions  of  a  single  real  variable  in  chapter  4  of  Lighthill  (1958).  These 
principles  allow  the  asymptotic  behaviour  of  a  function’s  Fourier  Transform  to 
be  deduced  from  the  function's  behaviour  nesur  its  singularities  by  writing  down 
directly  the  Fourier  Transforms  of  expressions  which  represent  that  singular  be¬ 
haviour  to  a  first  approximation. 


Then  a  one- dimensional  stationary-phase  integral  such  as 

J  F(k)  exp  [itrj>(k)]dk,  (1) 

where  neither  the  amplitude  function  F(k)  nor  the  phase  function  V>(Jfc)  has  sin¬ 
gularities,  is  readily  estimated  for  large  t  by  making  the  substitution  tp(k)  =  y. 
This  converts  it  into  a  Fourier  integral  but  introduces,  of  course,  an  additional 
singularity  at  every  stationary  point  of  after  which  Fourier  Asymptotics,  as 
applied  to  the  new  integrand’s  singular  behaviour  near  such  points,  yields  directly 
the  usual  results  of  stationary-phase  theory. 


Correspondingly,  the  same  integral  (1)  with  k  a  vector  in  N-dimensional  space 
is  estimated  asymptotically  (Theorem  9.14  of  Jones  1982)  as  a  sum  of  contribu¬ 
tions  from  stationary  points  k ,  of  0(fc).  These,  of  course,  are  points  where  the 
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firit  derivatives  of  t/f(k)  all  vanish  so  that  the  local  behaviour  of  xl>  is  dominated 
by  its  matrix  A  of  second  derivatives.  The  contribution  from  every  such  point 
where  the  matrix  A  is  nonsingular  is  found  to  be 

(2sr/f  )N'3F( k.)  |det  (2) 

in  terms  of  the  determinant,  det  A,  and  the  signature  5  of  that  matrix.  (Concep¬ 
tually,  this  result  can  be  interpreted  in  terms  of  the  corresponding  one- dimensional 
result  by  rotating  the  axes  so  that  the  quadratic  form  representing  the  local  be¬ 
haviour  of  ip(k)  -  \ l>{k,)  becomes  a  sum  of  squares  of  components  of  k  -  k,  with 
coefficients  whose  product  is  det  A  while  5  is  the  nivmber  of  positive  minus  the 
number  of  negative  coefficients.) 


2.  Linear  homogeneous  dispersive  systems 

A  linear  homogeneous  dispersive  system  is  one  where  plane  waves  with  vector 
wavenumber  k  =  (k\,kJtks)  have  radian  frequency  o  equal  to  a  well  defined 
function  <r(k);  here,  we  always  take  c  as  positive,  and  as  having  the  same  positive 
value  for  wavenumber  k  as  for  wavenumber  -k.  Its  gradient,  the  group  velocity 

da/dkj  mVjiku  *3,*3),  (3) 

represents  the  velocity  of  energy  propagation  in  these  waves.  Necessarily,  it  is  an 
odd  function  of  k  (since  a  is  even);  thus  waves  with  wavenumbers  k  and  -  k  , 
whose  crests  move  in  opposite  directions,  also  have  their  energy  travelling  away 
from  any  source  in  diametrically  opposite  directions. 

Now,  a  general  linear  combination 

h  =  f  +  f  G(k)e-il'<k>,+kxl<flc  (4) 

of  such  plane  waves  (respectively,  of  wavenumbers  k  and  -k)  has  initial  values 
of  h  and  dh/dt  equal  to 

J[F(k)+G(\t)}t~ik-xdk  and  J  t<r(k)[F(k)  -  G(k)]e-’k  xdk.  (5) 

Accordingly,  equation  (4)  gives  the  wave  propagation  resulting  from  arbitrar¬ 
ily  chosen  initial  values  of  h  and  dh/dt  if  these  values’  Fourier  Transforms  are, 
respectively,  expressed  as 

F(k)+G(k)  and  »<r(k)[F(k)-G(k)]. 

\1> 


(6) 


Moreover,  the  asymptotic  behaviour  for  large  t  of  each  integral  in  (4)  is  obtained 
by  the  same  method,  which  is  set  out  here  for  just  the  first  of  them. 


This  assumes  the  form  (1)  with 

0(k)  =  <r(k)  -  (k.x)/i,  (7) 

and  the  required  asymptotic  estimate  is  made  for  fixed  x/t  as  t  —>  oo.  The 
stationary  points  k,  of  0  are  points  where 

U  (k,)  =  x/t,  (8) 

so  that  the  method  identifies  the  waves  appearing  for  x/t  as  those  whose  energy 
travels  at  velocity  U  given  by  equation  (8).  Also,  the  matrix  A  is  simply  the 
matrix  of  second  derivatives  of  o(k)  itself  (since  the  last  term  in  (7)  is  linear), 
and  its  determinant  can  be  written  as  a  Jacobian, 

—  » 

for  the  first  derivatives  (3)  -  which  are  the  components  of  the  group  velocity 
vector. 


Physically,  this  happens  because  equation  (8)  represents  a  mapping 

k)  (10) 

between  the  space  of  wavenumbers  k  and  the  physical  locations  x  where  such 
wavenumbers  are  found  at  time  t.  Accordingly,  the  volume  element  dx  in  physical 
space  that  is  occupied  by  waves  with  wavenumber  k  lying  in  a  volume  element 
dk  is  given  by  the  Jacobian  of  the  mapping  (10)  as 


dx  = 


dk  =  f3  |det<4|dk, 


(11) 


9(ii,  fcj,  fcj) 

and  the  three-dimensional  dependence  (2)  of  amplitude  on  f-3/a  |det  A|~1/2  re¬ 
flects  this  spreading  of  the  energy  from  these  waves  over  an  increasing  volume 
(11). 


The  wavenumber  (— k)  for  the  second  integral  in  (4)  is  similarly  identified 
as  k,  by  the  stationary-phase  condition  U( k)  =  -x/t,  and  it  follows  that  the 
asymptotic  behaviour  of  (4)  taken  as  a  whole  is 

h  ~  (2w/t)3/i  (det  /f  |-,/3  {f  (k.)  +  <7(~k,)e-wk*)‘“k*x1}  .(12) 

Thus  both  terms  in  this  solutions  of  the  initial- value  problem  represent  waves  with 
the  wavenumber  k,  defined  by  equation  (8),  as  expected  on  energy- propagation 
grounds. 


3.  Effects  of  transient  forcing 

Another  interest::.-  question  related  to  a  general  linear  homogeneous  dispersive 
system  concerns  the  waves  produced  by  a  purely  transient  local  forcing  of  the 
system.  The  question  is  relevant  to  the  subject  of  this  paper  because  analysis  of 
such  waves  identifies  them  as  those  arising  in  a  certain  precisely  related  initial- 
value  problem. 


An  equation  such  as 


p  /  d  J_  _a_ 
V  *&*  ‘a*i’  ldx2 


(13) 


mav  represent  transient  forcing  of  waves  in  a  linear  homogeneous  dispersive  sys¬ 
tem,  for  which  the  unforced  system  ( Bh  =  0)  has  the  dispersion  relationship 


B(<r,  fct,  fca,  k3)  —  0.  (14) 

The  forcing  term  q(x,  t)  may  be  written  as  a  four-dimensional  Fourier  integral 

q(z,t)  m  /"‘+“  t'atda  [  Q(v, k)e"'kxdk  (15) 

J-ia-oo  J 

(for  a  >  0)  where  the  inner  integral  is  taken  over  the  whole  wavenumber  space. 
The  outer  integral  is  taken  along  a  line  below  the  real  axis  in  the  complex  plane  so 
that  the  system  is  completely  undisturbed  for  large  negative  t  (when  the  modulus 
of  ei9t  tends  to  zero). 


We  are  interested  in  the  solution  of  equation  (13)  for  an  initially  undisturbed 
system,  and  the  expression  (15)  for  q  allows  this  to  be  written  down  immediately 
as 


(16) 


provided  that  the  system  is  a  stable  one.  (This  condition  implies  that  no  poles 
of  the  integrand  below  the  real  axis  can  be  present  as  a  result  of  the  dispersion 
relationship  (14)  possessing  any  solution  for  <7  with  negative  imaginary  part; 
therefore,  the  outer  integral  can  be  deformed  into  a  path  far  below  the  real  axis 
and  must  be  initially  zero.) 


For  large  positive  t,  on  the  other  hand,  the  integral  with  respect  to  cr  (for 
each  value  of  k),  should  be  deformed  into  a  path  above  the  real  axis  —  which 
may  involve  passing  over  any  poles  of  the  integrand  on  the  real  axis  such  as  are 
identified  by  the  dispersion  relationship  (14).  When  this  defines  a  single  positive 


frequency  o(k)  for  each  k,  the  poles  are  c(k)  and  -c(k),  and  each  of  them  makes 
a  contribution  equal  to  2ni  times  that  residue  of  the  integrand  which  is  given  when 
we  replace  the  denominator  by  its  derivative  QBjQa  (henceforth  written  as  B,). 


From  this  process,  it  follows  that  h  takes  the  form  (4)  characteristic  of  initial- 
value  problems,  with  the  functions  F(k)  and  G(k)  defined  as 


F{k)  -  2*'b,{ <r(k),k)’  G(k)  -  ^BJrM kMO 


(17) 


(Actually,  the  two  denominators  in  (17)  are  identical  but  for  a  difference  in  sign 
if,  as  we  assume,  B  is  an  even  function  of  <?). 


This  reduction  of  the  transient-forcing  problem  to  a  well  defined  initial-value 
problem  means  that  it  possesses  the  same  asymptotic  solution  (12).  From  a  phys¬ 
ical  viewpoint  the  interesting  aspect  of  this  conclusion  i»  that,  apart  from  factors 
which  depend  only  on  the  wave  system  itself,  the  wave  amplitudes  are  influenced 
by  the  actual  forcing  effect  <?(x,  t)  only  through  factors  <3(±«r(k),  k)  which  relate 
to  “resonant”  terms  in  the  spatiotemporal  Fourier  Transform  of  g(x,f);  that  is, 
to  terms  with  frequencies  and  wavenumbers  in  the  precise  dispersion  relationship. 


Figure  1.  Wherever  the  vertical  component  m  of  a  wavenumber  vector  ( k,£,m ) 
with  magnitude  K  takes  the  negative  value  m  =  —K  sin  0,  the  group  velocity 
given  by  the  gradient  of  a  =  N  cos  9  points  diagonally  upwards  (in  the  direction 
6  decreasing)  through  position  vectors  (x,  y,  z)  with  magnitude  r  for  which  the 
verticel  component  z  takes  the  positive  value  z  =*  r  cos  0. 
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Abstract 

in  the  invisdd  theory  of  shear  flow  stability,  the  eigenvalue  problem  for  a  neutral  or  weakly  amplified 
mode  revolves  around  possible  discontinuities  in  the  eigenfunction  as  the  singular  critical  point  is  crossed. 
Extensions  of  the  linear  normal  mode  approach  to  include  nonlinearity  and/or  wave  packets  lead  to  amplitude 
evolution  equations  whose  coefficients  generally  involve  singular  integrals.  In  the  past,  viscosity,  nonlinearity 
or  time  dependence  has  been  introduced  in  a  critical  layer  centered  upon  the  singular  point  to  resolve  these 
integrals.  The  form  of  the  amplitude  evolution  equation  is  greatly  Influenced  by  which  choice  is  made. 
In  this  paper,  a  new  approach  is  proposed  in  which  wave  packet  effects  are  dominant  in  the  critical  layer 
and  it  is  argued  that  in  many  applications  this  is  the  appropriate  choice.  The  theory  is  applied  here  to 
two-dimensional  wave  propagation  in  stratified  shear  flows. 


1.  Introduction 

The  normal  mode  approach  to  investigating  the  stability  of  a  stratified  shear  flow  involves  superimposing  a 
small  wavelike  perturbation  on  the  basic  flow  and  determining  its  subsequent  evolution  with  time.  Because 
the  Reynolds  number  is  large  in  most  geophysical  applications,  it  is  reasonable  to  employ  invlscld  theory.  We 
consider  pei  turbations  to  a  locally  parallel  flow  with  velocity  and  density  profiles  C(y)  and  /5(y),  respectively. 

The  esse  of  a  disturbance  that  is  periodic  in  space  and  time  (i.e.,  a  neutral  mode)  turns  out  to  be  quite 
significant.  A  characteristic  feature  of  neutral  modes  in  shear  flows,  as  opposed  to,  say,  Binard  convection 
is  the  presence  of  a  critical  point  singularity  which  occurs  at  that  value  of  y  (the  critical  point  yc)  where 
B  «■  c,  the  phase  speed  of  the  perturbation.  The  resolution  of  this  difficulty  in  the  classical  theory  consists 
of  restoring  viscosity  within  a  thin  'critical  layer'  centered  upon  the  point  yc.  One  consequence  is  that  a 
discontinuity  in  Reynolds  stress  occurs  across  the  critical  layer,  giving  rise  to  the  unstable  csdllations  known 
as  Tollmlen-Schiichtlng  waves.  The  same  mechanism  was  employed  by  Miles  (1057)  in  a  theory  for  the 
generation  of  water  waves  by  wind. 

A  somewhat  different  class  of  problems  responsible  for  much  of  the  more  recent  interest  in  neutral  modes 
consists  of  forced  wave  initial-value  problems.  These  are  not  at  all  hydrodynamic  stability  problems  in  the 
traditional  sense  but  the  mathematics  Involved,  as  well  as  the  language  utilized,  are  similar.  An  example 
Is  the  investigation  by  Booker  and  Bretherton  (1967)  of  the  upward  propagation  of  gravity  waves  toward  a 
critical  level.  The  perturbation  in  this  case  it  forced  by  a  wavy  boundary  introduced  at  time  t  «■  0.  On  the 
basis  of  a  linear  analysis,  Booker  and  Bretherton  argued  that  most  of  the  wave  energy  would  be  absorbed 
in  the  critical  layer.  If  this  conclusion  turns  out  to  be  correct,  then  critical  layer  absorption  could  serve 
as  a  significant  mechanism  to  limit  the  propagation  of  wave  energy  into  the  upper  atmosphere.  However, 
for  t  >  1  the  horizontal  component  of  the  perturbation  velocity  becomes  infinite  and,  consequently,  the 
linearization  is  no  longer  valid.  Attempts  to  continue  the  analysis  by  introducing  nonlinear  terms  in  the 
critical  layer  are  reviewed  In  a  survey  article  by  Stewartson  (1981).  Recent  evidence  suggests  that  some 
energy'  is  transmitted  beyond  the  critical  level  and  more  is  reflected. 

The  absorption  described  above,  as  well  as  the  Tollmien-Schlichtlng  instability  mechanism,  is  the  result 
of  a  ‘phase  change1  occurring  across  the  critical  layer.  This  so-called  phase  change  is  represented  in  the 
mathematical  analysis  by  branch  point  singularities  arising  in  the  linear,  invlscld  solutions,  as  will  be  outlined 
below.  Specifically,  quantities  written  as  (y  -  ye)  for  y  >  y0,  take  the  form  |  y  -  y„  |  exp  (-iff)  for  y  <  y„. 
In  linear  Initial-value  problems,  such  as  the  one  treated  by  Booker  and  Bretherton,  this  rule  is  arrived  at 
by  considering  the  long-time  behavior  of  an  invlscld  flow,  whereas  in  the  classical  theory  the  same  result  is 
obtained  from  an  asymptotic  large  Reynolds  number  analysis  of  the  Orr-Sommerfeld  equation. 


I 


Any  notion  that  the  —n  phase  change  is  a  universal  result  was  dispelled,  however,  by  the  recent  devel¬ 
opment  of  a  nonlinear  critical  layer  theory.  Benney  and  Bergeron  (1969)  shoved  that  across  a  critical  layer 
dominated  by  nonlinear  effects,  rather  than  viscosity,  there  is  no  phase  change  at  all.  One  consequence  is 
that  the  inviscld  eigenvalue  problem  admits  an  entirely  new  class  of  waves  which  were  computed  for  a  number 
of  shear  flows  by  Benney  and  Bergeron.  Such  neutral  modes  are  of  particular  interest  in  geophysical  fluid 
dynamics  because  the  Reynolds  numbers  in  geophysical  shear  flows  are  typically  very  targe  and,  therefore, 
a  nonlinear  critical  layer  is  more  appropriate  than  one  in  which  diffusive  effects  dominate.  Applications  in 
geophysical  fluid  dynamics  and  other  aspects  of  the  theory,  such  as  viscous  effects,  are  reviewed  In  a  survey 
article  by  Maslowe  (1986). 

The  first  attempt  to  introduce  time  dependence  into  the  nonlinear  critical  layer  theory  Is  contained 
in  the  paper  by  Benney  and  Msslowe  (1975).  It  was  found  advantageous  In  that  work  to  generalize  the 
monochromatic  normal  mode  approach  by  considering  wave  packets.  This,  in  any  case,  is  consistent  with  a 
trend  evident  during  the  past  20  years  in  research  on  both  stability  and  wave  motion  which  Is  motivated  by 
the  observation  that  in  nature,  as  well  as  in  many  experiments,  disturbances  are  more  likely  to  be  packets 
than  monochromatic  waves. 

Suppose  that,  instead  of  a  single  Fourier  mode,  we  consider  a  disturbance  in  the  form  of  a  wave  packet 
whose  horizontal  length  scale  is  0( l//i),  with  p  <  1.  The  evolution  of  such  a  packet  can  be  studied 
using  the  method  of  multiple  scales  by  introducing  an  amplitude  A(X,  T)  which  varies  slowly  In  space  and 
time;  X  and  T  are  slow  scales  appropriate  for  describing  the  long-time  evolution  of  an  associated  initial- 
value  problem.  The  quantity  A{X,  T )  satisfice  a  partial  differential  equation  which  often  turns  out  to  be 
the  Glnzburg-Landau  equation  in  weakly  nonlinear  stability  Investigations.  Let  us  consider  only  the  linear 
portion  of  the  amplitude  equation  and  suppose  that  there  is  some  parameter  R  in  the  problem  (other  than 
the  wave  number)  such  that  Instability  occurs  for  R  slightly  greater  than  Rni  its  neutral  value.  Under  these 
circumstances,  A  satisfies  the  PDG 


(BA  .  0u/0A\  1.  A 
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where  a,  the  wave  number,  is  real  and  w  In  stability  problems  is  often  complex  with  Its  real  part  being  the 
frequency.  The  quantities  6nu/8an  are  given  by  expressions  involving  integrals  which  may  be  singular  in 
the  inviscld  theories.  The  specific  manner  of  computing  these  coefficients  will  vary  from  one  problem  to 
the  next,  but  what  Is  important  is  that  the  general  form  of  (1)  always  applies  provided  that  the  dispersion 
relation  is  analytic. 

This  paper  preeents  a  new  approach  to  dealing  with  critical  layers  arising  from  the  propagation  of  wave 
packets  satisfying  (1).  It  will  be  shown  that  if  /j  >  where  t  is  an  amplitude  parameter,  an  inviscld 
linear  critical  layer  theory  can  be  developed  which,  in  some  sense,  is  related  to  the  initial-value  problem  for 
a  packet.  After  outlining  the  linear  theory,  it  will  be  indicated  how  nonlinear  effects  can  be  incorporated 
into  the  critical  layer  analysis  and  the  influence  of  nonlinearity  on  the  outcome  is  discussed. 


2.  We vos  in  stratified  shear  flows 

To  illustrate  the  basic  idea  as  simply  as  possible,  we  consider  the  equation  stating  that  the  density  of  a 
fluid  particle  remains  constant  in  a  stratified  flow,  viz.,  Dp/Dt  -  0  The  perturbation  p(*,y,t)  to  the  mean 
density  7J(y),  In  linear  inviscld  theory,  satisfies 


i 
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(2) 


where  0  Is  the  perturbation  stream  function.  If  we  consider  normal  mode  disturbances  proportional  to 
exp(ta(x  -  <*)},  then  the  y  •  dependent  part  of  p  satisfies 


f>(v)  -  ; 

u  —  c 


(3) 


1 


I 


where  <?{y)  satisfies  the  Taylor-Goldstein  equation.  In  the  case  of  a  neutral  mode,  c  is  -eal  and  has  algebraic 
branch  points  where  £  =>  c.  Clearly,  p  is  more  singular  than  0  and  it  will  now  be  shown  hot  the  notion  of  a 
wave  packet  can  be  used  to  eliminate  the  singularity. 

We  introduce  the  slow  variables  X  -  px  and  T  =  pt  and  consider  somewhat  more  general  perturbations 
by  writing 


tU*(X,y,7Va<*-c'>  and  p**  p(X,y,T)eia(-*~ctK  (4) 

Multiple  scaling  transforms  the  x  and  t  derivatives  according  to 

8  d  .  d  8 

ai^ta+ii8x  “d  ~xac+>i*r 

and  introducing  this  transformation  into  (2)  leads  to  the  following  partial  differential  equation  (PDG)  for  p: 


«*-*>-? 


(5) 


Clearly,  (5)  reduces  to  the  singular  equation  (3)  in  the  limit  p  =  0;  but  for  a  finite  bandwidth  packet 
(i.e.,  p  >  0)  the  singularity  is  no  longer  present,  We  seek  a  solution  of  (5)  by  expanding  p  In  powers  of  p 
and  write 


p  =  A{X,T)pi(y)  +  pAxPi  +  p2AxxP3  +  (6) 

where  A  satisfies  the  usual  equation  for  a  linear  wave  packet,  namely, 

At  -  csAx  +  ~iAxx  -  0-  (7) 

Here,  c,  =  ui'  is  the  group  velocity  and  d  is  proportional  to  |cf.(l)].  The  generalization  of  the 
Taylor-Goldstein  equation  for  <t>  is  accomplished  in  a  similar  manner.  Due  to  Its  length,  this  PDE  is  not 
reproduced  here,  but  for  the  interested  reader  it  is  equation  (3.5)  in  the  recent  paper  by  Maslowe,  Benney 
and  Mahoney  (1994). 

Of  course,  the  lowest-order  terms  in  (6)  and  the  corresponding  expansion  for  0  will  be  singular  at  the 
critical  point.  However,  Maslowe  et  of.  have  shown  that  the  transition  relations  across  the  critical  point  can 
be  determined  by  Introducting  a  critical  layer  of  thickneas  p.  Appropriate  Inner  variables  are 

y  ~{y-  Vc)/p,  *  =  end  P  =  p^p,  (8) 

where  7  is  a  function  of  Je,  the  local  Richardson  number  at  the  critical  point  in  the  case  Je  <  1/4,  whereas 
for  Jc  >  1/4,  7  =  1/2. 

Substituting  the  variables  (8)  into  the  inviscld,  linearized  Bousslneeq  equations  leads  to  -he  inner  equa¬ 
tion 


(y  +  ~)Vv  +  -;=*(0)-c).  (9) 

where  p  -  au‘J{ct  -  c)  and  4>(0i  is  the  leading  term  in  an  expansion  of  4>  Note  that  the  group  velocity 
appears  because,  to  lowest  order,  At  =  - ctAx  according  to  (7)  and  this  result  has  been  used  to  eliminate 
time-dependence. 


Solving  (9)  is  far  from  a  trivial  matter  but  the  information  of  greatest  interest,  i.e.,  the  phase  change, 
can  be  determined  by  employing  a  Fourier  transform  in  X  followed  by  large  |K|  asymptotics.  An  interesting 
and  subtle  point  has  to  do  with  the  behavior  of  as  X  — »  oo  in  the  case  of  a  neutral  mode.  A  singularity 
on  the  red  axis  in  the  wavenumber  space  arises  after  taking  the  Fourier  transform  of  (9)  and  a  radiation 
condition  must  then  be  imposed  in  order  to  decide  which  way  to  indent  the  contour  when  inverting  the 
transform.  This  condition  in  the  case  ce  >  c  is  that  upstream  of  the  disturbance  the  presence  of  the  packet 
is  not  sensed  so  that  0  as  X  — *  oo.  (Note  that  (7)  implies  that  we  are  in  a  frame  of  reference  moving 
with  the  packet  at  the  group  velocity.)  Conversely,  when  cs  <  c,  individual  wave  crests  are  moving  faster 
than  the  packet  and,  as  a  result,  — *  0  downstream  of  the  packet,  i.e.,  as  X  -*  -oo, 

L  develops  that  in  both  cases  asymptotic  matching  of  the  critical  layer  solution  to  the  outer  expansion 
requires  that  we  write  Y  =  e~in\Y\  as  Y  — *  -oo,  i.e.,  the-  phase  change  is  — jt.  This  assumes  that  u'>  0; 
for  u'c<  0  the  phase  change  is  ir,  exactly  as  in  the  classical  theory.  As  a  consequence,  the  theorems  proved 
by  Miles  (1961)  using  Frobenius  expansions  of  the  Taylor-Goldstein  equation  are  applicable  to  flows  with  a 
wave  packet  critical  layer. 

As  mentioned  in  §1,  there  is  a  great  deal  of  interest  in  the  critical  layer  absorption  problem  with 
Je  >  1/4.  The  conclusions  of  Booker  and  Bretherton,  based  on  the  phase  changes  first  derived  by  Miles, 
are  not  contradicted  by  the  present  analysis  in  the  linear  case.  However,  the  solutions  found  by  Booker  and 
Bretherton  break  down  as  t  — »  oo.  Diffusive  effects  (viscosity  and  heat-condi:ction)  can  be  introduced  to 
deal  with  the  singularity  as  shown  by  Hazel  (1667). 

i  lie  present  approach,  on  the  other  hand,  does  not  require  the  use  of  diffusive  effects.  Moreover,  wave 
packets  are  probably  a  more  appropriate  choice  than  diffusion  because  disturbances  in  the  real  atmosphere 
and  oceans  are  unlikely  to  be  monochromatic.  Wave  packets  have  also  been  employed  by  Winters  and  Riley 
(1992)  using  ray  theory  and  multiple  scales.  Their  analysis,  however,  leads  to  critical  point  singularities  as 
t  -»  oo  which  must  be  resolved  by  introducing  diffusion.  The  present  formulation  avoids  such  breakdowns 
by  using  matched  asymptotic  expansions  and  scales  appropriate  to  the  long-time  critical  layer  dynamics. 

3.  Nonlinear  effects 

The  ultimate  goal  of  the  wave  packet  critical  layer  theory  is  to  deal  with  situations  where  nonlinearity  is 
present  at  the  same  time  as  packet  dispersion.  When  Je,  the  local  Richardson  number,  is  equal  to  or  greater 
than  1/4  the  nonlinear  critical  layer  thickness  is  rs/3  so  the  balance  of  interest  is  p  =  e2/3  and  we  are 
discussing  forced  waves. 

Brown  and  Stewartson  (1980)  have  considered  the  inviscid  initial- value  problem  with  the  early  stage 
described  by  linear  theory  and  the  onset  of  nonlinearity  is  described  by  a  quasi-steady  nonlinear  critical  layer 
analysis.  The  initial  breakdown  of  linear  theory  occurs  when  t  ~  0(e~3/3)  and  to  go  beyond  .,iu  point  an 
expansion  in  powers  of  T  =  c2/3t  was  employed  to  determine  the  first  effects  of  nonlinearity.  It  was  found 
that  the  latter  consist  of  an  exponentially  small  transmitted  wave  and  a  more  significant  reflected  wave. 

TVoitskaya  (1991),  or  the  other  hand,  coisidered  the  steady  problem  for  forced  waves  when  both  non¬ 
linearity  and  diffusive  effects  are  present  in  the  critical  layer,  While  many  of  her  findings  are  consistent 
with  the  results  of  Brown  and  Stewartson  and  others,  a  significant  mean  flow  distortion  is  also  revealed.  For 
example,  a  jump  in  mean  vorticity  across  the  critical  layer  occurs  which  is  larger  in  order  of  magnitude  than 
the  disturbance  which  produces  it. 

The  present  work  is  in  the  same  spirit  as  the  two  papers  cited  in  the  preceding  paragraphs  except  that 
we  wish  to  determine  how  quantities  such  as  wave  reflection  and  transmission  vary  as  a  function  of  the 
parameter  cS/3/p.  Based  on  the  results  of  Brown  and  Stewartson  and  related  studies  of  Rossby  wave  critical 
layers,  it  is  likely  that  the  amount  of  wave  momentum  absorbed  decreases  as  this  parameter  increases  owing 
to  increased  reflection  and  transmissi  ..  An  interesting  question  in  light  of  TVoitskaya ’s  analysis  is  how  much 
mean  flow  distortion  occurs  ir.  the  wave  packet  critical  layer  when  diffusive  effects  are  ignored.  These  and 
related  matters  will  be  discussed  in  the  talk,  this  aspect  of  the  research  being  in  its  preliminary  phase. 
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Abstract 

We  present  observational  evidence  of  the  presence  of  a  three  layer  density  distribution,  coupled 
with  8  sheared  velocity  profile,  in  the  vicinity  of  a  river  mouth. 

We  discuss  the  subsequent  evolution  of  such  multi-layer  shear  flows  both  theoretically  and  ex¬ 
perimentally.  Three  distinct  types  of  instability  are  observed  it:  accordance  with  the  predictions 
of  linear  theory.  In  the  laboratory,  we  measure  the  density  profile  and  the  velocity  profile  (us¬ 
ing  a  seven  point  laser  doppler  velocimeter)  continuously,  and  so  are  able  to  identify  the  flow 
characteristics  that  obtain  when  the  flow  is  unstable  to  each  of  the  different  instabilities.  The 
most  important  parameter  responsible  for  the  selection  of  the  particular  type  of  instability  is 
found  to  be  the  ratio  R  of  the  depth  of  the  intermediate  density  layer  to  the  depth  over  which 
the  velocity  varies,  though  any  asymmetry  in  the  flow  (either  in  the  velocity  or  density  fields) 
also  plays  a  role. 

The  development  of  the  various  instabilities  can  be  simply  and  intuitively  interpreted  in  terms  of 
interactions  of  interfadal  waves,  and  at  finite  amplitude  each  type  of  instability  has  a  different 
structure  and  mixes  the  flow  in  a  qualitatively  different  manner.  In  particular,  if  R  is  close 
to  1,  and  hence  the  layer  of  intermediate  density  occupies  a  significant  portion  of  the  shear 
layer,  overturnings  appear  in  the  intermediate  layer,  which  are  longlived,  and  strongly  two 
dimensional.  These  overturnings  are  the  three  layer  stratified  generalisation  of  the  Kelvin- 
Helmholtz  instability  first  discussed  by  Taylor  (1931).  Surprisingly,  these  modes  inefficiently 
mix  the  background  flow,  and  the  major  mixing  mechanisms  are  found  to  be  overturnings 
in  the  lower  fluid  layer  (and,  to  a  lesser  extent,  the  upper  layer).  These  overturnings  are 
manifestations  of  a  three  layer  generalisation  of  the  Holmboe  (1962)  instability,  as  discussed 
in  Caulfield  (1994).  In  general  all  three  instabilities  can  be  observed  simultaneously  at  markedly 
different  wavelengths  and  phase  speeds  for  extended  periods  of  time,  even  though  linear  theory 
may  predict  significantly  different  growthrates.  The  interaction  between  these  various  unstable 
waves  markedly  modi  ieB  the  long-time  evolution  and  mixing  of  the  flow. 

1:  Theoretical  introduction 

In  the  immediate  vicinity  of  a  river  mouth,  much  mixing  takes  place  due  to  the  sudden  widening 
of  the  channel  which  the  river  flows  along,  which  can  lead  to  a  three  layer  density  structure 
which  is  then  sheared  by  the  salt  wedge  and  river  counterflow.  This  has  been  observed  in  field 
measurements  of  the  Ishka  river  in  Hokkaido,  Japan, 

The  first  theoretical  investigation  of  a  flow  with  a  three  layer  density  field  was  conducted 
by  Taylor  (1931),  at  the  extreme  of  a  three  layer  density  field  with  the  intermediate  layer  the 
same  depth  as  the  region  of  velocity  variation.  For  all  Rio,  this  flow  exhibits  overturnings  in 
the  intermediate  layer,  which  propagate  at  the  mean  velocity  of  the  background  flow.  As  Taylor 
states,  these  overturnings  can  be  thought  of  as  arising  from  resonances  of  two  gravity  waves, 
one  on  each  of  the  density  interfaces.  This  instability  has  not  been  observed  experimentally. 
Generalising  his  work,  We  wish  to  consider  a  flow  with  a  three  layer  density  distribution,  but  a 
priori  we  make  no  assumption  about  any  symmetries  between  the  density  field  and  the  velocity 
field.  In  particular,  w?  do  not  assume  that  the  intermediate  layer  has  density  equal  to  the  mean 
of  the  other  two  layers.  This  generalises  the  results  of  Caulfield  (1994).  We  consider  a  flow, 
which  in  an  appropriate  frame  of  reference,  has  a  background  velocity  distribution  U(z)  such 
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that 


U{z) 


-AU/2  ,  «  <  -d/ 2  , 

A Uz/d  ,  -d/2  <  z  <  d/2  , 

AU/2  ,  z>dj 2  , 


(1) 


i.e.  we  consider  a  piecewisi  linear  shear  layer  of  depth  d.  We  consider  a  piecewise  constant 
three  layer  density  distribution  with  intermediate  layer  depth  5,  with  a  midpoint  displaced  an 
arbitrary  distance  h  below  the  midpoint  of  the  shear  layer.  Thus  the  flow  has  a  background 
density  profile  p[z)  such  that 


(  Pi  z<  ~{6/2  +  h) , 
p(z)  =  <  pi  -(d/2  +  h  <  z  <  6/2  -  h  , 
(  Pi  z  >  6/2  ~  h  . 


(2) 


Four  non-dimensional  parameters  that  describe  the  nature  of  the  velocity  ana  density  distribu¬ 
tions  are  defined  as 


Rio  = 


g(P3~Pi)d 
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Rio  is  the  bulk  Richardson  number.  R  is  a  measure  of  the  relative  depths  of  the  intermediate 
density  layer  to  the  depth  of  the  shear  layer  (see  Caulfield  1994).  The  parameter  0  is  the  three 
layer  generalisation  of  the  parameter  c  used  by  Lawrence  et  al.  (1991)  to  quantify  the  asymmetry 
in  a  two  layer  flow  system.  In  our  work,  0  is  a  measure  of  asymmetry  in  the  location  of  the 
density  field  relative  to  the  velocity  field,  while  the  parameter  0  is  a  measure  of  the  asymmetry 
in  the  distribution  of  the  density  Held.  It  is  important  to  note  that  in  general  0  can  be  negative 
(and  thus  the  midpoint  of  the  intermediate  layer  is  above  the  midpoint  of  the  shear  layer),  while 
R  and  0  must  be  between  0  and  1. 

In  our  calculations,  we  assume  that  \0\  +  R  <  1,  and  hence  that  the  region  of  intermediate 
density  is  entirely  contained  within  the  region  of  varying  velocity.  This  situation  i6  thought  to  be 
the  most  physically  likely.  Relaxing  this  condition  changes  the  governing  equations  slightly,  but 
does  not  change  the  results  significantly.  By  classical  normal  mode  methods  of  matching  pressure 
and  vertical  disturbance  across  interfaces,  we  may  derive  a  sixth  order  eigenvalue  equation  for 
the  phase  speed  c, 

c6  +  djc5  +  ajc*  +  a3c3  +  a«c3  +  a5c+  a6  0  ,  (3) 


where  the  a,  are  well  defined  functions  of  a,  the  non-dimensional  wavenumber  (i.e  a  =  kd/2), 
Rio,  R,  0  and  0.  The  flow  is’ unstable  if  e,  >  0,  with  gTowthrate  a c<. 

As  (3)  is  in  general  a  sextic,  we  expect  that,  in  general,  the  equation  will  have  six,  complex 
roots.  In  figure  la,  the  real  parts  of  these  roots  (i.e.  the  phase  speed  cr)  are  plotted  with  solid 
lines  against  a,  for  a  typical  experimental  values  of  Rio,  R,  0  and  0,  namely  Ri0  -  1.5,  R  =  0.4, 
0  =  0.2  and  ©  =  0.5. 

Regions  of  instability  correspond  to  regions  where  two  of  *he  roots  have  the  same  phase 
speed  and  wavenumber.  In  this  case,  one  of  the  roots  is  damped  and  the  other  one  is  predicted  to 
grow.  It  is  instructive  to  think  of  each  of  the  instabilities  as  arising  through  an  interaction  of  the 
(notional)  marginally  stable  waves  which  would  exist  on  each  of  the  interfaces  if  the  interfaces 
were  totally  isolated  from  each  other,  as  discussed  by  Cairns  (1979).  To  use  the  technique  of 
Cairns,  we  must  first  consider  each  of  the  interfaces  separately,  which  corresponds  to  the  limit 
of  large  a,  and  hence  short  wavelength.  In  the  large  a  limit,  each  of  the  interfaces  is  essentially 
decoupled  from  all  of  the  others  (provided  that  \0\  -f  R  ^  1)  and  we  can  obtain  equations  for 
the  phase  speed  of  the  disturbances  on  each  of  the  interfaces  separately .  In  figure  la,  we  plot 
the  phase  speeds  calculated  for  marginally  stable  waves  on  each  interface  as  dashed  lines.  Now 
it  is  dear  that  each  of  the  regions  of  instability  can  be  identified  with  an  interaction  between 
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two  of  the  interfacial  waves,  which  occurs  when  the  two  waves  have  equal  phase  speeds  and 
wavenumbers. 

The  small  real  phase  instability  occurs  when  there  is  an  interaction  between  the  gravity  wave 
on  the  upper  density  interface  which  is  travelling  upstream  relative  to  the  background  flow,  and 
the  gravity  wave  on  the  lower  density  interface  which  also  is  travelling  upstream  relative  to 
the  background  flow.  This  corresponds  to  an  asymmetric  generalisation  of  the  situation  first 
considered  by  Taylor  (1931),  and  for  arbitrary  R  by  Caulfield  (1994),  and  we  shall  henceforth 
refer  to  this  as  a  T  mode. 

The  two  regions  of  large  (positive  and  negative)  real  phase  speed  instability  correspond  to 
the  asymmetric  three  layer  generalisation  of  the  modes  first  considered  by  Holmboe  (1962),  and 
we  shall  refer  to  them  as  the  HP  and  HM  modes  respectively.  They  are  caused  by  interactions 
between  upstream  propagating  Rayleigh  waves  (waves  on  vorticity  interfaces)  and  downstream 
propagating  gravity  waves  on  the  nearer  density  interface.  Both  are  locally  driven. 

There  is  the  possibility  of  two  further  regions  of  instability  at  small  wavenumber,  if  the 
Rayleigh  waves  resonate  with  the  gravity  waves  on  the  further  density  interface.  These  are 
non-local  interactions,  which  we  refer  to  as  R  modes. 

For  the  parameters  chosen  for  figure  1,  the  full  calculations  show  that  the  R  type  modes 
are  unstable  at  wavenumbers  where  the  large  a  approximation  used  in  the  derivation  of  the 
expressions  for  the  phase  speeds  of  the  interfacial  waves  is  not  valid.  Indeed,  there  is  a  noticeable 
difference  between  the  crossing  of  the  interfacial  waves,  when  their  phase  speed  as  a  function  of 
wavenumber  is  calculated  separately  for  each  interface,  and  the  crossing  for  the  roots  of  the  full 
equation  (3). 


Figutt  1:  4)  Vitiation  of  phut  »pwd  with  wav«numb«i  for  solutions  of  (3)  (solid  lints)  sad  marginally  stable 
waves  on  the  interfaces  (duhed  lines)  for  Rio  =  1.5,  R  =  0.4,  0  =  0.2  and  0  =  0.5;  b)  Stability 
boundary  with  contoirs  of  growthrate  (solid  lines)  and  phase  epetd  (dashed  lines)  for  R  —  0.4,  p  —  0.2 
and  0  =  0.5,  asymptotes  of  marginally  stable  modes  are  shown  as  a  long  duhed  line. 

In  figure  lb,  we  plot  the  regions  of  instability  predicted  by  (3)  in  Rio-a  space  along  with 
the  resonance  conditions  for  the  various  wave  interactions  for  0  =  0.2,  R  -  0.4,  and  0  =  1/2. 
Each  branch  ultimately  asymptotes  to  the  appropriate  predicted  resonance,  as  shown  by  the 
thick  dashed  lines,  provided  Rio  (and  hence  a)  is  sufficiently  large. 

Although  not  shown  here,  the  relative  significance  of  the  various  branches  varies  markedly  as 
the  various  parameters  change.  The  most  significant  effect  is  that  the  T  mode  moves  to  larger 
a  and  smaller  growthrate  as  R  decreases,  while  the  Holmboe  type  modes  start  to  dominate. 
Positive  (negative)  0,  or  0  <  (>)l/2  decreases  (increases)  the  wavenumber  of  the  HP  modes 
relative  to  that  of  the  HM  mode,  and  increases  (decreases)  the  HP  mode  growthrate.  The  R 
modes  are  only  significant  at  small  R.  Thus,  a  simple  consideration  of  the  various  Interfaces 
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separately  sheds  valuable  insights  on  the  growth  mechanisms,  phase  speeds  and  wavelengths  of 
the  different  types  of  instability  predicted  by  the  linear  model. 

2:  Experimental  procedure 

A  series  of  experiments  were  conducted  in  a  flume  8  metres  long  by  50  cm  wide  with  a  terminal 
reservoir  2  metres  long  by  3  metres  wide  by  10  cm  deep  (see  Yoshida  1986  for  a  description  of 
the  tank).  The  flume  (modelling  a  river)  was  filled  with  a  saline  solution  of  density  pa  (typically 
1.006fcpm-3)  to  a  depth,  da  of  4  or  6  cm.  A  less  dense,  though  still  salty  layer  of  density  pa,  dyed 
with  Sodium  Fluorescein  (Uranine  or  Cjo-ffio-YajOj)  was  then  introduced,  until  the  total  depth 
became  10  cm  and  the  reservoir  (representing  the  sea)  overflowed.  By  variation  of  the  density 
of  this  (intermediate)  layer,  the  parameter  ©  was  varied  between  four  values,  namely  0  =  1/4, 
1/3,  1/2  and  2/3.  A  constant  flux,  <},  of  fresh  water  was  then  introduced  at  the  upstream 
end.  A  constant  flux  was  also  introduced  to  the  flexible  impermeable  floor  of  the  reservoir,  and 
hence  both  the  lower  layer  and  upper  layer  had  non-zero  velocities,  and  an  approximately  linear 
velocity  shear  existed  across  the  entirety  of  the  intermediate  dyed  layer  (see  Yoshida  1986).  It  is 
important  to  note  that,  due  to  the  experimental  geometry,  the  absolute  value  of  the  upper  layer 
flow  in  the  laboratory  frame  is  appreciably  larger  than  the  absolute  value  of  the  lower  layer  flow, 
and  so  the  mean  velocity  of  the  flow  was  typically  towards  the  downstream  end. 

Various  values  of  flow  rate,  P3  and  pi  were  chosen  to  allow  for  variation  in  background  flow 
parameter  values.  Due  to  the  constant  flow  of  the  upper  layer,  the  depth  of  the  intermediate  layer 
continually  decreased  with  time.  The  density  field  was  continually  measured  with  a  conductivity 
probe  which  slowly  traversed  the  depth  of  the  channel  58.8cm  from  its  downstream  end.  In 
figure  2a  we  plot  the  density  distribution  at  various  times  for  a  typical  experiment.  After  initial 
transients,  the  interfacial  width  was  found  to  be  o(2  mm),  and  the  depth  6  of  the  intermediate 
layer  can  be  seen  to  decrease  as  time  passes. 

The  time  evolution  of  the  velocity  field  throughout  the  whole  depth  of  the  tank  was  tracked 
through  time  using  image  analysis  of  dye  streaks,  calibrated  at  seven  points  by  a  laser  doppler 
velocimeter  (LDV),  located  at  90.8cm  from  the  end  of  the  channel.  Since  the  depth,  6,  of  the 
intermediate  layer  of  fluid  continually  decreased  with  time  due  to  entrainment,  the  mean  upper 
layer  velocity  was  not  a  constant  throughout  the  experiment,  but  rather  decreased,  with  a  decay 
rate  slow  relative  to  the  observed  instability  lifetimes.  The  range  of  values  over  which  A U  varied 
was  a  function,  quite  naturally  of  the  lower  layer  depth  dj  and  the  volume  flux,  Q  of  fresh  water. 


P  (kg/1)  +  0.01  flS-l) 


Figure  3:  Evolution  in  a  typical  experiment  of  a)  deneity  profile,  labelled  with  time  In  teconde  (each  reading 
Is  shifted  by  0.01);  b)  velocity  difference  between  two  LDV  measurement). 

The  time  evolution  of  the  velocity  difference  A 17  between  two  of  the  LDV  signals,  one 
located  at  a  depth  of  1.2cm  from  the  bottom  (and  so  definitely  In  the  lower  layer)  and  the 
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other  at  a  depth  of  8.05cm  from  the  bottom  (and  so  definitely  in  the  upper  layer)  for  a  typical 
experiment  is  shown  in  figure  2b. 

Another  important  (experimentally  measured)  quantity  is  d,  the  shear  layer  depth.  Initially, 
as  the  flow  develops,  this  depth  increases,  but  a  short  time  after  shear  is  established  across 
the  entire  width  of  the  Intermediate  layer  the  shear  layer  depth  d  attains  a  maximum,  and 
subsequently  decreases  with  time.  The  rate  of  decrease  of  the  depth,  6,  of  the  intermediate  layer 
was  always  faster  than  the  rate  of  decrease  of  the  shear  layer  depth,  d,  and  so  the  value  of  the 
parameter  R  decreased  as  the  experiment  progressed.  Another  significant  observation  is  though 
the  depth  of  the  intermediate  layer  decreases  with  time,  the  density  does  not  vary  appreciably 
until  late  in  the  experiment,  which  is  consistent  with  the  observation  that  little  fluid  is  entrained 
into  the  intermediate  layer  due  to  the  flow  instabilities  at  large  values  of  R,  as  can  be  seen  in 
figure  2a. 

The  effect  of  a  slow  reduction  in  AU  is  to  increase  the  bulk  Richardson  number  Ri0  of 
the  flow,  while  the  reduction  in  shear  layer  depth  d  tends  to  decrease  the  value  of  Rio-  On 
balance,  in  general  Rio  tends  to  decrease  as  the  experiment  continues,  although  not  totally 
monotonically.  Thus,  large  values  of  R,  which  pertain  at  the  beginning  of  an  experimental  run 
before  significant  erosion  of  the  intermediate  layer,  correspond  in  general  to  large  values  of  Rio. 
The  parameter  /3  varied  slowly  and  randomly  within  each  experiment.  Throughout  our  complete 
set  of  experiments,  1.03  <  Rio  <  2.83,  0.1  <  R  £  0.78,  -0.34  <  0  <  0.2  and  0.25  <  0  <  0.75. 
The  flow  structure  experimentally  imposed  allowed  us  to  observe  the  behaviour  of  flows  at 
widely  varying  values  of  the  parameter  R ,  and  thus  allowed  us  to  explore  the  effect  of  this  new 
parameter  on  the  behaviour  of  the  flow. 

3t  Experimental  Reaulta 

Qualitatively,  all  the  experiments  underwent  similar  transitions  throughout  their  duration.  The 
flow  was  visualised  by  means  of  a  centrally  located  iightsheet,  about  50  cm  from  the  reservoir- 
flume  channel  junction.  After  an  initial  transient,  the  shear  layer  extended  over  the  entire  width 
of  the  intermediate  density  layer  and  the  parameter  R  was  close  to  1,  i.e.  the  intermediate  layer 
was  in  some  sense  “thick”.  At  this  initial  stage  disturbances  on  the  two  density  interfaces  locked 
in  phase  in  an  approximately  sinuous  manner,  the  interfaces  cusped  inwards,  and  regions  of 
overturning  appeared  within  the  intermediate  density  region  (see  figure  3a).  These  disturbances 
propagated  at  phase  speeds  close  to  the  velocity  of  the  background  flow  at  the  midpoint  of 
the  intermediate  layer,  and  we  identified  these  as  T  mode  type  disturbances.  This  instability 
caused  large  deflections  in  the  location  of  the  density  interfaces  (as  can  be  seen  from  some  of 
the  profiles  in  figure  2a),  but  little  entrainment.  As  discussed  in  section  2,  the  value  of  R  slowly 
decreased  throughout  the  experiment.  Typically,  as  R  decreased,  the  wavelength  of  the  T  mode 
type  disturbances  decreased  (see  figure  3b).  Eventually,  regions  of  overturning,  propagating  at 
speeds  close  to,  but  always  less  than  the  absolute  value  of  the  background  flow  appeared  above 
and/or  below  the  intermediate  layer.  T  mode  disturbances  persisted  for  significant  times  after 
the  appearance  of  the  other  two  types  of  instability  (see  figure  3c).  As  observed  by  Lawrence 
et  at.  (1991)  in  the  two  layer  case,  asymmetry  in  the  background  flow  has  a  profound  effect  on 
the  wavelength  and  phase  speed  of  the  Holmboe  type  instabilities. 

As  the  regions  of  overturning  in  the  upper  and/or  lower  layers  passed  by,  we  observed 
cusping  upwards  of  the  upper  density  interface  and/or  cusping  downwards  of  the  lower  density 
Interface,  and  thus  we  identified  these  disturbances  with  HP  and  HM  mode  type  disturbances 
respectively. 

Finally,  as  the  intermediate  layer  became  “narrow" ,  the  T  mode  type  disturbances  dissap- 
peared,  and  the  flow  became  qualitatively  similar  to  the  previously  studied  two  layer  case  (see 
figure  3d).  Occasionally,  particularly  in  the  cases  where  Q  the  volume  flux  was  small,  and  hence 
flto  was  large,  extremely  long  wavelength  disturbances,  with  relatively  small  absolute  values  of 
their  phase  speed  appeared.  These  disturbances  were  suggestive  of  R  mode  type  disturbances, 
though  they  were  too  infrequent  to  constitute  conclusive  evidence.  Also,  as  the  intermediate 
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layer  became  narrow,  it  became  increasingly  difficult  to  visualise  the  overturnings  in  the  upper 
layer,  as  their  associated  upward  cusping  of  the  upper  density  interface  became  indistinct,  and 
since  they  propagated  at  speeds  of  the  order  of  centimetres  per  Becond  in  the  laboratory  frame, 
positive  identification  of  these  modes  for  R  less  than  about  1/4  became  impossible.  Since,  within 
the  laboratory  frame,  the  overturnings  in  the  lower  layer  were  virtually  stationary,  we  were  able 
to  identify  this  type  of  instability  (i.e.  HM  modes)  to  smaller  values  of  R  ~  0.1. 


Fl|nr«  3:  ExpatUnantsl  oh**t»»tioni  of:  a)  T  mod**  for  ltl|«  R;  b)  T  mod**  fot  small*!  R;  c)  T  mod**  and 

H  mod**;  d)  H  mod**  tloa*.  Th*  soil*  is  5  cm. 

In  all,  eighty  nine  well-defined  unstable  structures  were  observed,  with,  as  discussed  above, 
three  qualitatively  different  finite  amplitude  structures,  namely  T,  HP  and  HM  mode  type 
structures.  Each  experimental  observation  at  a  certain  wavenumber  with  associated  phase  speed 
has  associated  with  it  five  experimentally  determined  parameters,  namely  Rio,  R,  13,  0  and  lower 
layer  depth  d3.  As  discussed  in  section  1,  Rio,  R,  13  and  0  all  affect  the  predicted  properties  of  the 
linear  instability.  However,  it  was  found  that  variation  with  R  had  the  most  pronounced  effect, 
and  so  for  each  type  of  instability,  we  plot  the  observed  wavenumber  against  R,  to  compare  with 
predictions  (shown  as  two  points  of  the  same  symbol  type  connected  with  a  line)  of  the  linear 
theory  developed  in  the  section  1.  In  all  cases  the  symbol  type  refers  to  a  different  combination 
of  experimental  values  of  @  end  dj,  as  shown  in  the  key.  These  were  found  to  be  insignificant. 

In  figure  4a,  we  see  that  there  is  a  very  close  agreement  for  the  wavenumber  of  the  T 
mode  type  disturbances  (as  seen  by  the  fact  that  most  experimental  observations  lie  on  the 
line  connecting  the  two  extremal  theoretical  predictions).  A  similar  result  bolds  for  the  phase 
speed.  Thus  we  have  observed  the  T  mode,  and  we  also  see  the  predicted  transition  to  larger 
wavenumber  as  R  decreases.  The  T  mode  overturnings  were  found  to  be  strongly  two  dimen¬ 
sional,  and  though  the  overturnings  were  longlived  within  the  intermediate  layer,  very  little  fluid 
was  entrained  from  the  other  two  layers,  and  hence  the  T  mode  did  not  contribute  greatly  to 
the  mixing.  This  is  not  entirely  a  surprise,  as  iit'o  is  of  order  1  here,  and  thus  the  mixing  effects 
of  Kelvin-Helmholtz  type  billows  is  thought  to  be  severely  suppressed.  What  is  surprising  is 
the  continued  observation  of  these  modes  to  quite  small  values  of  R  ~  0.25,  where  linear  theory 
predicts  that  the  growthrate  of  the  T  mode  is  appreciably  smaller  (as  little  as  10%  in  extreme 
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cases)  than  the  growthrates  of  the  Holmboe  type  modes.  As  discussed  in  Caulfield  (1994)  for 
a  symmetric  flow,  this  may  be  due  to  the  possibility  of  a  resonant  triad  interaction  between 
the  Holmboe  type  instabilities  and  the  T  mode  type  instabilities  An  alternative  hypothesis  is 
that,  since  the  critical  layers  of  the  various  modes  are  so  well  separated,  the  growth  and  equili¬ 
bration  at  finite  amplitude  of  each  mode  proceeds  in  a  manner  essentially  decoupled  from  the 
other  modes,  and  thus  the  convential  argument  that  the  most  unstable  mode  of  linear  theory 
eventually  dominates  is  appropriate  only  within  each  branch. 


o  ©<0.5  d3=4 

•  @<0.5  d3  =  6 

•  ©=0.5  d3  =4 

•  0=0.5  d3 =6 
+  ®>0.5  d3=4 
x  ©>0.5  d3=6 


Flgnu  4:  Experimentally  meuuted  w»v«numbeu  plotted  ifiifiit  Ilnur  prediction!  for  i)  T  modes  for  luge 
iZ;  b)  HP  mode*;  c)  HM  model  done. 

Considering  the  Holmboe  type  instabilities,  in  figures  4b  and  4c  we  plot  observed  wavenum¬ 
ber  for  HP  type  modes  (i.e.  upward  cusping  waves  on  the  upper  density  interface  associated 
with  overturnings  in  the  upper  layer)  and  HM  modes  (i.e.  downward  cusping  waves  on  the  lower 
density  interface  associated  with  overturnings  in  the  lower  layer)  with  the  regions  predicted  by 
the  model  to  be  unstable  to  HP  and  HM  mode  type  disturbances.  Once  again,  we  see  that  there 
is  a  very  close  agreement.  In  these  cases,  no  one  of  the  parameters  dominates  the  prediction  and 
observation  of  the  wavenumbers  of  the  Holmboe  type  modes,  and  a  knowledge  of  all  the  bulk 
properties  of  the  flow  is  necessary  to  properly  predict  the  observed  instability,  though  there  is 
some  evidence  of  the  predicted  transition  to  larger  wavenumber  as  R  increases.  Once  again,  the 
fact  that  other  types  of  instability  were  predicted  to  have  greater  linear  growthrates  than  either 
of  the  Holmboe  type  modes  does  not  preclude  the  development  of  said  mode  to  finite  amplitude. 

The  two  Holmboe  type  mode?  were  also  two  dimensional,  and  their  wavefronts  extended 
across  most  of  the  width  of  the  tank,  propagating  parallel  to  the  background  flow.  For  significant 
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periods  all  three  types  of  instability  could  be  observed.  Both  Holmboe  type  modes,  as  shown  in 
figures  3c  and  3d,  caused  cusps  to  appear  on  the  density  interfaces,  and  were  the  major  cause  of 
mixing  within  the  flow.  It  was  difficult  to  quantify  the  effect  of  the  HP  modes  since  the  upper 
layer  fluid  is  continually  being  advected  out  of  the  observation  area.  However,  due  to  the  slow 
moving  nature  of  the  lower  layer  flow,  it  was  possible  to  observe  the  mixing  due  to  the  HM 
modes  at  least  qualitatively.  This  mixing  associated  with  HM  modes  of  the  intermediate  layer 
with  the  lower  layer  was  often  sufficiently  vigorous  for  another,  fourth,  layer  to  appear  with 
density  intermediate  between  pj  and  pa  (see  figure  2a,  the  plot  of  the  density  profile  at  t  =  720 
seconds,  late  in  the  experiment). 

4s  Conclusions 

A  simple  linear  model  well  predicts  the  wavelengths  and  phase  speeds  of  several  forms  of 
instability  observed  in  a  stratified  shear  flow,  a  simple  idealisation  of  a  flow  which  has  been 
observed  to  occur  at  a  river  mouth. 

In  particular  the  linear  mode  first  discussed  by  Taylor  (1931),  and  herein  referred  to  as 
the  T  mode,  has  been  shown  to  be  experimentally  observable.  Also,  for  multi-layer,  and  in 
general  asymmetric  flows,  the  bulk  Richardson  number  is  insufficient  to  describe  the  properties 
of  the  instability  observed.  It  is  necessary  to  know  the  relative  depth  of  the  intermediate  layer 
as  well  as  the  extent  of  the  asymmetry  In  the  velocity  and  density  fields  to  fully  describe  the 
flow  and  predict  the  properties  of  the  instabilities.  The  T  mode  appears  to  have  little  effect  on 
the  amount  of  mixing  within  the  flow,  and  the  principal  mechanism  by  which  fluid  is  exchanged 
between  the  intermediate  layer  and  the  other  two  layers  is  through  the  cusping  of  the  density 
Interfaces  due  to  the  regions  of  overturning  associated  with  the  Holmboe  type  instabilities.  ThlB 
mixing  can  occur  for  bulk  Richardson  numbers  In  the  range  1.03  <  Rio  <  2.83,  and  so  it  is 
necessary  to  be  cautious  in  the  parameterisation  of  mixing  efficiencies  of  shear  flows  in  terms 
of  the  bulk  Richardson  number  alone,  as  the  structure  of  the  density  field  appears  to  have  a 
significant  qualitative  effect  on  the  mixing  properties. 

A  three  layer  flow  is  susceptible  to  multiple  simultaneous  instabilities  even  when  the  pre¬ 
dicted  growthrates  of  the  various  observed  modes  vary  by  more  than  one  order  of  magnitude. 
The  ability  of  the  various  types  of  unstable  structures  to  simultaneously  grow  to  finite  amplitude 
has  been  demonstrated,  but  as  yet  is  not  well  understood. 

We  put  forward  two  possible  explanations  which  will  be  the  subject  of  future  work.  Firstly, 
since  the  T  modes  and  the  Holmboe  type  modes  appear  simultaneously  at  times  when  typically 
the  wavenumber  of  the  T  mode  is  appreciably  larger  than  that  of  the  two  Holmboe  type  modes, 
there  is  the  possibility,  as  mentioned  in  Caulfield  (1994),  of  the  three  different  types  of  instability 
forming  a  resonant  triad  (see  Craik  1985  for  a  review).  However  this  needs  to  be  verified  by 
direct  calculation  of  not  only  the  resonance  conditions,  (namely  that  the  sums  of  the  Holmboe 
type  waves  frequencies  and  wavenumbers  are  equal  to  the  frequency  and  wavenumber  of  the  T 
mode)  but  also  of  the  interaction  coefficients.  Alternatively,  since  the  modes  develop  finite  am¬ 
plitude  structures  in  widely  separated  regions,  it  is  possible  that  each  mode  can  develop  to  finite 
amplitude  in  a  manner  largely  independent  of  the  other  modes.  However,  a  nonlinear  analysis 
must  be  conducted  to  Investigate  properly  the  multiple  modal  structure  at  finite  amplitude,  as 
well  as  the  (observed)  different  mixing  effects  of  the  instabilities. 
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Two-dimensional  secondary  Instabilities  j 

in  a  stably-stratified  shear  layer 

Chantal  STAQUET 

Laboratolre  de  Physique  (CNRS,  URA 1325),  B.N.S.  Lyon,  46  allte  dlulie,  69364  Lyon  CSdex  07,  Prtnce 

I.  Introduction 

The  buoyancy  force  in  a  stably-stratified  fluid  medium,  if  strong  enough,  compels  the  flow  to 
organize  into  quasi-horizontal  structures.  Evidence  of  such  a  horizontal  layering  has  been  clearly 
shown  in  geophysical  flows  (e.g.  Dalaudier  et  al.  1994  for  the  atmosphere,  Gregg  1987,  for  the 
ocean),  in  laooiatory  experiments  (e.g.  Browand  et  al.  1987)  and  in  numerical  experiments 
(Herring  and  Metais  1989,  Bouruet-Aubertot  et  al.  1994).  These  layers,  which  are  only  weakly 
correlated  along  the  vertical,  may  slide  the  one  over  the  other  and  thus  generate  velocity  shears. 

If  instability  criteria  are  satisfied,  these  velocity  shears  may  yield  instabilities  of  the  Kelvin- 
Helmholtz  type  and  possibly  trigger  a  turbulent  behavior  in  the  flow  (Bouruet-Aubertot  et  al., 

1994).  Why  and  how  do  these  layers  become  unstable  is  still  an  open  question  since  they  are 
embedded  in  a  complicated  flow  and  coexist  with  internal  waves.  The  purpose  of  the  present 
study  is  to  analyse  numerically  on  a  simpler  flow,  a  two-dimensional  stably-stratified  shear 
layer,  the  occurence  of  such  secondary  instabilities. 

The  two-dimensional  homogeneous  shear  layer  has  been  extensively  studied  (see  Corcos 
and  Sherman  1984  and  Ho  and  Huerre  1984,  for  a  review).  Once  the  Kelvin-Helmholtz 
instability  has  developed  and  saturated,  the  initial  vorticity,  confined  in  a  horizontal  strip,  has 
moved  into  equidistant  vortices  aligned  along  the  streamwise  direction,  separated  by  quasi- 
irrotational  flow  (the  braids).  These  vortices  may  then  pair.  When  a  stable  stratification  is 
present,  the  structure  of  the  flow  changes  fundamentally  as  the  instability  develops.  The  reason 
u  that  a  source  of  vorticity  now  exists,  provided  by  the  baroclinic  torque  of  the  flow.  Our  study  | 

will  be  conducted  is  the  Boussinesq  approximation.  In  this  case,  the  baroclinic  torque  reduces  to 
the  curl  of  the  buoyancy  force  and,  therefore,  solely  involves  gradients  of  the  density  field.  As  | 

the  Kelvin-Helmholtz  instability  develops,  the  horizontal  density  gradient  generates  vorticity  of  i 

the  same  sign  as  the  vorticity  of  the  mean  flow  in  the  braids  ana  partly  destroys  the  vorticity  of  : 

the  cores.  Consequently,  thin  tilted  layers  of  intense  vorticity  form  in  the  braid  region,  separated  ; 

by  weakened  vortices,  we  shall  refer  to  these  thin  layers  as  ''baroclinic  layers". 

Such  baroclinic  layers  have  been  observed  in  the  atmosphere  (Gossard  et  al.  1970),  in  the 
ocean  (e.g.  Woods  1969,  Thorpe  1987),  in  laboratory  experiments  of  stably-stratified  shear  j 

layers  (for  instance  Delisi  and  Corcos  1973,  Koop  ana  Browand  1979,  Schowalter  et  al.  1993) 
and  in  two-dimensional  numerical  simulations  of  stably-stratified  shear  layers  (Patnaik  et  al. 

1976,  Corcos  and  Sherman  1976,  Klaassen  and  Peltier  1983a,  1983b,  1983c,  1989,  1991, 

Staquet  1991).  All  these  authors  have  predicted,  either  with  heuristic  arguments  or  on  a  theore¬ 
tical  basis,  that  these  layers  could  become  unstable  and  bear  a  secondary  Kelvin-Helmholtz 
instability.  Such  secondary  instabilities  have  been  clearly  shown  to  occur  in  Staquet  (1994a, 

1994b).  In  these  latter  two  papers,  high  resolution  two-dimensional  (as  well  as  a  few  three- 
dimensional)  numerical  simulations  of  the  Navier-Stokes  equations  in  the  Beussinesq  approxi¬ 
mation  are  presented,  for  a  shear  layer  with  either  moderate  or  strong  stratification.  For  the 
present  extended  abstract,  we  shall  focus  on  strongly  stratified  two-dimensional  flows.  We  shall 
show  that  the  stability  of  the  baroclinic  layer  is  controlled  by  the  large  scale  Kelvin-Helmholtz 
vortex,  via  the  strain  field  that  it  induces  in  the  stagnation  point  region  of  the  layer.  A 
consequence  of  this  study,  clearly  illustrated  here,  is  that,  in  a  strongly  stratified  shear  layer, 
secondary  Kelvin-Helmholtz  instabilities  are  fostered  by  the  pairing  of  primary  Kelvin- 
Helmholtz  vortices. 


The  Navier-Stokes  equations  are  solved  in  the  Boussinesq  approximation  in  the  two-dimensional 
vertical  (x ,z)  plane,  with  z  directed  along  the  vertical  direction: 

^  +  J(co,v)  -  +  v  V2oo  ^-  +  J(p,v)«  kV2p  (2-1) 
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y  is  a  stream  function  related  to  the  velocity  field  by  :  u»-d\|f/3z,  w«dy/dx.  co=(Vxu).ly  is  the 
spanwise  vorticity  component  (ly  being  the  ur't  vector  along  the  y  direction);  to  is  related  to  y  by: 

Ops-A y.  g  is  the  modulus  of  the  acceleration  of  gravity  and  v  and  tc  are  respectively  the  molecular 
viscosity  and  the  diffusion  coefficient  for  density  changes.  We  decompose  the  density  field  as 

p(x,z,t)=p(z,t)+p'(x,z,t),  where  p(z,t)  is  the  mean  density  and  p'  is  the  deviation  from  the  mean; 

in  the  Boussinesq  approximation,  p+p'-po,  Po  being  the  density  of  an  hydrostatic  basic  state. 

For  boundary  conditions  we  assume  that  the  flow  is  periodic  in  the  streamwise  direction,' 
and  at  the  horizontally  oriented  boundaries  take  free-slip  conditions  on  the  velocity. 

As  in  Patnaik  et  al.  (1976),  the  mean  velocity  and  mean  density  profiles  at  t=0  are  defined 

as:  Uj  (z)  *  U  erf  (&■  ■&■)  and  Pi  (z)  ■  po  -  erf  (&■  — 2 — ).  -U  and  U  are  the  velocity 
2  Si  2  2  Si/yPF 

at  the  lower  and  upper  boundaries  respectively,  while  po+Ap/2  and  pQ-Ap/2  (with  Ap>0) 
denotes  the  corresponding  densities.  5;  is  half  the  initial  vorticity  thickness  of  the  shear  layer, 

defined  by  U/(dlfj/dz)mix.  Pt»v/k  is  the  Prandtl  number. 

No  density  perturbation  is  superposed  upon  the  mean  density  profile  at  t®0.  while  a 
deterministic  perturbation  is  added  to  the  mean  velocity  profile.  Its  vertical  dependency  is  the 
eigenfunction  of  the  Rayleigh  equation  (linear  stability  equation  for  J»0).  Its  streamwise 
dependency  is  sinusoidal,  because  of  the  periodic  boundary  conditions,  with  wavenumber  equal 
to  the  fundamental  (most  unstable)  wavenumber  predicted  by  linear  stability  theory  for  J*=0,  kf 

say.  kf6|a0.439  in  the  present  case. 

Equations  (2-1)  are  solved  numerically  in  nondimensional  form.  The  length  and  velocity 
scales  are  Si  and  U  respectively  and  time  is  nondimensionalized  by  the  advective  time  scale 
8/U.  The  density  is  scaled  by  VPrAp/2.  With  this  scaling,  the  nondimensional  parameters  which 

come  into  play  in  the  equations  are:  Re,  the  Reynolds  number,  initially  equal  to  U6j/v;  the 
minimum  of  the  gradient  Richardson  number  (or  minimum  Richardson  number)  ,  whose 

expression  at  t*0  is  J  ■  min  -  -2-  (—!■)  ]  «■  g  —  ^-^i-  and  the  Prandtl  number.  In  the 

*  Z  p0  dz  dz  *  po  2  U2 

calculations  presented  here,  J  and  Pr  are  kept  to  a  fixed  value,  equal  to  0.167  and  0.7 
respectively,  while  Re  is  varied  between  400  to  3000. 

Equadons  (2-1)  are  solved  using  a  standard  pseudo-spectral  method  (Canuto  at  al.  1988). 
Aliasing  errors  are  removed  by  a  truncation  method.  The  viscous  terms  are  computed  explicitely 
while  a  third-order  Adams-Baahforth  scheme  is  employed  to  advance  in  time.  More  detail  about 
the  numerical  method  can  be  found  in  Staquet  (1994a).  Computations  up  to  10242have  been 
performed  on  a  Cray  C98,  at  the  Computing  Center  of  CNRS. 

III.  Formation  -fit  secondary.  Instabilities  In  bacodlnk  layers 

Visualizations  of  the  shear  layer  at  the  time  the  vorticity  has  reached  an  absolute  maximum  is 
displayed  in  figure  1,  for  different  Reynolds  numbers.  The  structure  of  the  Keivin-Helmholtz 
vortex  opposes  that  of  the  baroclinic  layer.  The  vorticity  varies  smoothly  inside  the  vortex  and  is 
associated  with  a  complex  density  field,  due  to  the  roll-up  of  heavy  and  light  fluid  when  the 
instability  develops.  Statically  unstable  situations  then  occur,  with  heavy  fluid  over  light  fluid.  A 
consequence  is  that  negative  vorticity  is  produced,  by  the  baroclinic  torque,  in  the  upper  (and 
inner,  by  symmetry)  boundaries  of  the  Keivin-Helmholtz  vortex.  By  contrast,  in  the  stagnation 
point  region  of  the  baroclinic  layer,  both  vorticity  and  density  fields  exhibit  sharp  changes  across 
the  layer  but  almost  no  variation  along  the  direction  of  the  layer. 

The  behavior  of  the  vortex  when  the  Reynolds  number  is  increased  also  opposes  that  of  the 
baroclinic  layer.  The  vertical  extent  of  the  vortex  remains  unchanged  as  Re  is  increased;  it  can  be 
shown  that  this  vertical  extent  is  in  very  good  agreement  with  a  theoretical  model  proposed  by 
Corcos  and  Sherman  (1976)  for  the  non  linear  development  of  the  instability.  As  well,  the 
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maximum  vorticity  of  the  vortex  (reached  at  its  center)  hardly  varies  from  one  calculation  to  the 
other  (*0.7  for  Re=400  and  *1  for  Re21000). 

By  contrast,  the  thickness  and  the  vorticity  of  the  baroclinic  layer  strongly  varies  as  the 
Reynolds  number  increases.  To  understand  this,  it  is  first  necessary  to  recall  the  physical 
mechanisms  driving  the  evolution  of  the  layer,  a  theoretical  model  of  which  was  proposed  by 
Corcos  and  Sherman  (1976).  Upon  the  layer,  in  the  neighbourhood  of  its  stagnation  point,  acts 
an  outer  velocity  field  induced  by  the  large  scale  vortex,  of  the  pure  strain  type.  The  advection 
perpendicular  to  the  direction  of  the  layei  by  this  pure  strain  makes  the  thickness  of  the  layer 
decrease  exponentially.  Diffusion  by  molecular  effects  however  opposes  this  compression  action 
and  an  equilibrium  eventually  sets  In,  which  dictates  the  thickness  of  the  layer.  Inis  strain  field 
has  a  second  effect  upon  the  layer,  now  through  its  component  along  the  direction  of  the  layer: 
this  component  advects  the  vorticity  of  the  layer  toward  the  vortex  cores.  Here  again,  this  effect 
is  balanced  by  a  mechanism  of  generation  of  vorticity,  due  to  the  baroclinic  torque.  An 
equilibrium  eventually  sets  in,  now  along  the  direction  of  the  layer,  which  yields  a  constant 
velocity  difference  across  the  layer. 

It  has  been  shown  in  Staquet  (1994a)  that  the  strain  rate  of  the  outer  strain  field  acting  upon 
the  layer  does  not  vary  when  the  Reynolds  number  is  increased  (and  is  about  constant  in  time). 
Hence,  the  thickness  of  the  layer  reflects  the  scale  at  which  viscosity  is  acting;  thus  the  larger  Re 
is,  the  smaller  the  thickness,  as  illustrated  by  figure  1.  (A  Re- 1/2  dependency  is  predicted  for  the 
equilibrium  thickness  by  the  model  of  Corcos  and  Sherman,  which  agrees  very  well  with  the 
behavior  computed  numerically  (Staouet  1994a,  1994b)).  As  the  Reynolds  number  is  increased, 
the  vorticity  of  the  layer  at  its  stagnation  point  strongly  increases.  The  baroclinic  torque  is  solely 
responsible  for  this,  since  the  vorticity  is  removed  at  the  same  rate  whatever  Re:  as  the  thickness 
of  the  layer  decreases,  the  streamwise  gradient  of  the  density  field  increases,  which  produces 
vorticity.  (A  Re- 1/2  dependency  is  predicted  for  the  equilibrium  vorticity  by  the  model  of  Corcos 
and  Sherman,  which  agrees  again  remarquably  well  with  the  numerical  findings). 

This  behavior  of  the  layer  implies  that  the  Richardson  number  at  the  stagnation  point  of  the 
layer,  Ri,  say,  should  decrease  as  Re  is  increased.  Ris  is  plotted  versus  Re  in  figure  2  at  the  time 
the  vorticity  reaches  an  absolute  maximum  (attained  at  the  stagnation  point  of  the  layer).  As  in 

Corcos  and  Sherman  (1976),  we  define  Ris  as:  Ris  »  -  J  l^~-/£l2]s  .  Figure  2  shows  that 

Ris  reaches  vety  small  values,  as  low  as  0.04  when  Rcb2600.  Supposing  that  the  stability  of  an 
inclined  shear  layer  is  the  same  of  that  of  a  horizontal  one,  linear  theory  and  calculations  by 
Hazel  (1972)  predict  that  a  secondary  instability  should  occur  if  Ris  becomes  lower  than  0.2S. 
Nevertheless,  in  the  present  case,  the  stagnation  point  of  the  baroclinic  layer  remains  stable. 

In  figure  1,  an  ondulation  is  visible  for  the  highest  Reynolds  number  case,  in  the  part  of 
the  baroclinic  layer  that  adjoins  the  region  of  the  vortex  where  negative  vorticity  is  produced.  It  is 
at  this  location  that  a  secondary  instability  first  amplifies.  This  instability  is  not  of  the  Kelvin- 
Helmholtz  type.  Its  subsequent  development  is  visualized  in  figure  3,  through  constant  contours 
of  the  vorticity  field.  It  amplifies  while  propagating  (or  while  being  advectea  by  the  local  shear). 
The  origin  of  this  instability  seems  to  be  clear:  it  grows  where  the  positive  vorticity  of  the 
baroclinic  layer  meets  negative  vorticity  in  the  inner  boundary  of  the  Kelvin-Helmholtz  vortex, 
that  is,  where  a  jet  flow  forms.  It  is  not  clear  however,  whether  this  instability  is  that  of  a  jet 
flow,  because  it  has  a  strongly  asymmetric  vorticity  and  is  embedded  in  a  complex  flow. 
Moreover,  the  non  linear  development  of  this  instability  exhibits  a  strong  resemblance  with 
visualizations  of  critical  layer  experiments  reported  by  Thorpe  (198 1 >. ‘ This  instability  is  refered 
to  as  the  "near-core11  instability  hereafter. 

The  advection  of  this  instability  toward  the  stagnation  point  of  the  baroclinic  layer  perturbs 
the  whole  flow.  In  particular,  a  strong  disturbance  is  induced  at  the  stagnation  point  of  ,he  layer, 
which  triggers  a  secondary  instability,  now  of  the  Kelvin-Helmholtz  type  (figure  3b). 

DL  Influence,  of  the  outer  strain  field  on  the  stability  of  the  liver 

We  shall  now  examine  the  intriguing  stability  of  the  layer  in  the  neighbourhood  of  its 
stagnation  point,  before  the  near-core  instability  develops.  Two  factors  stabilize  the  layer  there: 
the  non  zero  value  of  the  Richardson  number,  of  course,  but  also  the  action  of  the  pure  strain 
field.  Indeed,  the  strain  field  compresses  any  perturbation  in  the  direction  perpendicular  to  the 
layer,  thereby  reducing  its  growth  rate;  it  also  stretches  any  wavelength  along  the  direction  of  the 
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layer,  therefore  making  its  growth  rate  eventually  go  to  zero.  There  two  effects  of  the  outer  strain 
field  are  at  the  basis  of  the  model  of  Corcos  and  Sherman  mentioned  above  for  the  non  linear 
dynamics  (and  resulting  structure)  of  the  layer. 

The  stability  of  a  uniform  strip  of  vorticity  in  a  perfect  fluid,  subjected  to  a  constant  strain 
rate,  has  been  examined  by  Dritschel  et  al.  (1991).  The  'cey  parameter  in  this  problem  is  the  ratio 

of  the  strain  rate  y  over  the  vorticity  of  the  layer  £2.  Dritschel  et  al.  have  shown  that  even  a  value 

of  as  small  as  0.065  leads  to  a  three-fold  amplification  only  of  the  perturbation.  In  this  model 
flow,  the  perturbation  always  decays  to  zero,  after  a  possible  amplification,  no  stable  stratifi¬ 
cation  is  present  and  the  fluid  is  perfect.  The  situation  examined  here  is  somewhat  different  but  it 

is  still  of  interest  to  examine  the  behavior  of  f/Q  at  the  stagnation  point  of  the  baroclinic  layer. 

This  ratio  is  plotted  in  Figure  4  versus  time.  ylCl  decays  once  the  layer  has  formed  (from 
&15)  and  reaches  very  small  values,  equal  to  *0.03  for  Re=2600  with  Ris=0.045.  This 
suggests  that  critical  values  for  the  layer  to  become  unstable,  which  have  not  been  reached  yet, 
would  be  even  lower.  The  smallness  of  these  values  would  be  consistent  with  the  findings  of 
Dritschel  et  al. 

If  it  is  indeed  the  outer  strain  field  that  prevents  the  instability  from  occuring,  then  any 
event  making  the  strain  rate  deciease  should  permit  tiie  development  of  the  instability.  A  way  to 
make  this  parameter  decrease  is  to  move  the  stagnation  point  of  the  baroclinic  layer  away  from 
the  Kelvin-Helmholtz  vortex.  Indeed,  the  strain  rate  is  roughly  proportional  to  the  circulation  of 
this  vortex  and  inversely  proportional  to  the  distance  squared  between  the  vortex  and  the 
stagnation  point  of  the  layer.  In  Staquet  (1994b),  three  calculations  of  a  shear  layer  having 
Jb0.0836  and  Re*  1000  have  been  performed,  in  which  the  wavelength  of  the  initial  perturbation 
is  progressively  increased  from  the  fundamental  wavelength  up  to  twice  this  wavelength.  The 

streamwise  extent  of  the  numerical  domain  is  equal  to  2n  over  this  wavelength  so  that  only  one 
Kelvin-Helmholtz  vortex  develops.  As  the  perturbation  wavelength  is  increased,  the  baroclinic 
layer  is  shown  to  lengthen,  progressively  destabilize  (bearing  first  the  near-core  instability)  and 
eventually,  for  the  longest  wavelength,  a  secondary  Kelvin-Helmholtz  instability  develops.  We 
have  computed  the  ratio  y/Q  for  the  three  calculations.  For  the  intermediate  wavelength,  where 
the  baroclinic  layer  remains  stable,  y/£2  is  equal  to  0.04,  with  Ri,=0.55.  For  the  longest 

wavelength  calculation,  y  £2*0.02  when  the  instability  starts  developing,  with  Ri.~0.07.  These 
three  calculations  make  clear  the  essential  role  of  the  outer  strain  field  on  the  stability  of  the  layer. 

It  follows  that  pairing  should  promote  a  secondaiy  instability  of  the  Kelvin-Helmholtz  type 
in  the  baroclinic  layer.  Indeed,  in  moving  the  one  toward  the  other,  the  vortices  move  away  from 
the  stagnation  point  of  the  layer.  Their  influence,  and  thus  the  induced  strain  rate,  should 
decrease  at  this  location.  This  argument  is  supported  in  figure  5  by  visualizations  of  a  strongly 
stratified  shear  layer  with  two  primary  Kelvin-Helmholtz  vortices  developing.  A  secondary 
instability  is  shown  to  develop  spontaneously  at  the  stagnation  point  of  the  baroclinic  layer, 
without  this  part  of  the  layer  having  been  invaded  by  the  propagating  near-core  secondary 
instability.  At  the  very  most  does  the  secondary  near-core  instability  provide  the  necessary 

perturbation,  supposed  to  be  small,  to  trigger  the  instability.  The  ratio  yli 2  for  this  calculation  is 
plotted  in  figure  4  (curve  e).  y/£2  is  shown  to  have  the  smallest  value,  equal  to  0.02  (with 

Ris=0.02,  see  figure  2).  The  same  critical  value  for  ylSl  was  found  for  an  instability  to  develop  in 
a  J«0.0836  shear  layer. 

V.  Analogy  with  three-dimensional  turbulence 

It  is  tne  non  conservation  of  the  local  vorticity  that  makes  possible  the  succession  of 
secondary  Kelvin-Helmholtz  instabilities  involving  smaller  and  smaller  scales  observed  in  figure 
5b:  only  because  the  stretched  braid  in  between  newly  growing  Kelvin-Helmholtz  vortices  is 
baroclinically  regenerated  with  vorticity,  can  the  instability  mechanism  continue.  This  non 
conservation  of  the  vorticity  is  also  a  fundamental  feature  of  three-dimensional  turbulent  flows, 
even  without  body  force.  We  now  examine  whether  this  fundamental  analogy  may  give  rise  to  an 
analogous  behavior.  For  this  purpose,  the  dissipation  rate  of  the  total  energy  of  the  two- 
dimensional  stably-stratified  shear  layer  is  examined  as  a  function  of  the  Reynolds  number  for 
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the  series  of  one  Kelvin-Helmholtz  vortex  calculations  discussed  above  (1=0.167,  Re  varying 
between  400  and  3000). 

For  a  shear  layer  in  the  Boussinesq  approximation,  the  dissipation  rate  of  the  total  energy 

cr-  be  written  as:  =  -  J^(Z  +  Re.EEp)  with  Re.^p  =  *  l"  pf  AP-  Z  =  (  (Vau)2  )  is  the 

volume-averaged  enstrophy  and  Lz  denotes  the  vertical  length  of  the  numerical  domain.  Egp  is  the 
dissipation  rate  of  the  potential  energy,  and  is  constant  in  the  present  case  (supposing  there  is  no 
mass  flux  across  the  horizontally  oriented  boundaries).  It  follows  that  dE/dt  is  of  the  form  Z*/Re, 
where  Z*=Z+Re.£EP  is  the  usual  enstrophy  with  an  additive  constant.  This  additive  constant  is 
the  same  for  all  the  calculations  presented  here. 

Z*  is  plotted  in  figure  6a.  It  exhibits  a  first  maximum  at  about  t«48,  whatever  the  initial 
value  of  the  Reynolds  number.  Up  to  this  time,  the  maximum  vorticity  (over  the  numerical 
domain)  is  always  reached  at  the  stagnation  point  of  the  hrroclimc  layer.  It  is  thus  this  part  of  the 
flow  that  controls  the  evolution  of  the  total  enstrophy  up  to  t«48.  77  continues  to  increase  next 
for  Re£1500,  when  secondary  instabilities  develop  in  the  baroclinic  layer.  A  second  maximum  is 
reached  at  an  instant  independent  of  the  Reynolds  number.  The  value  of  this  second  maximum  is 
strongly  dependent  on  the  Reynolds  number  however  and  it  is  thus  of  interest  to  examine  the 
behavior  of  Z*/Re  for  ReSISOO.  This  quantity,  equal  to  minus  the  dissipation  rate,  is  plotted  in 
figure  6b.  The  second  maximum  of  Z*/Re,  reached  at  a  time  the  flow  has  become  turbulent 
through  secondary  instabilities,  seems  to  tend  toward  a  constant  value  as  the  Reynolds  number 
increases.  Such  a  behavior  is  analogous  to  that  found  for  instance  by  Brachet  (1990)  when 
studying  numerically  the  temporal  evolution  of  the  enstrophy  for  the  three-dimensional  Taylor- 
Green  vortex  (with  uniform  density).  This  suggests  that  the  dissipation  rate  of  energy  becomes 
independent  of  the  viscosity  in  the  limit  of  zero  viscosity;  in  other  words,  this  dissipation  rate  is 
controlled  by  non  linear  effects  in  this  limit. 

Finally,  we  note  ihat  the  analogy  between  two-dimensional  Boussinesq  equations  and  three- 
dimensional  equations  for  a  fluid  with  uniform  density  has  already  been  used  by,  e.g.,  Pumir 
anc'  Siggia  (1992)  in  their  search  for  a  singularity  of  the  three-dimensional  Euler  equations. 

YL_  -Cmdiision 

This  study  has  focused  on  the  development  of  secondary  instabilities  in  the  thin  layers  that  appear 
in  a  two-dimensional  stably-stratified  shear  flow,  in  between  the  primary  Kelvin-Helmholtz 
vortices.  We  have  shown  that  these  large  scale  vortices  control  the  stability  of  the  layers,  via  the 
strain  field  that  they  induce  in  the  stagnation  point  region  of  the  layers.  Consequently,  pairing  of 
■Primary  voitices  promotes  the  growth  of  a  secondary  Kelvin-Helmholtz  instability.  Because  the 
baroclinic  torque  provides  a  source  of  vorticity,  the  vorticity  is  not  materially  conserved  in  this 
two-dimensional  flow  and  analogy  with  three-dimensional  turbulence  can  be  drawn.  We  have 
shown  that  a  deterministic  mechanism  is  at  the  basis  of  this  analogy,  consisting  of  successive 
secondary  Kelvin-Helmholtz  instabilities  transferring  energy  toward  small  scales.  This  view 
contrasts  with  the  usual  processes  leading  to  energy  transfers  in  three-dimensional  turbulence. 

This  fundamental  approach  of  the  now  dynamics  should  be  complemented  by  more  applied 
studies,  turned  toward  oceanography.  The  succession  of  secondary  Kelvin-Helmholtz  instabili¬ 
ties  at  different  scales  is  supposed  to  be  one  of  the  mechanism  by  which  mixing  occurs  in  the 
ocean  (Woods  1969,  Thorpe  1987).  It  would  thus  be  important  to  evaluate  mixing  in  the  present 
simulations.  Also,  the  statistical  properties  of  the  flow  would  be  of  great  interest,  by  comparison 
with  spectra  found  either  in  the  ocean  or  in  the  atmosphere. 

Such  a  study  is  solely  two-dimensional.  In  three-dimensional  shear  layers,  intrinsically 
three-dimensional  instabilities  occur,  which  may  deeply  modify  this  view  of  the  flow,  if  weakly 
stratified.  It  may  be  however  that,  for  strong  stratification,  three-dimensional  instability  v.  auld  be 
mostly  convective  and  occuring  in  the  cores  of  the  primary  Kelvin-Helmholtz  vortices 
(Schowalter  et  al.  1993),  thus  inaffecting  die  dynamics  of  die  baroclinic  layers  (except,  possibly, 
for  the  "near-core"  instability  that  we  have  found).  This  conjecture  would  need  to  be  examined, 
by  performing  very  high  resolution  three-dimensional  numerical  simulations. 
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Figure  1:  Influence  of  the  inidal  Reynolds  number  Re  upon  the  structure  of  the  flow  at  the  time  the  vorticity 
reaches  an  absolute  maximum  (located  at  the  stagnation  point  of  the  vorticity  layer),  d  is  the  distance 
between  contour  levels.  Contours  of  constant  vorticity.  (a)  Re-400.  flmtx»2.3,  d«0.1;  (b)  Re-1000, 
nmax»3.6,  d=0.3;  (c)  Re-2600,  finng-6.,  d-0.5.  Associated  contours  of  constant  density:  (d)  to  (f),  with  d«0. 1 . 
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Figure  2:  Richardson  number  at  the  stagnation  point 
of  the  layer,  Ris,  versus  Reynolds  number. 


Figure  3:  Development  of  secondary  instabilities  in  a  Re-2600  shear  layer.  Constant  contours  of  the  votticity 
at  (a)  t-56.9;  ftmlx-  6.;  (b)  t-73;  nmu«  4.3,  ftmlx  is  the  vorticity  maximum,  d  (distance  between  contour 
levels)-0.5.  The  arrow  points  toward  a  secondary  Kelvin-Helmholtz  vortex  developing  at  the  stagnation  point  of 
the  baroclinic  layer. 


Figure  4:  Temporal  evolution  of  y/ft  at  the 
stagnation  point  of  the  baroclinic  layer,  y  is  the 
(uniform)  strain  rate  of  the  strain  field  induced  by  the 
large  scale  Kelvin-Helmholtz  vortex  in  the  stagnation 
point  region  of  the  baroclinic  layer,  ft  is  the  vorticity 
of  the  layer.  In  ail  calculations  except  for  curve  (e).  only 
one  Kelvin-Helmholtz  structure  develops,  (a)  Re*  1000; 
(b)  Re*  1 300;  (c)  Re-2000;  (d)  Re-2600;  (e)  Re-2000, 
but  two  Kelvin-Helmholtz  structures  develop. 
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Figure  Si  Development  of  secondary  Instabilities  in  a  Re-2000  shear  layer  with  two  Kelvin-Helmholtz 
vonices  developing  and  pairing.  Constant  contours  ofvorticity :  (a)  t-42.7;  nmax-4.8;  (b)  t-74;  flm„-4.4. 
flnm  is  the  vortlcity  maximum.  The  disumce  between  contour  levels  is  d-0.4. 
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figure  6:  Strongly  stratified  shear  layer  with  one  Kelvin-Helmholtz  structure  developing,  (a)  Z*  defined  In 
section  V,  versus  time,  (a)  Re-400;  (b)  Re- 1000;  <c)  Re-1500;  (d)  Re-2000;  (e)  Re-2600;  <f)  Re-3000,  (b) 
Z*/Re,  equal  to  minus  the  dissipation  rue  of  the  total  energy,  Is  plotted  versus  time  for  Reil500,  Full  lint: 
Re- 1500;  Dash  lint:  Re-2000;  Long  dash  lint :  Re-2600;  Short  dash-long  dash  lint:  Re-3000. 
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Abstract 

We  investigate  the  processes  by  which  an  accelerating  stratified  shear  flow  undergoes  the  tran¬ 
sition  to  turbulence  in  a  sequence  of  experiments  in  a  tilted  tank.  Using  direct  measurements 
of  the  velocity  and  density  profiles  we  observe  that  the  Richardson  number  at  onset  of  Kelvin- 
Helmholtz  type  instability  varies  only  slightly  with  the  total  density  difference,  or  the  Reynolds 
number,  if  tlds  is  sufficiently  high.  However,  we  observe  that  the  mechanisms  by  which  the  flow 
undergoes  breakdown  are  both  complex  and  diverse,  and  suggest  that  the  (non-dimensional) 
total  density  difference  and  /or  the  ratio  of  the  depth  of  the  shear  layer  to  the  total  tank  depth 
are  important  parameters  in  the  determination  of  the  dominant  secondary  structures. 

In  general,  inherently  three  dimensional,  and  relatively  large  scale,  flow  structures  strongly 
suppress  the  formation  of  larger  scale  vortices  through  simple  pairing.  Also,  these  large  scale 
three  dimensional  structures  appear  to  totally  dominate  the  transiton  to  turbulence,  and  appear 
to  be  much  more  significant  in  the  breakdown  of  the  flow  than  the  small  scale  transverse  con¬ 
vective  rolls  theoretically  predicted  by  Klaassen  and  Peltier  (1985b),  and  subsequently  oberved 
by  Thorpe  (1985). 

Subharmonic,  quasl-two  dimensional  vortex  transitions  are  observed,  but  these  appear  not 
to  occur  juBt  as  simple  pairings.  For  example,  three  vortices  are  observed  to  merge  into  a  single 
secondary  billow,  or  two  merge  and  the  other  persists,  as  predicted  theoretically  by  Klaassen 
and  Peltier  (1989).  Three  dimensional  vortex  merging  (knots)  of  initially  quasi-two  dimensional 
billows  are  also  observed.  Such  knots  are  observed  not  only  as  pairwise  transitions,  as  discussed 
by  Thorpe  (1985),  but  also  single  billows  are  observed  to  knot  with  both  adjacent  neighbours. 
Also,  billows  are  observed  to  bow  during  merging  events. 

Narrow  streamwise  vortices  (tubes)  are  also  observed,  and  they  appear  to  have  two  distinct 
generation  mechanisms.  Firstly,  they  are  observed  to  develop  as  secondary  structures  between 
quasi-two  dimensional  billows  subsequent  to  billow  roll-up.  Also,  particularly  at  larger  density 
differences,  or  when  the  shear  layer  is  sufficiently  narrow  compared  to  the  total  tank  depth,  we 
also  observe  billows  that  never  fully  develop  across  the  tank,  but  rather  bifurcate  into  a  “Y” 
shaped  structure.  The  two  arms  of  the  “Y”  align  in  a  streamwise  direction,  and  wrap  around 
neighbouring  billows  in  a  similar  manner  to  secondary  tubes,  however  we  postulate  that  in  a 
fundamental  sense  these  “Y”  shaped  structures  are  a  primary  instability  of  the  flow. 


1:  Introduction 

Stably  stratified  shear  flows  occur  in  many  geophysical  flows  of  interest,  and  the  processes  by 
which  such  flows  become  unstable,  break  down  and  (potentially)  mix  the  fluid  has  been  a  topic 
of  much  research  (see  Thorpe  1987  for  a  review).  It  is  well  known,  from  a  theorem  due  to  Miles 
(1961)  and  Howard  (1961)  that  if  the  gradient  Richardson  number,  Ri,  (a  measure  of  relative 
importance  of  the  buoyancy  forces  to  the  inertial  forces)  defined  as 


(gdp/dz) 

Po  ( dV/dz )2  ' 
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where  p  and  V  are  the  background  distributions  of  density  and  velocity  respectively  and  po  is 
some  reference  density,  is  greater  than  1/4  throughout  the  flow,  then  the  flow  is  stable  to  linear, 
normal  mode  type  perturbations. 

Theoretical  analyses  (see  Drazin  and  Reid  1981  for  a  review)  have  concentrated  until  re¬ 
cently  on  the  linear,  two  dimensional,  instability  of  inherently  two  dimensional  background 
states  which  violate  this  condition.  This  approach  can  be  motivated  by  a  theorem  due  to  Yih 
(1955),  which  is  essentially  a  generalisation  of  Squire’s  Theorem  (1933)  to  stratified  flow.  A 
potentially  unstable  mode  whose  wavenumber  vector  is  oriented  at  an  angle  to  the  mean  flow 
can  be  identified  with  an  equivalent  mode  with  wavenumber  vector  parallel  to  a  mean  flow  with 
a  higher  Richardson  number.  Thus  if  the  maximal  (at  given  Ai)  growthrateof  a  mode  increases 
at  a  sufficient  (well-defined)  rate  with  At,  Yih's  theorem  predicts  that  the  mode  travelling  at  an 
angle  will,  within  linear  theory,  have  a  larger  growthrate  than  all  modes  travelling  parallel  to  a 
given  flow.  In  this  case,  the  flow  may  be  primarily  unstable  to  three  dimensional  disturbances. 
Since,  in  most  flows  (though  not  all,  see  e.g.  Caulfield  1994)  the  effect  of  increasing  stable 
stratification  (and  thus  At)  is  stabilising  on  the  flow  instability,  the  reasonable  expectation  is 
that  the  primary  instability  of  a  parallel  stratified  shear  layer  will  be  largely  two  dimensional. 

Many  experiments  (e.g  Thorpe  1968,  Yoshida  1977,  Koop  and  Browand  1979,  Lawrence  tt 
al.  1991)  have  demonstrated  that  various  flows  with  sufficiently  small  At  somewhere  within  the 
flow  do  indeed  exhibit  primary  two  dimensional  instabilities  of  varying  kinds,  predicted  relatively 
well  by  linear  theories.  An  Important  parameter  in  the  character  of  the  instability  appears  to  be 
the  ratio  of  the  characteristic  lengthscale  of  velocity  variation  to  the  characteristic  lengthscale 
of  density  variation.  If  the  depth  of  the  region  of  density  variation  1b  very  much  smaller  than 
the  depth  of  the  region  of  velocity  variation  then  the  primary  instability  is  of  Holmboe  type, 
with  counter-propagating  cusped  waves  appearing  on  the  density  interface,  manifestations  of  the 
existence  of  a  regions  of  concentrated  spanwise  vorticlty  regions  above  and  below  the  interface. 
This  instability  has  no  analogue  in  the  unstratifled  shear  layer,  and  is  not  as  well  understood 
as  the  instability  which  appears  when  the  velocity  and  density  distributions  are  approximately 
matched.  In  this  case,  analogously  to  the  unstratifled  flow,  the  shear  layer  rolls  up  into  spanwise 
tubes  of  vorticlty  (the  so-called  Kelvin-Helmholtz  billows). 

Two  dimensional  numerical  simulations  of  such  flows  exhibit  well-defined  vortex  roll-up,  and 
after  the  vortex  has  equilibrated,  some  mixing  onsets  in  the  core  due  to  the  statically  unstable 
density  field  which  developes  (see  e.g.  Klaassen  and  Peltier  1985a).  However,  a  single  Kelvin- 
Helmholtz  billow  does  not  appear  to  break  down  vigorously.  In  two  dimensions,  much  more 
mixing  appears  to  take  place  during  secondary  subharmonic  transitions,  when  billows  merge 
(see  Klaassen  and  Peltier  1989).  Though  this  is  usually  referred  to  as  vortex  pairing,  other 
transitions  (e.g.  3  -+  2  or  3  —  1)  were  predicted  and  numerically  simulated,  and  so  we  prefer  to 
use  the  term  vortex  merging  to  describe  this  process. 

Nevertheless,  as  discussed  in  Klaassen  and  Peltier  (1985b),  any  attempt  to  characterise 
the  onset  of  turbulence  purely  in  terms  two  dimensional  theoretical  and  numerical  calculations 
must  be  treated  with  extreme  caution,  as  the  evidence  from  the  laboratory  is  that  the  onset 
of  mixing  is  inherently  linked  to  the  onset  of  three  dimensional  motions  within,  and  between, 
several  billows  which  have  developed  across  a  streamwise  extent  significantly  larger  (and  in  a 
real  Bense  less  constrained)  than  a  typical  numerical  domain. 

Billows,  as  discussed  by  Thorpe  (1987)  are  subject  to  a  variety  of  secondary  instabilities. 
On  a  small  scale,  there  is  the  convective  shear  aligned  instability  predicted  in  Klaassen  and 
Peltier  (1985b).  However,  as  mentioned  by  Thorpe, 

“the  appearance  of  (these)  secondary  patterns  in  the  billows  does  not  signal  an  imme¬ 
diate  transition  to  turbulence.” 

Also  observed  by  Thorpe  in  his  now  classic  tilted  tank  experiments  are  “tubes”,  thin  streamwise 
tubes  of  vorticlty  communicating  between  two  billows,  and  “knots”,  which  he  described  as  three 
dimensional  pairing  events,  in  the  sense  that  the  billows  do  not  pair  simultaneously  across  their 
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whole  width. 

An  understanding  of  these  transitions  both  in  their  efficiency  for  mixing,  and  their  depen¬ 
dence  on  the  background  parameters  is  extremely  Important.  Thorpe  identified  the  Reynolds 
number,  which  we  shall  define  as 


(2) 


where  U  is  half  the  total  velocity  difference  within  the  flow,  d  is  half  the  shear  layer  depth,  and  v 
is  as  usual  the  kinematic  vorticity  of  the  fluid  under  question,  and  the  bulk  Richardson  number, 
Ri0  defined  as 

Rio=°-§r,  (3) 


at  onset  of  the  instability  as  being  important  parameters,  as  one  expects  of  course  that  for  small 
Re,  the  effect  of  viscosity  will  be  to  inhibit  the  development  of  the  small  scales  necessary  for 
the  full  development  of  the  turbulence,  or  even  inhibit  the  growth  of  primary  and  secondary 
instabilities.  Here,  A  is  defined  as 


A  _  (Pi  ~  Po) 
(pi  +  Po) 


(4) 


where  p\  is  the  maximal  density  within  the  flow,  and  po  is  the  minimal  density  within  the  flow. 
We  note  that,  in  a  sense,  A  is  a  nondlmensional  expression  for  half  the  total  density  difference 
within  the  flow. 

In  this  paper,  we  attempt  to  investigate  further  the  routes  by  which  a  stratified  shear 
layer  undergoes  mixing  In  a  three  dimensional  manner,  by  means  of  discussion  of  a  sequence  of 
new  tilted  tank  experiments,  largely  in  the  region  of  parameter  space  suggested  by  Thorpe  to  be 
susceptible  to  a  wide  range  of  three  dimensional  instabilities.  We  wish  to  investigate  the  possible 
importance  of  other  nondlmensional  parameters  which  naturally  arise  in  these  experiments.  In 
particular,  two  parameters  which  a  careful  consideration  of  theory  suggests  may  be  important  are 
the  above  mentioned  A,  and  the  ratio,  D  of  the  shear  layer  depth  to  the  total  tank  depth.  The 
reason  that  we  are  interested  in  the  nondlmensional  density  difference  is  that  it  appears,  not  only 
in  the  definition  of  the  bulk  Richardson  number  Rio,  but  also  in  the  definition  of  the  Rayleigh 
number  associated  with  the  convectively  unstable  regions  in  the  billow  core  (see  Klaassen  and 
Peltier  1985b).  We  are  also  Interested  in  the  effect  of  variation  in  the  ratio  D  because  of  the 
effect  that  that  variation  in  the  shear  layer  depth  has  on  the  dimensional  wavelength,  and 
core  diameter  of  the  billows  which  appear.  Clearly,  if  the  primary  billows  which  appear  are  too 
large,  the  boundaries  will  suppress  merging  mechanisms  which  are  characterised  by  large  vertical 
displacements  of  the  billow  cores.  Of  course,  variation  in  D,  all  things  being  equal,  unavoidably 
causes  a  variation  in  Re  too,  so  one  must  be  extremely  careful  in  the  interpretation  of  the  effect 
in  variation  of  any  one  parameter. 


2:  Experimental  procedure 

We  conducted  several  series  of  laboratory  experiments  using  a  tilting  tank,  similar  to  those  used 
by  Thorpe  (see  e.g.  Thorpe  1988,  Thorpe  1985).  The  tank  is  3  metres  long,  30cm  wide  and  15 
cm  deep.  Our  visualisation  and  filling  procedures  were  different  from  Thorpes  however,  and  we 
thus  describe  them  here.  First  we  filled  the  tank  to  depth  of  7.25cm  with  a  precisely  measured 
volume  of  salty  water  with  varying  amounts  of  salt  added  by  volume  (we  conducted  experiments 
in  the  range  of  2  g  P1  «-*  200  g  P1).  For  these  values,  we  thus  were  able  to  scan  values  in  A  in 
the  range: 

7.914  x  10"4  <  A  <  4.776  x  10-3  . 

For  the  visualisation  experiments,  we  then  added  a  small  quantity  of  Fluorescein  (Uranine  or 
Cjo/TioNajOj),  and  then  vigorously  and  repetitively  tilted  the  tank  until  such  time  as  the 
contents  of  the  tank  were  well-mixed  to  a  density  p\.  A  small  (~  20ml)  sample  was  then  taken, 
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which  was  used  to  subsequently  calibrate  the  conductivity  probe  measurements,  and  to  obtain 
a  highly  accurate  value  for  A. 

We  then  tilted  the  tank  at  an  angle  of  approximately  25°  and  Introduced,  at  a  very  slow 
rate,  a  volume  (4.51)  of  salty  water,  which  was  dyed  blue  for  the  visualisation  experiments,  at  a 
density,  pj,  where 

Pi  =  (pi  +  Po)/2  , 

i.e.  the  mean  of  pi,  the  lower  layer  density  and  po  the  density  of  fresh  water.  This  volume  of 
blue  salty  water  is  equivalent  to  a  depth  of  0.5cm  of  the  tank.  The  filling  rate  was  controlled 
to  be  sufficiently  slow  to  suppress  visible  mixing  between  the  fluid  of  density  pa  and  the  fluid  of 
density  p\. 

Finally,  we  filled  the  tank  with  fresh  water  at  room  temperature  with  density  po,  initially 
at  a  slow  rate  to  once  again  suppress  visible  mixing  between  the  fluid  with  density  p0  and  the 
fluid  with  density  pi.  Since  the  density  differences,  especially  with  the  low  salt  concentrations, 
were  extremely  small,  the  temperature  of  the  fresh  water  used  in  the  upper  layer  was  carefully 
monitored.  Once  the  tank  was  filled,  it  was  slowly  tilted  back  to  the  horizontal,  once  again  every 
effort  being  made  to  minimise  mixing. 

The  fluid  in  the  tank  was  then  left  for  varying  amounts  of  time,  to  allow  the  region  over 
which  the  density  varied  to  take  on  different  values.  Just  before  the  experiment  a  profllo  of 
density  was  taken  using  a  conductivity  probe,  and  a  profile  of  temperature  was  taken  at  the 
midpoint  of  the  tank.  The  temperature  was  measured  to  an  accuracy  of  0.1°C,  and  the  variation 
from  top  to  bottom  ranged  from  a  few  tenths  of  a  degree  for  the  experiments  with  small  values 
of  A  to  about  one  degree  for  the  experiments  with  larger  values  of  A.  Density  and  temperature 
profiles  for  a  typical  experiment  are  shown  in  figure  1. 


Fl|sr«  1:  *)  Dtuity  proftlt  ind  b)  Umpmtnr*  profll*  (or  t  typical  txporimut  (h«r«  A  =  3.4129  X 
10-3). 

Note  that  the  density  varies  In  a  very  smooth,  and  approximately  linear  fashion  from  p\ 
to  po,  and  no  record  can  be  seen  of  the  intermediate  layer  in  the  density  field,  though  it  is  still 
very  clear  in  the  flow  visualisations.  This  is  not  at  all  surprising,  since  the  entire  Ailing. process 
took  several  hours  typically.  Fitting  a  line,  matched  to  the  density  gradient  at  the  midpoint  of 
the  tank,  we  were  able  to  define  a  characteristic  scale  of  density  variation  h  defined  by 

(*  =  midpoint)  =  (P°2~Pl)  ,  (5) 

and  so  h  is  equal  to  the  half  depth  of  the  region  of  significant  density  variation.  We  also  note  that 
this  profile  is  close  to  the  error  function  profile  assumed  by  Thorpe  (see  e.g.  Thorpe  1985).  We 
conducted  a  series  of  experiments  to  test  the  postulated  velocity  distribution  discused  at  length 
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by  Thorpe  in  the  appendix  of  his  1985  paper  (essentially  the  viscous  velocity  profile  arising  from 
the  density  driven  flow),  by  particle  tracking  aluminium  particles  by  means  of  photographic 
streaks.  Good  agreement  was  found,  and  so  we  feel  confident  in  using  his  expressions  for  the 
various  flow  parameters,  namely  R,  the  ratio  of  the  velocity  scales  to  the  density  scale,  D  the 
ratio  of  the  shear  layer  depth  to  the  tank  depth,  Re  and  Rio  at  instability  onset.  In  figure  2,  we 
plot  experimental  values  of  R,  D ,  A  and  Ria  against  Re.  Experiments  with  tilt  angle  Qo  =  7.5° 
are  denoted  by  a  cross,  and  experiments  with  qo  =  10.8°  with  a  circle.  Note  that  Re  increases 
with  A,  but  not  uniformly.  Several  values  of  very  similar  A  have  quite  different  Re,  which  can 
be  attributed  to  the  fact  that  these  experiments  were  started  at  different  times  after  the  filling 
was  complete,  and  thus  had  varying  values  of  h  and  D. 


Re  Re 


Flsttt  2:  Expatimanully  mtuniid  vitatt  of  a)  R\  b)  D\  c)  A;  ud  d)  Ato  plotltd  iftintt  Re.  Exptriminti 
with  Qo  =  7.5°  ui  duotfd  by  t  crow,  ud  txptrimuu  with  Qo  ■  10.8°  with  a  did*. 

The  ratio  R  of  velocity  scale  to  density  scale  is  equal  to 

R  =  1  +  V'1  ,  (6) 

where  to  is  the  time  from  tilt  to  instability  onset.  For  our  experiments  to  varied  from  3.2  to 
41  seconds,  while  R  varied  from  1.05  to  1.4.  In  general  R  decreased  as  A  increased.  We  note 
that  this  implies  that  the  shear  layer  depth  is  typically  larger  then  the  density  layer  depth,  but 
of  the  same  order,  and  so  Holmboe  type  instabilities  are  not  expected,  nor  are  they  observed. 
Thus  the  ratio  D  of  the  shear  layer  depth  2d  to  the  total  tank  depth  L  in  terms  of  measurable 
quantities  is 

D  =  2Rh/L  .  (7) 
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The  Reynolds  number  at  onset  is 


„ .  g&Rhto  sin  qq 

v 


(8) 


where  ao,  as  mentioned  above,  is  the  tilt  angle.  In  all  the  experiments,  for  simplicity  we  tilted 
the  tank,  and  then  left  it  at  that  angle.  Though  this  means  that  the  flow  continues  to  be 
accelerated,  we  believe  that  the  values  of  the  angle  c*o  which  we  chose  were  sufficiently  small 
(in  general  oo  =  7.5°,  though  some  of  the  experiments  at  smaller  A  had  <*o  =  10.8°)  so  that 
the  acceleration  was  sufficiently  small  for  the  flow  unsteadiness  to  not  invalidate  our  results, 
yet  sufficiently  large  so  that  secondary  instabilities  onset  before  end  effects  intruded.  The  final 
parameter  of  interest  is  the  bulk  Richardson  number  Rio  at  onset,  defined  as 


R(q  as 


Rih  cos  ap 
pAtjj  sin5  oo 


(9) 


As  can  be  seen  in  figure  2,  onset  values  of  Rio  and  Re  were  in  the  ranges 


0.049  <Ri0  <  0.0?  , 

300  <Re  £  1400  , 

respectively.  There  did  not  appear  to  be  any  trend  in  the  relationship  between  R»0  and  A, 
though  Rio  was  smaller  for  approximately  the  same  L  for  the  experiments  with  larger  tilt  angle 
a0.  Also  Rio  seemed  to  be  largely  de-correlated  from  Re 


3:  Experimental  reaults 

Since  we  are  principally  interested  in  the  processes  by  which  large  scale  breakdown  of  the  flow 
occurs,  we  designed  the  experiments  to  highlight  the  processes  t>y  which  the  billows  broke  down, 
and  so  we  did  not  concern  ourself  with  the  visualisation  of  the  small  scale  streamwlse  convective 
rolls  predicted  by  Klaasten  and  Peltier  (1985b).  Using  a  camera  mounted  above  the  tank,  on 
the  supporting  frame  which  tilted  with  the  tank,  we  videotaped  the  visualisation  experiments. 
A  mirror  was  aligned  so  that  both  top  and  side  views  of  the  central  70cm  of  tank  were  recorded. 

Also,  since  we  were  interested  in  the  mixing  efficiency  of  the  various  instabilities  we  also 
measured  the  density  of  the  fluid  using  the  conductivity  probe  after  the  experiments.  As  a 
control,  we  also  measured  the  density  profile  after  an  experiment  which  did  not  become  unstable 
before  end  effects  were  clearly  significant.  The  characteristics  of  the  profiles  for  both  stable  and 
unstable  tilted  tank  experiments  were  largely  similar,  and  thus  we  believe  that  mixing  efficiencies 
extracted  from  experiments  of  this  type  should  be  treated  with  extreme  caution,  as  the  final 
profile  appears  to  be  totally  dominated  by  the  sloshing  overturning  at  the  end  of  the  experiment. 

Within  each  experiment,  in  general  we  observed  the  development  of  billow  type  structures, 
perhaps  some  process  of  three  dimensionalisation,  and,  if  so,  then  rapid  breakdown.  For  the 
smaller  values  of  A  and  Re,  and  thus  larger  values  of  D  and  R,  we  observed  relatively  long 
wavelength  billows  which  paired  in  a  largely  two  dimensional  manner,  and  Indeed  in  some 
extreme  cases,  did  not  pair  at  all.  However,  as  D  decreased,  and  A  increased,  the  behaviour 
changed  markedly,  even  between  experiments  with  very  similar  transition  Re  and  Rio.  As 
the  wavelength  of  the  billows  decreased,  billows  ceased  to  be  aligned  perpendicularly  to  the 
background  flow.  For  Intermediate  values  of  A  and/or  D,  typically  the  billows  would  develop 
across  the  entire  width  of  the  tank,  but  be  bent.  A  thin  tube  of  streamwlse  vortidty  would 
develop  between  the  points  of  greatest  curvature  on  two  billows,  which  dearly  was  assodated 
with  the  rapid  breakdown  of  the  billows.  Typically  this  secondary  instability  did  not  suppress 
pairing,  and  it  would  only  become  apparent  some  time  after  the  primary  billows  had  become 
well-developed.  We  believe  this  is  the  secondary  “tube”  discussed  by  Thorpe. 
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As  A  increased,  for  the  smaller  values  of  D ,  the  bends  in  the  billows  became  more  pro¬ 
nounced,  and  a  new  phenomenon  occured.  Over  a  certain  extent  near  the  middle  of  the  tank, 
one  side  N  billows  would  start  to  form,  while  on  the  other  side  A'  +  1  billows  would  appear  with 
a  very  similar  wavelength.  We  would  suggest  two  possible  causes  for  this  new  phenomenon. 
Firstly,  unavoidably  the  velocity  and  density  fields  are  not  uniform  throughout  the  tank,  and  so 
the  particular  background  conditions  susceptible  to  shear  flow  instability  vary  within  the  tank. 
Thus  slight  variations  in  the  conditions  would  suggest  that  even  for  the  same  nondimensional 
wavenumber  predicted  by  linear  theory,  the  wavelength  of  that  instability,  when  manifested  at 
finite  amplitude  would  vary  from  place  to  place.  Alternatively,  as  is  well  known,  the  variation 
of  growthrate  for  Kelvin-Helmholtz  instability  with  wavenumber  is  relatively  weak,  and  so,  in  a 
long  tank  a  competition  between  two  close  wavelengths  which  both  are  commensurate  with  the 
length  of  the  tank  is,  at  least  theoretically,  possible. 

Whatever  the  cause,  (and  slight  imperfections  at  the  sidewalls  cannot  be  discounted)  a  billow 
structure  would  appear  which  did  not  extend  across  the  entire  width  of  the  tank.  Sometimes 
this  fragmentary  billow  would  rapidly  merge  with  the  nearest  portion  of  a  fully  developed  billow. 
Alternatively,  as  mentioned  in  the  abstract,  the  billow  would  form  a  “Y"  shaped  structure.  The 
two  arms  of  the  “Y"  align  in  a  streamwise  direction,  and  wrap  around  neighbouring  billows  in  a 
similar  manner  to  secondary  tubes.  However  the  “Y”  type  structure  appeared  to  onset  earlier  in 
the  flow,  before  the  billows  were  very  well  developed,  and  so  we  postulate  that  in  a  fundamental 
sense  these  "Y”  shaped  structures  are  a  primary  instability  of  the  flow. 

Of  course,  with  both  these  structures  (namely  the  tubes  and  the  UY”  shaped  billows),  billow 
merging  typically  did  not  proceed  in  an  orderly  two  dimensional  fashion.  As  discussed  by  Thorpe 
(1985),  “knots”  appeared  in  the  sense  that  billows  did  not  merge  uniformly  across  the  entire 
tank  width.  Unlike  Thorpe,  we  were  not  able  to  Identify  a  decrease  in  the  likelihood  of  knots 
with  increasing  Re,  and  indeed  It  appeared  to  become  more  prevalent  as  D  decreased.  This  may 
be  because  as  D  decreases,  and  hence  the  lengthscale  of  the  billows  decreases  relative  to  the  tank 
depth,  it  is  reasonable  to  assume  that  the  sidewall  effects  are  becoming  less  significant.  Because 
we  varied  A,  reduction  in  the  depth  2 h  of  the  region  of  density  variation  did  not  necessarily 
mean  that  the  Reynolds  number  Re  was  also  reduced.  The  “Y”  shaped  structures  would  rapidly 
cause  the  neighbouring  billows  to  break  down. 

Another  observed  knot  structure  involved  a  three  billow  interaction.  The  middle  billow 
would  start  to  merge  with  the  two  outer  billows  simultaneously,  and  thus  would  be  aligned 
diagonally  between  the  two  outer  billows.  The  two  outer  billows  would  start  to  merge,  with 
the  middle  billow  being  engulfed  by  the  process.  This  process  appeared  to  occur  for  small 
wavelength  billows  (i.e.  when  D  was  small  or  A  was  large).  This  merger  event  appeared  to 
require  quite  large  vertical  deflections  of  the  billow  cores,  and  since  the  billow  core  diameter 
is  generally  proportional  to  the  wavelength,  small  wavelength  billows  appeared  to  have  enough 
“room”  to  undergo  this  transition.  Finally,  it  is  important  to  mention  that  knotting  not  only 
occured  through  merger  being  initiated  near  to  the  sides  of  the  tank,  but  also  on  occasion  two 
neighbouring  billows  would  bend  towards  each  other  and  merge  in  the  middle  of  the  tank  with 
widely  separated  ends. 

These  three  dimensional  merging  events  appeared  to  preclude  the  formation  of  well  or¬ 
ganised  quasi-two  dimensional  vortices  which  were  observed  to  appear  during  the  quasi-two 
dimensional  merging  events.  Even  in  two  dimensional  merger  however,  it  would  not.  in  general 
be  correct  to  describe  the  observed  behaviour  as  pairing,  as  three  billows  merging  simultaneously 
in  a  quasi-two  dimensional  manner  was  observed  as  well,  as  theoretically  predicted  (Klaassen 
and  Peltier  1989). 

4:  Conclusions 

An  attempt  has  been  made  to  investigate  and  describe  qualitatively  the  possible  large  scale  three 
dimensional  instabilities.  Provided  the  scale  of  the  billows  is  sufficiently  small  relative  to  the  tank 
depth  a  rich  variety  of  three  dimensional  structures  appear  which  do  not  appear  to  be  a  strong 
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function  of  Re  or  Rio  at  onset.  Of  particular  interest  is  the  formation  at  the  first  apparent  stage 
of  onset  of  imperfect  billows  which  do  not  extend  across  the  entire  width  of  the  tank.  The  rich 
variety  of  three  dimensional  transitions  preclude  the  efficient  formation  of  subharmonic  larger 
scale  vortices,  and  in  our  experiments  the  simple  primary  development  of  two  dimensional  billows 
which  “pair"  was  one,  rather  special,  possibility  amongst  many  for  the  transition  of  a  shear  layer 
to  vigorous  mixing.  Further  experimentation  and  numerical  simulation  are  necessary,  tor  we  still 
are  an  extremely  long  way  from  being  able  to  plot  a  transition  diagram  for  stratified  shear  flows 
analogous  to  that  drawn  by  Busse  (1681)  for  Rayleigh- Bernard  convection  (see  Thorpe  1987  for 
a  fuller  discussion).  We  seemed  to  observe  the  importance  of  a  further  parameter  of  importance, 
namely  the  ratio  of  the  shear  layer  depth  to  the  tank  depth,  or  alternatively  the  nondimensional 
density  difference,  further  complicating  our  task.  To  make  matters  worse,  throughout  we  have 
not  concerned  ourseleves  with  the  Prandtl  number,  which  in  real  geophysical  applications  is 
likely  to  be  important. 
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Stability  of  nonlinear  stratified  flow  over 
topography 
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Summary 

We  examine  the  stability  to  small  perturbations  of  Long's  steady,  finite-amplitude 
internal-wave  patterns  generated  by  stratified  flow  of  large  depth  over  topography. 
Figure  1  is  a  schematic  of  the  flow  configuration.  Far  upstream  (i  -*  -oc),  the 
flow  is  uniform  and  the  Brunt- Vaisalii  frequency  is  constant.  Above  the  obstacle, 
the  flow  is  disturbed,  and  the  higher  the  obstacle  steepness,  t,  the  more  severe  this 
disturbance  is.  In  fact,  Long’s  steady-state  theory  predicts  that  for  (  >  0.85  the 
streamlines  overturn  (‘break’)  and  the  flow  is  expected  to  be  statically  unstable.  We 
examined  the  stability  of  these  steady  states  for  t  <  0.85,  using  the  asymptotic  theory 
of  KantzioB  k.  Akylas  (1993).  A  small  localized  perturbation  to  the  steady  slate  was 
assumed,  and  its  development  in  time  was  followed  by  solving  the  governing  evolution 
equations  numerically.  Figure  2a  shows  the  disturbed  (dotted)  streamlines  for  i  =  0.5 
at  time  T  —  0.5,  while  Figure  2b  shows  the  disturbed  streamlines  for  the  same  value 
of  c  at  a  later  time,  T  =  2.0.  Clearly,  the  disturbance  is  spreading  out  (dispersing); 
the  flow  relaxes  to  the  steady-state  streamlines  (continuous  line),  and  there  is  no 
instability.  On  the  other  hand,  for  t  =  0,75  (see  Figures  3a. b)  the  disturbance  grows 
and  instability  is  present.  The  conclusion  is  consistent  with  the  disturbance  kinetic 
energy  shown  in  Figure  4  as  a  function  of  time  for  various  values  of  c.  The  kinetic 
energy  grows  for  small  time,  owing  to  the  interaction  of  the  disturbance  with  the  basic 
flow,  but  later  this  interaction  ceases  and  the  kinetic  energy  approaches  a  constant 
value  when  t  <  0.7.  However,  when  e  >  0.7  the  kinetic  energy  keeps  growing  as  energy 
is  continually  transferred  from  the  basic  How  to  the  disturbance,  This  instability  is 
due  to  the  steepening  of  streamlines  of  the  basic  flow  as  <  is  increased  (shear-flow 
instability);  it  occurs  below  the  critical  steepness  for  overturning  predicted  hv  the 
steady  state  theory  and  appears  to  be  new. 

Reference  a 

Kantzios,  Y.D.  &  Akylas,  T.R.,  An  Asymptotic  Theory  of  Nonlinear  Stratified  Flow 
of  Large  Depth  Over  Topography,  Proceedings  of  the  Royal  Society  of  London 
A,  440:039  053.  1993. 


Observations  and  energetics  of  a  naturally  occurring 
shear  instability  in  a  stratified  flow 


Harvey  E.  Seim  and  Michael  C.  Gregg 

Applied  Physics  Laboratory ,  College  of  Ocean  and  Fishery  Sciences,  University  of  Washington 

Simultaneous  profiles  of  microstructure,  horizontal  velocity,  and  acous¬ 
tic  backscatter  are  used  to  describe  a  naturally  occurring  sheat  instabil¬ 
ity.  A  kilometer-long  set  of  20  m  tall  billows  formed  downstream  of  the 
constriction  in  a  tidal  channel  at  the  mid-depth  interface  of  the  approxi¬ 
mately  two-layered  flow.  The  billows  generate  large  density  overturns  and 
dissipation  rates  greater  than  10-s  Wkg-1  within  the  first  large  over¬ 
turn.  The  billows  produce  an  actively  turbulent  well-mixed  layer  which 
persists  for  more  than  6  buoyancy  periods.  Using  data  from  the  large  over¬ 
turns  within  the  shear  layer,  we  find  that  t/i/Ni  es  3  x  104.  In  addition, 
the  root-mean-square  overturn  scale,  Lrm,  =  2.6  m,  and  buoyancy  scale, 

Lt  =  2.7  ni,  are  about  equal.  The  decrease  in  mean  kinetic  energy  is  ap¬ 
proximately  locally  balanced  by  turbulent  production.  This  implies  no  net 
radiation  of  energy  into  the  surrounding  fluid,  but  the  large  uncertainties 
in  turbulent  production  make  this  result  tenuous.  The  flux  Richardson 
number  averages  0,25,  and  the  average  momentum  flux  is  0.22  Pa. 


Introduction 

Though  shear  instabilities  in  stratified  flows 
are  thought  to  play  a  significant  role  in  gen¬ 
erating  turbulence  and  vertical  mixing  in  the 
ocean  and  atmosphere  [Gregg,  1987;  Fritts  and 
Rastogi,  1985],  few  detailed  measurements  in  a 
natural  setting  exist.  A  number  of  radar  im¬ 
ages,  sometimes  supplemented  with  radiosonde 
or  aircraft  data  [e.g.  Browning  et  al.,  1973] 
gave  an  initial  description  of  clear  air  turbu¬ 
lence  in  the  atmosphere,  and  dye  studies  in  the 
ocean  thermocline  [Woods,  1968]  revealed  their 
presence  in  the  ocean,  but  comprehensive  ob¬ 
servations  of  instabilities,  over  a  range  of  scales 
and  which  follow  their  evolution,  do  not  ex¬ 
ist.  We  present  simultaneous  profiles  of  mi- 
crostructure,  horizontal  velocity,  and  acoustic 
backscatter  collected  over  an  hour  in  an  evolv¬ 
ing  shear  instability.  Though  not  comprehen¬ 
sive,  the  observations  permit  an  examination  of 
the  initial  formation  of  billows,  their  transition 
to  turbulence,  and  a  realization  of  the  vertical 
mixing  they  produce.  We  also  examine  the  en¬ 
ergetics  of  the  turbulent  event  by  comparing 


profiles  collected  soon  after  t.he  formation  of 
the  billows  with  profiles  collected  several  buoy¬ 
ancy  periods  later. 

Background 

This  study  took  place  in  Admiralty  Inlet,  a 
30  km  long,  70  m  deep  tidal  channel  connect¬ 
ing  the  fjord-like  estuary  of  Puget  Sound  to  the 
Strait  of  Juan  de  Fuca  (Figure  1).  Owing  to 
considerable  river  runoff  into  Puget  Sound,  a 
strong  mean  exchange  flow  exists  in  Admiralty 
Inlet,  riverine  water  flowing  seaward  in  the  sur¬ 
face  layer  with  a  compensating  inflow  of  denser 
water  at  depth.  Two  factors  complicate  this 
exchange  flow  in  Admiralty  Inlet:  first,  the  2  m 
tides  of  the  northeast  Pacific  Ocean  make  the 
flow  strongly  time-dependent,  and  second,  the 
rough  bathymetry  of  Admiraly  Inlet  generates 
internal  hydraulic  controls.  Both  effects  local¬ 
ize  intense  mixing  in  space  and  time  within  the 
Inlet. 

The  formation  of  the  shear  instability  pre¬ 
sented  here  was  intimately  linked  to  a  transient 
hydraulic  control  off  Bush  Point  (Figure  1). 


Fig.  1.  Bathymetry  of  Admiralty  Inlet.  The  box 
shows  were  intensive  measurements  of  the  billows 
were  collected.  Note  that  Bush  and  and  Marrow- 
stone  Island  for  a  pronounced  constriction  to  north¬ 
ward  (ebbing)  flow. 

Northward  (ebbing)  flow  experiences  a  rapid 
contraction  as  it  passes  by  this  locatior  if  the 
flow  speed  is  large  enough  to  mi'--  *he  iter- 
nal  Froude  number  above  1  _  ere 

u  is  the  flow  speed  and  c,  m  d 

of  the  gravest  internal  mode),  the..  *  li'  -  i  talic 
control  will  exist  at  this  c  m.  bser- 

vations  span  the  time  when  ne  flew  acceler¬ 
ated  from  speeds  insufficient  to  produce  t'r  =  1 
to  speeds  well  above  this  threshold  [Seim  and 
Gregg ,  1994a], 

The  observations  consist  of  measurements  col¬ 
lected  with  three  instruments.  An  acoustic  Dop¬ 
pler  current  profiler  (ADCP)  measured  the  hor¬ 
izontal  currents  with  4  m  vertical  resolution 
and  horizontal  resolution  of  roughly  60  m.  The 
advanced  microstructure  profiler  (AMP),  a  free- 
falling  loosely  tethered  platform,  measured  con¬ 
ductivity-temperature-depth  profiles  with  0.1 
m  resolution  and  0.5  m  resolution  profiles  of 
c,  the  dissipation  rate  of  turbulent  kinetic  en¬ 
ergy,  and  \,  the  dissipation  rate  of  tempera¬ 
ture  variance  (based  on  microscale  shear  and 


temperature  gradient  measurements).  A  high- 
frequency  echosounder  measured  profiles  of  vol¬ 
ume  scattering  strength  every  second.  Echo- 
sounder  images  proved  invaluable  in  identifying 
processes  sampled  with  the  other  instruments. 
Details  of  the  instrumentation  and  processing 
are  given  in  Seim  and  Gregg  [1994a];  Seim  et  al. 
[1994]. 

Observations 

Soon  after  high  tide  on  March  28,  1988,  we 
began  AMP  profiling  steaming  north  with  the 
current  past  Bush  Point  (Figure  2).  A  series 
of  wave-like  features  centered  at  0.5  MPa  ap¬ 
peared  on  the  echosounder  roughly  a  kilome¬ 
ter  downstream  of  the  constriction  (Figure  3). 
We  continued  2  km  downstream  until  billows 
were  no  longer  obvious  on  the  echosounder, 
then  turned  the  ship  into  the  current  to  steam 
upstream  past  Bush  Point.  The  AMP  could 
not  be  recovered  while  making  headway  so  we 
instead  maintained  our  position  while  collect¬ 
ing  10  more  AMP  profiles.  Fortuitously,  the 
tidal  currents  advected  the  billows  beneath  the 
ship,  allowing  us  to  collect  a  second  set  of  pro¬ 
files  through  the  billows  later  in  their  evolu¬ 
tion.  This  is  most  easily  seen  by  integrating 
the  velocity  difference  between  the  ship  and 
0,5  MPa,  the  pressure  at  which  the  billows  werr 
centered.  The  resulting  ship  track  relative  to 
the  billows  is  shown  in  Figure  2c  and  demon¬ 
strates  that  profiles  53-56  and  63-66  were  col¬ 
lected  in  approximately  the  same  positions  in 
the  billows.  We  later  compare  these  two  sets 
of  profiles  (from  the  downstream  and  upstream 
legs)  to  assess  the  energetics  of  the  shear  insta¬ 
bility. 

AMP  profile  5852  (Figure  4a)  shows  condi¬ 
tions  just  before  the  billows  form  (Figure  3 
shows  the  location  of  this  profile  relative  to 
the  billows).  The  flow  is  two-layered  with  the 
weakly-stratified  layers  separated  by  a  strong 
pycnoclinc.  The  upper  layering  moved  0.5  ms-’ 
faster  than  the  lower  layer.  The  vorticity  thick¬ 
ness  of  the  velocity  interface  is  h  ss  10  m. 
Though  large,  c  is  not  associated  with  large 
overturns  of  the  density  field  near  the  pycno- 
dine.  This  is  apparent  in  the  displacement  pro¬ 
files  (/,(),  which  show  how  far  water  parcels  in 
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Pig.  2  a)  Shading  marks  the  sampling  time  on  the  tidal  height  curve,  b)  Location  of  AMP  profiles 
within  the  intensive  sampling  area.  Shaded  symbols  denote  profiles  through  billows  or  a  mid-depth 
mixed  layer,  and  numbering  indicates  AMP  profile,  b)  Ship  track  relative  to  0.5  MPa.  In  this  coordinate 
system  profile  53-56  and  63-66  sample  roughly  the  same  position. 

the  observed  density  profile  must  be  moved  ver-  aspect  ratio  of  the  billows  is  0.14  using  a  billow 
tically  to  produce  a  gravitatlonally-stable  den-  amplitude  of  10  m,  the  macroscopic  character 
sity  profile  [ Thorpe ,  1977],  of  the  billows  is  similar  to  laboratory  and  at- 

Conditions  change  dramatically  by  AMP  pro-  mospheric  observations, 
file  5854  (Figure  4b).  This  profile,  which  passes  Downstream  continuation  of  the  billows  is 
through  the  first  large  billow  on  the  echosound-  apparent  in  Figure  3,  but  there  is  a  substantial 
er  image  (Figure  3),  finds  20  rn  of  the  density  difference  in  the  density  of  the  billows.  Figure  5 
field  overturned,  and  €  >  10-s  W  kg-1  over  compares  contours  of  density  with  profiles  of  I,t 
the  same  depth  range.  Vertical  motions  within  on  the  downstream  leg.  The  pycnodine  rises 
the  overturn  strongly  perturb  the  fallrate  ( w )  until  billows  form  and  large  overturns  occur.  It 
of  the  profiler,  and  their  form  closely  matches  then  thickens  and  falls.  Overturning,  however, 
the  displacement  profile.  remains  at  the  same  pressure  and  therefore  oc- 

Outer  scales  of  the  billows  are  similar  to  those  curs  in  progressively  lesi  dense  fluid,  such  that 
in  laboratory  flows.  From  the  acoustic  ini-  the  large  overturn  in  AMP  5857  is  in  weakly 
age  we  estimate  a  billow  wavelength  of  70  ni,  stratified  water  above  the  pycnoclino.  Thevari- 
which  with  h  =  10  m  yields  a  non-dimensional  ations  in  height  of  the  pycnoclino  are  related  to 
wavenumber  a  =  k{hj 2)  »:  0,49,  Similar  o’s  the  changing  hydraulic  conditions.  The  pycn- 
are  predicted  for  the  most  unstable  mode  by  odino  movement  changes  the  average  density 
linear  theory  [TViorpc,  1971]  and  have  been  ob-.  at  the  billot  s:  Figure  5c  shows  pp,  the  av- 
served  in  the  atmosphere  [Fn'ffs  and  Rastogi ,  erage  density  0.3  and  0.65  MPa.  changes  by 
1985].  Thorpe  [1973]  found  the  aspect  ratio  of  0.3  kg  m-3  over  the  section.  This  time-de- 
billows  to  decrease  with  increasing  initial  gradi-  pendence  prohibits  interpreting  the  section  as 
ent  Richardson  number  ( Ri0 ).  Forming  a  bulk  a  statistically  steady  realization. 

Richardson  number  as  Ri  =  gAph/p(AU)7,  The  upstream  leg  resampled  the  billows  at  a 
we  estimate  an  initial  Ri„  —  0.2  using  Ap  -  later  stage  of  their  evolution.  Using  the  evont- 
0.5  kg  m"3  and  AU  =  0.5  m  s-1.  Given  the  averaged  density  profile  to  determine  A’1  as 
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Fig.  3.  Acoustic  image  of  the  water  column  during  the  hour  the  billows  were  observaed.  Shading  is 
proprotional  to  the  volume  scattering  strength,  in  decibels  relative  to  1  /iPa  at  1  m.  The  dark  nearly 
vertical  lines  are  the  estimated  trajectories  of  AMP  profiles. 


10-<  s-2,  the  upstream  leg  resamples  the  bil¬ 
lows  4-8  buoyancy  periods  later.  Surprisingly, 
the  billows  are  still  actively  turbulent.  The 
buoyancy  Reynolds  number,  Re*  s  f/WV2,  is 
greater  than  104,  well  above  2000  when  an  in¬ 
ertial  subrange  of  isotropic  velocities  is  to  be 
expected  [Gargett  et  al.t  1984].  The  impact  the 
shear  instability  on  the  density  field  is  clearly 
seen  in  Figure  4c:  a  20  m  thick  well-mixed  layer 
now  splits  the  pycnodine  and  is  associated  with 
intense  dissipation. 

Some  generalizations  about  the  character  of 
the  turbulence  and  mixing  generated  by  the 
billows  are  possible.  Shear  spectra  from  me¬ 
ters  scales  to  dissipative  scales  are  fit  well  by 
the  universal  spectrum  [Panchev  and  Kesich , 
1969],  indicating  that  simple  theories  of  iso¬ 
tropic  turbulence  are  applicable  within  the  ac¬ 
tively  mixing  billows.  The  billows  produces  a 
mixed-layer  of  a  single  composition  rather  tan 
a  distribution  of  densities  (Figure  6).  This  is 
consistent  with  the  phenomonological  model  of 
Broadwell  and  Breidenthal  [1982]  of  high  Reyn- 
olds-number  mixing  layers  and  clearly  points 
out  that  the  process  cannot  be  represented  by 
gradient  diffusion.  Variations  in  Lrm >,  the  rtns 
overturn  scale,  and  /.*  =  (c/JV3)*/2,  the  buoy¬ 
ancy  scale,  track  each  other  throughout  the 
event,  their  ratio  remaining  near  one  over  ap¬ 
proximately  six  buoyancy  periods  [Seim  and 
Gregg,  1994a].  Thus,  contrary  to  the  devel¬ 
opment  of  turbulence  generated  by  grids  (e.g. 


Rohr  et  al .,  1988]  there  is  no  indication  the  ra¬ 
tio  of  turbulent  length  scales  provides  a  mea¬ 
sure  of  the  stage  of  evolution  of  a  shear  insta¬ 
bility. 

Eneroetics 

By  comparing  mean  conditions  on  the  down¬ 
stream  and  upstream  passes  through  the  bil¬ 
lows  we  can  quantify  the  the  amount  of  energy 
released  by  the  instability.  Comparing  changes 
in  the  mean  fields  with  the  measured  dissipa¬ 
tion  rates  estimates  the  mixing  efficiency. 

Because  the  flow  is  time-dependence  we  can¬ 
not  treat  our  data  sections  as  snapshots  of  a 
statistically-steady  process.  (The  event  varies 
with  time  because  of  pycnocline  movement  as¬ 
sociated  with  establishing  hydraulic  control  as 
the  ebb  tide  strengthens.)  We  instead  adopt 
a  coordinate  system  moving  with  the  billows, 
as  defined  in  Figure  2c,  and  compute  changes 
at  specific  along-channel  positions  between  the 
two  passes.  By  making  our  coordinate  Bystein 
nearly  Lagrangian  we  minimize  the  importance 
of  advection  in  the  energy  balances,  and  by  re¬ 
peating  the  comparison  for  a  number  of  along- 
channel  positions  we  accumulate  estimates  to 
improve  our  statistics. 

Cecrcasing  pp  toward  the  nort  (sec  Figure  5) 
is  also  apparent  in  the  upstream  leg  (Figure 
7).  The  repeatability  of  the  density  structure 
between  the  two  passes  lends  confidence  that 
the  coordinate  system  follows  the  mean  motion 
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Fig.  <1.  AMP  profiles  just  upstream  of  the  billows 
{a,  AMP  5852),  through  the  first  large  billows  (b, 
AMP  5854),  and  6  buoyancy  periods  later  (c,  AMP 
5863).  The  flow  is  initially  two-layered  (a)  but  de¬ 
velops  n  20  m  thick  unstable  and  highly  dissipative 
layer  where  the  echosounder  reveals  billows.  This 
eventually  becomes  well-mixed  (c). 
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Fig.  5.  a)  Contours  of  <r#  derived  from  the  AMP 
profile  (aliased  for  scales  <  300  m);  b)  Profiles  of 
displacement,  Lt\  and  c)  average  density  between 
0.3  and  0.85  MPa.  The  pycnocline  rises  steeply 
after  the  control  and  before  billows,  then  thickens 
and  falls  after  billows  form. 

of  the  billows.  The  increased  thickness  of  the 
density  interface  in  the  upstream  leg  (figure  7) 
is  also  consistent  with  the  expected  impact  of 
the  billows  on  the  density  field.  Having  estab- 
lished  the  consistency  of  the  observations,  we 
use  a  simple  set  of  balance  equations  to  q  an- 
tify  the  observed  changes. 

The  energy  balance  of  an  arbitrarily  strati 
fied,  incompressible  How  is  described  by  equa¬ 
tions  relating  volume  integrals  [W'mfers  ct  al. , 
1994],  Approximations  of  these  equations  in 
one  dimension,  suited  to  the  profile  observa¬ 
tions,  are  (see  .SVim  and  Grtgg  [19946]) 

-V  A-  P  [Wkg-1]  (1) 

jTKL  =  P—  <  t  >  +A  (W  kg”1]  (2) 
£bPE  =  -V  .  Jp  +  0.5\p,  [W  kg-1]  (3) 
§jAPEF=  -0.5  .  xPf  -  4  [Wkg-1]  (4) 


Pig.  6.  Probability  distribution  of  density  in  the 
pycnocline  before  the  billows  form  and  8  buoyancy 
periods  after  they  form.  The  distribution  is  bi- 
ttiodal  before  the  instability,  characteristic  of  an 
interface.  The  action  of  the  billows  forms  a  sin¬ 
gle  mode  of  water  at  an  intermediate  density,  not  a 
range  of  density  values,  and  cannot  be  modeled  as 
a  gradient  diffusion  process. 


where 

TKE  £<  0.5(3^)  > 

(5) 

P  =<  -u'u )'(9u/f)s)  -  v'w'(dv/dz)  > 

(«) 

APEFs<(l/2)[g/pNffi> 

(7) 

xpe  =<  [sa/W]J0  +  i/P-l h  > 

(8) 

A  =  ~[g/po)  <  t d'p'  > 

and 

<>■  V  SviV 

(9) 

(10) 

Here  KE  is  mean  kinetic  energy  due  to  she-.r; 
TI\E  is  turbulent  kinetic  energy  BPE  is  back¬ 
ground  potential  energy;  APEF  is  available 
potential  energy  of  fluctuations;  P  is  turbulent 
production,  coupling  equations  ( 1 )  and  (2);  and 
A  is  the  buoyancy  flux,  coupling  equations 
(2)  and  (4).  Turbulent  fluctuations  are  de¬ 
noted  with  primes  (');  q  is  the  turbulent  ve¬ 
locity  scale;  \pt  is  an  estimate  of  the  dissi 
pation  rate  of  potential  energy,  based  on  \; 


Fig.  7.  AMP  density  profiles,  arranged  by  loca¬ 
tion  in  the  billows-following  coordinate  system,  col¬ 
lected  on  the  downstream  leg  (a)  and  upstream  leg 
(b).  The  decrease  in  <r«  from  south  to  north  at 
0.5  MPa  is  obvious  in  both  sets.  The  pycnocline 
changes  from  a  single  sharp  interface  to  two  smaller 
interfaces,  separated  by  a  well-mixed  layer,  between 
passes. 

n  is  the  thermal  expansion  coefficient;  R„  s 
a(OT/Os)/0(dSfdz)  ss  -0.05  is  the  stability 
ratio;  /?  Is  the  haline  contraction  coefficient; 
pu  Is  a  reference  density;  and  g  is  gravitational 
acceleration.  The  divergence  of  the  energy-flux 
density  vector  in  (1),  V  •  J^,  accounts  for  un¬ 
resolved  energy-flux  divergences,  due  to  advec- 
tion  of  h'E  or  pressure  work  (diffusion  is  as 
sumed  negligible).  A  similar  term  appears  in 
(3).  This  divergence  can  be  a  dominant  term 
in  tho  equations  if  non-loca)  processes  arc  im¬ 
portant  to  the  dynamics.  In  (1)  we  make  the 
standard  assumptions  that  the  viscous  dissipa¬ 
tion  by  the  mean  current.)  and  the  buoyancy 
flux  due  to  the  mean  currents  are  negligible, 
and  in  (2)  and  (4)  wr  assume  a  local,  time- 
dependent  balance. 

Equations  (1)  and  (2)  are  standard  forms 
for  the  kinetic  energy  balance  equations  assum¬ 
ing  a  Reynoldc  decomposition.  Equations  (4) 
and  (3)  are  motivated  by  balance  equations  for 
potential  energy  suggested  by  Mnfers  cl  al. 
[1994]  which  rely  on  a  three-dimensional  sort- 


ing  of  the  density  field  to  define  the  compo¬ 
nents  of  the  potential  energy,  This  decompo¬ 
sition  clearly  identifies  BPE  as  the  only  com¬ 
ponent  that  changes  due  to  diabatic  processes. 
Winters  and  D’Anaro  [1994]  have  shown  that 
the  conversion  of  available  potential  energy  to 
BPE  is  equal  to  the  volume-integrated  value 
of  \pc.  Further,  (3)  demonstrates  that  xp«  is 
always  directly  related  to  the  change  in  BPE , 
whereas  (4)  shows  that  the  buoyancy  flux  is 
indirectly  related  to  changes  in  BPE.  Only 
when  the  available  potential  energy  is  steady 
docs  the  buoyancy  flux  equal  Xp«- 
Together,  (1,  2,  3,  and  4)  form  a  set  of  con¬ 
sistent  relations  that  describe  the  energy  bud¬ 
get,  i.e.  when  summed  they  show  that  energy 
changes  of  a  baroclinic  flow  are  due  to  either 
flux  divergence  or  viscous  dissipation.  These 
equations  describe  the  energy  balance  during 
an  instability.  Energy  accumulates  in  the  vol¬ 
ume  by  flux  convergence  until  KE  exceeds  the 
work  needed  to  overturn  the  density  fluid.  En¬ 
ergy  is  then  lost  to  turbulent  production,  with 
P  being  the  source  term  for  (2);  energy  is  then 
either  stored  as  TKE,  dissipated  via  t,  or  con¬ 
verted  to  available  potential  energy  through 
Jb-  Finally,  APEE  may  be  converted  to  BPE 
througii  We  estimate  the  magnitude  of 
the  various  terms  with  our  observations 
We  intentionally  do  not  address  the  energy 
budget  of  the  barotropic  flow.  We  assume  that 
the  kinetic  energy  due  to  the  vertically  aver¬ 
aged  flow  and  potential  energy  due  to  the  ver¬ 
tically  averaged  density  do  not  directly  act  as 
sources  or  sinks  for  the  shear  instability  and 
therefore  exclude  them  from  the  energy  bal¬ 
ance.  Though  these  components  are  important 
to  understanding  the  forcing  of  the  billows  our 
observations  are  inadequate  to  address  the  full 
energetics  of  the  barotropic  flow  because  we 
have  not  measured  the  frce-surface  gradient. 

With  our  observations  we  estimate  c,  Tl\'E, 
KE ,  xpe,  APEE  and  BPE  between  0.3  and 
0.65  MPa  for  each  AMP  profile.  These  pres¬ 
sure  correspond  to  minima  in  average  profiles 
of  turbulent  intensity  and  justify  a  local  bal¬ 
ance  of  turbulent  energy  Plotting  in  a  billows- 
following  coordinate  system  reveals  some  sim¬ 
ple  trends  (Figure  8).  On  the  downstream  leg 
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Fig.  8.  Measured  energy  quantities  as  a  function 
of  along-channel  position  in  the  billows-following 
coordinate  system.  Variations  of  (a)  BPE  and  (d) 
KE  are  nearly  mirror  images,  as  expected  if  KE  is 
the  energy  source  and  BPE  the  energy  sink.  The 
instantaneous  estimates  of  (b)  APEE  and  (e)  TKE 
vary  widely  with  no  obvious  pattern  remain  much 
smaller  than  the  variations  in  KE.  The  dissipation 
rates  (c)  \p,  and  (f)  e  are  largest  at  the  south  end 
of  the  set,  reflecting  increased  available  potential 
energy  when  overturns  are  centered  on  the  density 
interface. 

KE  (BPE)  steadily  decreases  (increases)  af¬ 
ter  the  billows  form,  consistent  with  it  being  a 
source  (sink)  of  energy  foi  the  instability.  The 
estimates  of  APEF  and  TKE  display  no  obvi¬ 
ous  trend,  though  Seim  and  Gregg  [1991 6)  note 
the  maxima  correspond  to  likely  pairing  events, 
but  are  uniformly  small,  remaining  an  order  of 
magnitude  smaller  than  the  changes  in  KE. 
The  dissipation  rates  tend  to  be  greater  to  the 
south,  where  overturning  was  centered  on  the 
density  interface.  This  suggests  that  c  and  \pp 
reflect  the  increased  available  potential  energy 
in  these  billows. 

Equations  (1)  -  (4)  are  solved  for  Jb,  P,  V-A 
and  V  Jp  at  each  of  the  seven  locations  where 
AMP  profiles  were  collected.  The  averages  and 
deviations  of  all  the  terms  are  presented  in 
Table  1.  The  changes  in  TKE  and  APEE 
are  negligible  compared  to  c  and  xpe  and  (2) 
and  (4)  collapse  to  steady,  local  balances.  The 
change  in  KE  is  approximately  balanced  by  P, 
indicating  that  little  of  the  KE  released  by  the 
instability  was  radiated  away  as  internal  waves. 
It  is  surprising,  then,  that  *p„/2  is  only  25% 


TABLE  1.  Average*,  in  /rW  kg"1  (except  Rt),  ± 
one  standard  deviation 


Term 

Value 

dKE/dt 

-2.9  ±0.7 

P 

2.4  ±0.5 

V-Ju 

0.5  ±0.6 

dBPE/dt 

2.5  ±0.5 

Jb 

-0.6  ±  0.2 

v.yp 

-1.9  ±0.6 

€ 

1.9  ±0.4 

Xp« 

1.1  ±0.4 

Rt 

0.22  ±  0.04 

dTKE/dt 

0.04  ±  0.09 

dAPEF/dt 

-0.01  ±0.63 

of  the  change  in  BPE,  Two  points  should  be 
made:  first,  using  \  to  estimate  Xpe  In  a  domi¬ 
nantly  salt-stratified  fluid  is  untested  and  may 
be  a  biased  estimator;  second,  confidence  limits 
of  the  estimates  are  large  owing  to  the  lognor¬ 
mal  distributions  of  the  dissipation  rates.  We 
present  a  likely  alternative.  Within  the  range 
defined  by  the  confidence  limits  is  a  solution 
with  a  flux  convergence  of  both  KE  and  BPE 
of  equal  size.  This  solution  assumes  the  dissi¬ 
pation  rates  are  underestimated  by  a  factor  of 
1.7.  Because  wc  collected  a  limited  number  of 
profiles,  a  moderate  underestimation  of  f  and 
Vp«  is  reasonable. 

Lastly,  wc  find  the  flux  Richardson  number 
Rf  s  J^/P  »  0.22,  and  that  the  interfacial 
stress,  or  momentum  flux,  through  0.5  MPa  is 
0.25  Pa  within  the  control  volume  (600  m  x 
1000  m  x  35  m)  over  an  hour.  Both  values 
indicate  the  billows  have  a  siugificant  impact 
on  the  mean  flow. 
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Abstract 

For  two  layer  flows,  linear  stability  analysis  predicts  two  types  of  instabilities:  Kelvin- 
Helmholtz  instabilities  which  occur  at  small  Richardson  numbers  and  Holmboc  instabilities 
which  occur  at  larger  Richardson  numbers.  Although  growth  rates  of  Holmboc  instabilities 
are  much  smaller  than  those  of  Kclvin-Helmholtz  instabilities,  Kclvin-Helmholtz  instabilities 
only  occur  for  a  small  range  of  Richardson  numbers  and  thus  we  would  expect  Holmboc  type 
instabilities  to  occur  more  frequently.  Here  wc  study  the  effect  of  displacing  the  density  inter¬ 
face  with  respect  to  the  velocity  interface  on  the  development  of  a  Holmboc  typo  instability. 
In  particular,  we  wish  to  determine  how  large  this  displacement  must  be  before  we  only  expert 
to  see  one  mode  of  the  Holmboc  instability  Results  arc  eompnrcd  to  recent  experiments  where 
Holmboe  instabilities  have  been  observed 

1  Introduction 

We  are  interested  in  stratified  shear  flows  for  which  the  density  interface  thickness  is  much 
thinner  than  the  shear  layer  thickness.  Hohnboe[2]  was  the  first  to  study  such  a  flow.  He 
examined  an  inviscid  flow  with  a  discontinuous  meat)  density  profile  (zero  thickness  layer)  and 
a  piecewise  continuous  mean  velocity  profile.  For  Bmull  values  of  the  bulk  Richardson  number. 
J,  linear  stability  analysis  predicts  a  Kcivin-Hclmholtz  type  of  instability,  characterized  by 
zero  phase  speed.  For  sufficiently  large  values  of  J.  however,  there  arc  two  unstable  modes 
of  equal  growth  rate  and  equal  but  opposite  phase  speeds.  These  are  usually  called  Holmboc 
instabilities. 

Since  Holmboe  instabilities  occur  at  larger  values  of  J  than  the  well  known  Kelvin- 
Helmholtz  instabilities,  one  wottld  expect  these  types  of  instabilities  to  occur  more  frequently 
in  nature.  Smyth[5]  and  Smyth  et.  ol.[0)  have  numerically  computed  the  nonlinear  evolution 
of  a  Holmboe  instability  giving  us  a  good  idea  how  the  instability  may  look.  Also.  Holmboe 
waves  have  been  observed  by  Koop[3]  (reproduced  in  part  in  Tritton  and  Davies[7)  Fig  8.8). 
and  Zhu  and  Lawrcncc[10].  Experimentalists  have  found,  however,  that  Holmboc  instabilities 
are,  in  genera),  difficult  to  observe  in  the  laboratory.  Lawrence  el.  of.  (4)  have  put  forth  a  pos¬ 
sible  explanation  for  this.  Holmboe's  work  assumed  that  the  How  is  symmetric.  This  means 
that  in  order  for  one  to  observe  a  Holmboe  type  instability  the  center  of  the  density  interface 
must  coincide  with  the  center  of  the  shear  layer.  In  many  experimental  situations  this  is 
difficult  to  achieve.  Lawrence  et.  o/.(4]  studied  the  effect  of  displacing  the  density  interface 
with  respect  to  the  center  of  the  shear  layer,  using  the  same  profiles  as  in  Holmboe's  original 
work.  This  displacement  is  characterized  by  the  nondimouHionai  parameter  r  which  is  tin- 
ratio  of  the  displacement  over  half  the  shear  layer  thickness,  As  c  increases,  the  two  Holmboc 
modes  split.  The  growth  rate  of  one  mode  gets  larger  while  the  growth  rate  of  the  other  gets 
smaller.  For  e  ■»  1.0  only  one  unstable  mode  is  present.  Yoncmitsn|8]  and  Yonemitsu  e.t.  «/.(£)] 
studied  the  same  effect  for  a  viscous  flow  with  hyperbolic  tangent  mean  velocity  profile  and 
discontinuous  mean  density.  Similar  splitting  behaviour  wit  h  increasing  f  was  observed. 


Linear  stability  analysis  indicates  that  a  non-symmctric  profile  (c  #  0)  is  one  possible 
explanation  for  why  Holinboe  waves  arc  not  always  observed  for  largo  values  of  J.  Unfortu¬ 
nately.  the  value  of  c  in  a  given  experiment  is  difficult  to  nioasure(4]  Also,  linear  stability 
analysis  does  not  give  a  clear  indication  of  how  the  value  of  r  affects  the  development  of  the 
flow,  For  this  reason  we  will  compute  the  nonlinear  evolution  of  a  How  for  various  values  of 
f  and  compare  our  results  with  the  experimental  results  of  Lawrence  <1  til  [4],  and  Zhu  ami 
Lawrence [10] (see  figure  1). 

2  Linear  Stability  Analysis 

Since  our  eventual  goal  is  to  compute  the  nonlinear  evolution  of  a  non- symmetric  Holinboe 
instability,  wc  require  smooth  profiles.  Thus  we  assume,  as  in  Smyth(5).  that  the  nondimen- 
sional  mean  velocity,  U ,  and  the  nondimcnsioual  mean  density,  can  Ire  described  in  terms 
of  the  hyperbolic  tangent  function. 

U(i)  =  tanhi 
P«(s)  m  -Ji  tanh/fti  +f ) 

Here  R  is  ratio  of  the  shear  layer  thickness  to  the  density  interface  thickness  and.  as  above,  r 
is  a  measure  of  the  distance  of  the  center  of  the  density  interface  from  the  center  of  the  shear 
layer  (see  figure  2).  Since  we  wish  to  model  Hows  for  which  the  shear  layer  thickness  is  much 
larger  than  the  density  interface  thickness,  we  want  to  choose  R  as  large  as  possible,  but  small 
enough  to  be  ablo  to  compute  without  requiring  too  high  a  resolution.  We  have  found  /?  ■  0 
to  be  a  reasonable  choice. 

In  the  simulation,  dissipation  is  required  for  numerical  stability.  Fur  this  reason,  we  include 
the  effects  of  viscosity  and  thermal  dissipation  in  the  linear  stability  analysis.  The  important 
flow  parameters  are  the  bulk  Richardson  number.  J.  the  Reynolds  number.  /7c.  ami  the 
Prandtl  number.  Pr. 

r,  f  „  AIM  ,  Apb 

K  2u  2[&ll)i?> 

Here  v  is  the  kinematic  viscosity,  k  is  the  thermal  diffusivity,  and  the  other  parameters  ari¬ 
as  in  figure  2.  Smyth  et.  a/. [0]  have  shown  that,  the  influence  of  diffusion  tends  to  drive  hows 
as  described  by  (1)  towards  a  state  in  which  R  *  \/Pr,  For  this  reason,  we  choose  Pr  =  R1. 
Also,  in  order  to  compare  our  results  with  the  experimental  results  in  [4]  we  use  Rc  «=  25. 

Results  of  the  linear  stability  analysis  are  shown  in  figure  3.  We  see  that  for  f  =  0  then- 
are,  for  a  fixed  value  of  J,  two  modes  witli  equal  growth  rates.  As  c  increases,  the  inodes  split 
into  two.  The  growth  rate  of  tiic  right -moving  mode  im-reuses  while  the  growth  rate  of  tin- 
left-moving  mode  decreases.  This  is  consistent  witlt  previous  findiugs|4.  8.  DJ.  One  important 
difference,  however,  is  that  the  wavenumber  at.  which  the  largest  growth  rate  occurs  gets  larger 
for  the  right-moviug  wave  and  smaller  for  the  left-moving  wave  as  r  increases.  This  is  opposite 
of  what  happens  when  the  mean  density  interface  lias  zero  thickness,  We  have  found  that  this 
behaviour  depends  on  both  the  value  of  the  ratio  R  and  the  Reynolds  number  Rc. 

3  Nonlinear  Simulations 

in  order  to  examine  Itow  a  lion-symmetric  mean  How  affects  the  development  of  a  Holinboe 
wave  we  numerically  compute  the  evolution  of  such  a  How.  To  this  end.  the  nonlinear  equations 


of  the  perturbations  are  used  with  the  Doussitiesq  approximation,  We  assume  (hut  the  flow  is 
two-dimensional,  allowing  us  to  use  h  strcatnfuiirtior.  representation. 

( A0')|  +  (V  +  u')  (£(/>'),  +  u/t/j,  +  w'  (Arf<')s  -  RJp't  +  7^7  AAV1' 

P‘,  +(U  +  u')p',  +  w'(pa  +  p1),  =  -jjIjt;  AfJ 

In  (2),  the  primes  denote  the  perturbed  quantities.  It  is  assumed  that  the  flow  is  periodic 
in  the  direction  of  the  flow  (x-dircction)  and  that  the  perturbations  are  zero  at  the  vertical 
boundaries  x  —  ±H/ 2  where  H  is  the  total  depth  of  the  flow.  Dealing  in  mind  the  results  of 
Hazeljl]  we  choose  H  —  10.  Thus  the  computational  domain  is  0  <  x  <  P  and  -6  <  z  <  5 
where  P  is  the  length  of  the  period  in  the  x-dircction. 

The  perturbations  are  initially  given  by  the  linear  solution.  As  we  see  in  figure  3  the  most 
unstable  modes  for  the  right  and  left  moving  waves  occur  at  different  wave  numbers  when 
f  jt  0.  If  these  modes  were  used  to  initialize  the  flow,  the  computational  domain  would  have 
to  be  very  large  in  older  to  maintain  periodicity  in  the  x-dircction.  For  this  reason,  the  wave 
number,  a*,  at  which  the  most  unstable  mode  occurs  (here  it.  is  the  right  moving  wave)  is 
used.  Thus  the  flow  has  period  2ir/a‘  and  is  initialized  with  the  two  most  unstable  linear 
perturbations  that  occur  at  the  wave  number  <>*,  one  with  positive  phase  speed  (moving  to 
the  loft)  and  one  with  negative  phase  speed.  Wc  sec  from  figure  2  that  tiiis  implies  a  larger 
difference  between  the  two  growth  rates  for  a  given  value  of  r  than  predicted  by  the  linear 
analysis.  Thus  we  arc  over-emphasizing  the  effect  of  r. 

Figures  4.  5  and  0  show  the  results  of  tiie  nonlinear  simulations  for  7  *  0  3.  J  =  0.12 
and  7  —  0.00.  We  see  that  for  c  —  0  there  arc  two  waves:  one  wave  which  protrudes  into  the 
upper  layer  and  moves  to  the  right  and  u  second  wave  which  protrudes  into  the  lower  layer 
and  moves  to  the  left.  We  alio  see  that  the  instabilities  get  larger  with  decreasing  7.  This 
indicates  that  although  the  linear  growtli  rate  for  7-0.12  is  larger  than  for  7  -  0  09  (sec 
figure  3),  the  effect  of  stratification  on  the  nonlinear  development  of  the  flow  tends  to  dump 
the  linear  growth  more  for  larger  values  of  the  bulk  Richardson  number. 

In  figures  C  and  0,  the  solid  contour  represents  zero  density  separating  regions  of  lower 
density  in  the  upper  layer  and  higher  density  in  the  lower  layer.  This  allows  us  to  make  an 
analogy  with  a  two-layer  flow.  We  sec  as  f  increases,  the  right  moving  wave  which  protrudes 
into  the  upper  layer  starts  to  dominate  while  the  effect  of  the  left  moving  wave  becomes 
negligoablc.  This  is  particularly  evident  for  the  case  where  7  -  0.12.  Also,  for  7  -  0.12,  as 
f  increases,  the  lower  layer  starts  to  billow  into  the  upper  layer,  as  can  be  seen  be  observing 
how  the  contour  of  zero  density  changes  with  changing  f ,  This  can  be  explained  by  observing 
that  the  linear  growth  rate  of  the  right  moving  wave  increases  with  r 

4  Comparison  with  Experiments 

Wc  now  compare  the  results  shown  in  figures  4,  5  and  0  with  the  experimental  results  shown 
in  figure  1.  We  start  witii  the  experimental  results  of  Lawrence  <7.  u/.[4)  (figure  la).  First, 
consider  the  case  7  -  0,12.  We  sec  from  the  experiments  that  there  are  only  disturbances 
protruding  into  the  upper  layer.  This  indicates  that  the  value  of  r  must,  be  sufficiently  huge  so 
that  only  the  right  moving  wave  is  present  .  In  this  case,  however,  there  is  no  billowing  into  the 
upper  layer,  thus  t  must  be  sufficiently  small  so  that  the  growtli  rate  of  t  he  right -moving  wave 
is  small  enough  to  prohibit  any  billowing,  On  careful  examinat  ion  of  figure  5  we  conclude  that 
the  value  of  r  in  the  shown  experiment  is  approximately  0.1.  As  for  the  flow  when  7  —  0.09. 
we  see  once  again  that  there  are  only  disturbances  protruding  into  the  upper  layer  present, 
but  here  there  is  billowing.  FYom  figure  0  we  see  that  although  there  is  billowing  for  all  values 


of  r.  it  is  only  when  c  has  readied  0.25  that  the  effort  of  the  left  moving  wave  is  no  longer 
noticeable.  The  experimental  results  of  Zhu  and  LKwrcurc(lO)  (figure  lb)  look  similar  to  the 
computations  shown  in  figure  4.  Tims  the  value  of  e  is  close  to  zero.  It  should  be  noted  that 
the  differences  between  the  experimental  and  computed  results  ran  be  attributed  to  the  fart 
that  the  measured  values  of  the  bulk  Richardson  number  in  the  experiments  are  approximate 
and  the  effect,  of  e  in  the  computations  is  indicative  of  the  behaviour,  but.  not.  exact 

5  Conclusions 

Nonlinear  simulations  show  that,  non-symmctric  profiles  can  be  used  to  explain  the  "une 
sidedness"  often  observed  in  experiments  with  target  values  of  J.  We  see  that  in  order  to 
observe  a  “true"  Holmboe  instability  (t.wo  waves  moving  in  opposite  directions)  us  in  figure 
lb,  the  mean  profiles  must  be  almost  symmetric  (f  <C  0,1).  When  Holmboe  instabilities  an 
not  observed  in  an  experiment,  the  results  of  the  simulations  can  be  used  to  determine  a  rough 
approximation  of  the  value  of  e  required  in  order  to  observe  the  given  flow 
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(a)  J  =  0.12 


(b)  J  -  0.3 


Figure  1:  a)  Experimental  results  from  Lawrence  et.  al.  for  J  =  0.12  and  0.09.  In  both 
these  cases  linear  stability  analysis  predicts  Holmboe  type  instabilities,  but  we  see  that  there 
only  disturbances  protruding  into  tire  upper  layer;  b)  results  from  Zhu  and  Lawrence,  here 
Holmboe  type  instabilities  are  observed.  All  values  of  J  are  approximate. 
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Figure  3:  Results  of  linear  stability  analysis  for  J  =  0.12  and  0.09  with  Re  =  25.  Pr  =  30. 
and  R  =  6.  Here  aT  is  the  growthrate  and  a  is  the  wavenumber.  When  e  =  0  there  are 
two  unstable  wave  with  the  same  growth  rate  and  opposite  phase  speeds.  For  e  ^  0.  the 
faster  growing  mode  corresponds  to  the  right-moving  wave  and  the  slower  growing  mode  to 
the  left-moving  wave. 


Figure  4:  Results  of  nonlinear  simulations  with  J  =  0.3.  /?  =  6,  Rc  =  25,  and  Pr  =  3G  for 
f  -  0.  Here  contours  are  of  constant  density  p  =  p0U)  +  P  in  the  x  —  z  plane,  x  has  been 
scaled  with  respect  to  its  period  2tr/u’  where  a*  =  0.0. 
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LOCKED  STATES,  PHASE  SOLITONS  AND  HOLMBOE  WAVES 
IN  SPATIALLY  FORCED  MIXING  LAYERS 


Olivier  Pouliquen,  Jean-Marc  Chomaz  &  Patrick  Huerre 
Laboratoire  d'Hydrodynamique  (LadHyX) 

Ecole  polytechnique 
F-91128  Palaiseau  Cddex  France 

A  comprehensive  experimental  and  theoretical  study  of  finite-amplitude  Kelvin- 
Helmholtz  and  Holmboe  waves  at  the  interface  separating  two  immiscible  fluids 
has  been  undertaken.  The  experimental  set-up  consists  in  generating  an 
accelerating  shear  flow  by  tilting  a  tube  filled  with  two  liquids  of  different  density 
(Reynolds  1883,  Thorpe  1969).  As  soon  as  the  shear  exceeds  a  critical  value, 
interfacial  waves  are  produced  at  an  intrinsic  wavelength  that  can  be  predicted  by 
linear  stability  theory.  The  evolution  of  the  interface  can  be  synchronized  by 
spatially  forcing  the  flow  with  the  help  of  small  obstacles  periodically  distributed 
along  the  horizontal  walls.  When  the  tube  is  maintained  tilted  so  as  to  produce  an 
accelerating  shear  flow,  the  competition  between  the  forcing  wavenumber  and  the 
intrinsic  wavenumber  gives  rise  to  a  variety  of  locked  states  at  superharmonics  of 
the  imposed  wavenumber  (Figure  1).  As  the  forcing  wavenumber  is  increased 
above  the  natural  wavenumber,  stationary  phase  solitons  are  observed  that  are 
indicative  of  the  existence  of  incommensurate  states  (Pouliquen  et  at.  1992). 


Figure  1.  Mode  diagram  of  accelerating  shear  layer  under  spatially  forced  conditions. 

The  ratio  of  the  response  wave  number  kr  to  the  forcing  wave  number  kf  is  plotted  as  a 
function  of  the  ratio  of  the  for  ng  wave  number  kf  to  the  natural  wave  number  kn  .  The 
symbols  refer  to  different  inclination  angles  as  indicated. 

In  concurrent  theoretical  studies  (Pouliquen  et  at.  1994b),  the  spatio-temporal 
evolution  of  the  vortex  sheet  separating  two  finite  depth  layers  of  immiscible 
fluids  has  been  examined  in  the  vicinity  of  threshold  (Weissman  1979)  in  the 
presence  of  spatially  periodic  forcing.  As  a  result  of  Galilean  invariance,  the 
interface  deformation  has  been  shown  to  satisfy  a  coupled  system  of  evolution 
equations  involving  not  only  the  usual  "short  wave'  at  the  critical  wavenumber 
but  also  a  shallow-water  "long  wave"  associated  with  the  mean  elevation  of  the 
interface.  In  the  Boussinesq  approximation  this  model  reduces  to  a  forced  Klein- 


Gordon  equation.  Forcing  is  shown  to  lead  to  one-dimensional  propagating  Sine- 
Gordon  phase  solitons  in  agreement  with  numerical  simulations  of  the  Klein- 
Gordon  amplitude  equation. 
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Figure  2.  Spatio-temporal  x^-t*  diagram  of  interface  elevation  in  the  case  of  constant 
shear.  Following  the  viscosities  of  the  two  fluids  the  bifurcating  wave  propagates  either 
to  the  right  (a),  or  in  both  directions  (b)  or  to  the  left  (e). 

In  order  to  test  the  predictions  of  this  weakly  nonlinear  analysis,  constant-shear 
experiments  have  been  performed  near  onset  by  bringing  the  tube  back  to  its 
initially  horizontal  position  (Pouliquen  et  al.  1994a).  The  nature  of  the  instability  is 
then  observed  to  change  :  whereas  stationary  perturbations  prevailed  in  the 
accelerating  case,  counterpropagating  waves  are  now  produced  which  cannot  be 
accounted  for  by  the  vortex  sheet  model.  A  linear  stability  analysis  of  a  density 
discontinuity  embedded  within  a  piecewise  linear  velocity  profile  has 
demonstrated  that  such  waves  are  Holmboe  modes  (Holmboe  1962,  Koop  & 
Browand  1991,  Lawrence  et  al.  1991  and  Smyth  &  Peltier  1991)  associated  with  the 
formation  of  diffusive  layers  above  and  below  the  interface.  Good  agreement  is 
then  obtained  between  measured  and  predicted  values  of  the  critical  velocity 
difference,  propagating  velocity  and  growth  rates  of  the  waves.  The  instability 
analysis  of  asymmetric  velocity  profiles  further  reveals  that  the  breaking  of 
reflectional  symmetry  gives  rise  to  a  single  propagating  wave  near  onset  in 
complete  agreement  with  experiments  (Figure  2.). 
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Abstract 

In  a  two-layer  quasi -geostrophic  model,  we  investigate  the  nonlinear  evolu¬ 
tion  of  a  linearly  unstable  baroclinic  vortex.  For  moderate  growth  rate,  weak 
perturbation  amplitude  and  very  little  hyperviscosity,  a  regime  of  regular  oscil¬ 
lation  is  attained  which  is  accounted  for  in  physical  space  by  a  quasi-periodic 
reversal  of  the  vertical  phase  shift,  and  in  an  integral  manner,  by  a  correspond¬ 
ing  back-and-forth  potential  energy  transfer  between  the  mean  flow  and  the 
perturbation.  In  a  rotating  frame,  the  disturbance  varies  around  an  elliptical 
mean  state,  which  has  a  biunivocal  relation  between  potential  vorticity  and 
the  corotating  streamfunction  with  the  layerwise  angular  velocity.  Simulations 
with  weaker  Burger  or  Reynolds  numbers  show  less  regularity  in  the  flow  and 
eventual  vortex  breaking. 


1  Introduction 

Vortices  are  long-lived  and  robust  features  which  play  a  major  role  in  the  dy¬ 
namics  of  ocean  flows.  They  often  originate  in  the  instability  of  large-scale  or 
of  coastal  currents,  but  they  can  propagate  far  away  from  their  region  of  for¬ 
mation  thus  contributing  to  the  global  budgets  of  heat  and  momentum.  It  is 
therefore  of  great  importance  to  determine  the  vortices’  resistance  to  external 
perturbations.  Hereafter  only  geostrophic  vortices  with  low  Rossby  numbers 
are  considered,  to  retain  mathematical  simplicity. 

Vortex  stability  has  already  been  investigated  at  great  length  iD  the  context  of 
two-dimensional  incompressible  flows  (Gent  and  Me  Williams,  86;  Carton  et 
al.,  89;  van  Heijst  it  et  al.,  91;  Orlandi  and  van  Heijst,  92;  Carton  and  Legras, 
94).  It  has  been  proved  that  multipolar  structures  could  stem  from  barotropi- 
cally  unstable  vortices  (Carnevale  and  Kloosterziel,  94;  Morel  and  Carton,  94) 
and  that  tripoles  were  stable  forms  (Polvani  and  Carton,  90).  Vortex  stability 
in  stratified  fluids  has  received  less  attention  due  to  complexity  of  the  problem 
(Griffiths  and  Linden,  81;  Ikeda,  81;  Flierl,  88;  Helfrich  and  Send,  88;  Flor  et 
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al.,  93).  There,  the  dimension  of  the  parameter  space  renders  a  comprehensive 
sensitivity  study  not  tractable,  even  for  a  two-layer  How. 

After  setting  the  mathematical  framework  (section  2),  we  present  the  linear 
instability  of  a  haroclinic  gaussian  vortex  and  the  diversity  of  finite-amplitude 
regimes  (section  3).  We  then  concentrate  on  an  elliptically  perturbed  vortex: 
we  detail  the  vortex  evolution  during  the  nonlinear  stage  of  the  instability 
and  relate  it  to  vertical  phase  shifts  and  energy  transfers.  We  determine  the 
underlying  haroclinic  ellipse  in  a  layerwise  rotating  frame  and  finally  evoke 
possible  extensions  of  the  study. 

2  Mathematical  and  physical  framework 

In  oceanic  flows,  the  Barth  rotation  and  thermohaline  stratification  often  ren¬ 
der  motions  quasi  two-dimensional  and  non  divergent.  These  influences,  of 
comparable  strength,  then  dominate  adveclive  effects,  so  that  the  Burger  num¬ 
ber  B  ^  ( jj)J  is  order  unity  and  the  ltosshy  number  Ro  —  jj  is  small,  with 
U,L,h,f,H  typical  measures  of  horizontal  velocity,  scale,  vertical  scale,  Cori¬ 
olis  parameter  and  Brunt-Vaisala  frequency.  It  is  reasonable  to  assume  weak 
diffusion,  so  that  the  Reynolds  number  Rc  -  ~  is  extremely  large  (i/  is  the 
fluid  viscosity).  Under  these  assumptions,  f-planc  approximation  and  constant 
total  depth  (flat  bottom,  rigid  lid),  a  two-layer  quasi-geostrophic  model  is  used, 
and  is  sufficient  to  represent  baroclinic  instability. 

In  dimensionless  form,  the  potential  vorticity  conservation  in  each  layer  is: 

<ij  H  j;  {drVj  d$q,  -  tfsV’j  )  =  -  Re~'Vii'j  (1) 

in  polar  coordinates,  where  ;  =  1  and  2  represent  the  upper  and  lower  layers, 
and  for  which  we  have  used  the  well-known  hyperviscosity.  The  potential 
vorticities  are  defined  by 

>h  =  v2^  -  n-'h„  (v,  -  </•*),  (2) 

where  k  =  3  —  j,  hj  is  the  dimensionless  thickness  of  layer  j  and  B  is  the 
squared  deformation  radius.  Our  choice  is  h\  =  hi  =  1/2,  though  this  sup¬ 
presses  the  baroclinic  triad  (Carton  and  McWilliams,  89,  section  2.2).  It  has 
been  checked  that  this  does  not  qualitatively  alter  the  following  results.  Our 
nonlinear  numerical  model  is  based  on  a  spectral  Galerkin  method,  assumes 
biperiodic  boundary  conditions  and  is  resolved  on  128  gridpoinls  in  both  hor¬ 
izontal  directions.  The  Re~l  values  varies  between  zero  and  810~9. 
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The  initial  conditions  are  composed  of  an  axisymmctric  vortex  and  a  super¬ 
imposed  monochromatic  normal  mode  perturbation: 


for  which  the  mean  flow  has  a  gaussian  density  interface 

</’i  =  -V'2  =  rj) 0e“rJ  (4) 

and  the  disturbance  has  the  form 

tj  -  Real[^,(r)  cxp(i((6  -  c<))]  (5) 

where  f  is  the  azimuthal  wavenumber,  u  -  l  Reat[c)  the  angular  rotation  rate, 
and  (T  =  (  hn(c)  the  growth  rate. 


3  Vortex  instability  and  nonlinear  evolution 

3.1  Linear  instability  and  nonlinear  regimes 

Introducing  the  formulae  (3)  and  (5)  into  the  linearized  form  of  equation  (1) 
with  (2)  yields  a  generalized  eigenvalue/eigenvector  problem  in  c,  which 
can  be  solved  only  numerically  for  the  vortex  (4).  This  is  done  by  means 
of  a  matrix  method  which  has  previously  been  checked  against  a  shooting 
method.  Figure  1  shows  the  variation  of  cr  versus  B~x  for  t  —  2  and  Re~x  =  0. 
Increasing  the  vortex  size  with  respect  to  the  deformation  radius  depletes  the 
kinetic  energy  source  for  barotropic  instability  and  enhances  potential  energy 
conversion,  hence  baroclinic  instability.  Beyond  B,-1  =  0.8  and  below  the 
threshold  B~]  -  2.0,  disturbances  cannot  extract  energy  from  the  mean  vortex 
and  thus  decay.  Beyond  B~ 1  =  3.6,  the  baroclinic  instability  is  explosive  and 
nonlinear  interactions  generate  vertical  vortex  breaking  into  two  tilted  dipoles. 
Finally  for  B~x  <  B~x  <  B~x,  moderate  initial  perturbation  amplitudes  and 
little  viscosity  (Re  <  8  10~9),  nonlinear  interactions  result  in  a  finite-amplitude 
oscillation  of  the  disturbance  (see  Fig.  2a  for  B~x  -  2.4  and  Re~l  -  2  10“9). 
Larger  Re~ 1  values  bring  a  slow  growing  trend  on  the  oscillation,  eventually 
resulting  in  asymmetric  breaking.  Finally,  a  similar  phenomenology  has  been 
observed  for  different  wavenumbers  (Carton  and  McWilliams,  89),  for  other 
depth  ratios  or  mean  relative  vorticity  profiles. 


3.2  Finite-amplitude  oscillation 

Figure  2b  shows  the  time  series  of  the  phase  of  the  perturbation  in  both  layers, 
for  our  reference  experiment  (B~l  =  2.4  and  Re~x  =  210"9),  Originally,  they 
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vary  accordingly  to  (5),  maintaining  a  vertical  shift  opposite  to  the  mean  shear. 
Therefore  the  disturbance  extracts  potential  energy  from  the  mean  vortex 
(Pedlosky,  79).  This  conversion  can  be  computed;  if  y>,(r)  =  4J(r)r,'*j(r)  : 

Tp  =  TjJJi  J0  -  d>i)\rc~ri dr  (6) 

where  R  is  a  radius  large  enough  for  the  Aj  to  decay  significantly.  At  t  ~  500, 
a  phase  reversal  occurs  in  tiie  lower  layer,  followed  by  a  periodic  but  opposite 
variation  to  that  in  the  upper  layer.  This  evolution  corresponds  to  a  regular 
back-and-forth  energy  exchange  between  the  vortex  and  the  disturbance  and 
thus  a  finite-amplitude  oscillation. 

During  the  oscillation,  a  decomposition  into  azimuthal  modes  shows  that  odd 
wavenumber  components  have  vanishing  intensity;  moreover,  the  alteration 
of  the  axisymmetric  part  of  the  flow  from  the  initial  shape  is  not  sufficient 
to  render  the  mean  vortex  neutral  to  its  mode-2  perturbation;  finally  the 
intensity  of  higher  even-wavenumber  components  is  too  weak  to  intervene  in 
the  nonlinear  equilibration  process  (contrary  to  barotropic  flows),  A  low-order 
projection  model  and  amplitude  equation  have  not  been  derived  here  as  the 
radial  profiles  of  the  modes  vary  much  in  time.  Power,  cross-modal  and  cross¬ 
layer  spectra  have  been  computed  for  this  experiment,  and  show  well-defined 
frequencies  for  the  dominant  modal  components.  These  observations  point  to 
a  radically  different  equilibration  mechanism  to  that  occuring  for  barotropic 
vortices:  filament  shedding  is  not  striking,  the  shield  in  relative  vorticity  has  a 
minor  role,  nonlincarities  are  weak  in  the  finite-amplitude  regime,  few  modes 
are  involved,  no  steady  state  is  attained  but  a  counter-rotating,  oscillating 
ellipse,  for  which  the  ellipticity  does  not  reach  large  values.  All  this  suggests 
to  compare  this  experiment  with  a  contour  surgery  simulation  (Dritschel,  88) 
of  a  baroclinic  Kirchoff  ellipse  with  the  same  vertical  structure  and  average 
ellipticity.  Time  series  of  the  deviation  and  frequency  spectra  for  the  surgery 
run  show  a  surprising  similarity  with  the  spectral  simulation.  This  supports 
our  analysis  of  a  simple  dynamical  system.  Finally,  temporal  regularity  is  lost 
in  both  cases  (spectral  code  or  contour  surgery),  when  the  initial  perturbation 
amplitude  or  the  viscosity  are  larger  or  for  shallow  upper  layers  (h\  =  0.2 
representative  of  the  ocean  thermoclinc). 

3.3  The  underlying  baroclinic  ellipse 

In  a  frame  of  reference  rotating  with  the  layerwise  angular  velocity  of  the 
mode-2  component,  the  vortex  appears  in  both  layers  as  a  pulsating  ellipse.  Its 
time-average  over  18  periods  of  oscillation  yields  a  slightly  elliptical  baroclinic 
vortex  (Fig. 3a),  with  a  simple  relation  between  the  potential  vorticity  and 
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the  corotating  streamfunction  {see  fig. 3b).  When  inserted  in  equation  (1), 
this  form  corresponds  to  a  layerwise  steady  state,  which  has  nevertheless  no 
meaning  as  a  vertically  coherent  structure,  because  of  the  vertical  counter¬ 
rotation.  Moreover,  this  average  vortex  is  unstable  and  evolves  to  the  pulsating 
ellipse  when  used  as  an  initial  condition  for  a  rerun  of  the  model,  This  ellipse 
is  a  limit  cycle,  a  non  chaotic  attractor  (with  little  sensitivity  to  noise  in  the 
initial  conditions). 


4  Conclusions 

Barodinically  unstable  geostrophic  vortices  with  a  gaussian  interface  and  a 
mode-2  deformation  can  evolve  to  a  vertically  counter-rotating,  pulsating  el¬ 
lipse  for  moderate  growth  rates,  weak  perturbation  amplitudes  and  little  vis¬ 
cosity.  The  time  evolution  of  this  ellipse  is  regular,  showing  a  periodic  reversal 
of  the  vertical  phase  shift  and  of  the  corresponding  potential  energy  conversion, 
Few  modes  are  involved  in  this  process  and  there  is  a  significant  regularity  in 
time  of  the  evolution.  In  a  layer  projection,  the  oscillation  occurs  around  a 
slightly  elliptical  state,  unstable  but  not  chaotic,  with  a  simple  relation  be¬ 
tween  potential  vorticity  and  streamfunction,  and  there  is  a  limit  cycle.  To 
better  assess  the  influence  of  the  interaction  between  the  upper  and  lower  layer 
mode-2  components,  we  plan  to  run  a  equivalent- barotropic  simulation  of  the 
same  case,  with  a  periodic  forcing  generated  by  a  rotating,  but  non  pulsating 
shear  corresponding  to  a  fixed  aspect  ratio  (lower  layer)  ellipse. 
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ABSTRACT 

An  analytic  expression  is  obtained  for  the  ^-induced  rncridionally-wcstward  acceler¬ 
ation  of  a  monopolar  geostrophic  vortex  with  a  localized  core  of  the  potential  vorticity 
perturbation  in  a  continuously  stratified  fluid.  For  a  singular  vortex  with  the  point  core 
the  asymmetric  flow  has  a  self-similar  dipolar  structure  producing  the  vortex  motion  in 
the  direction  120°  from  the  east  with  the  velocity  increasing  as  1 2/,\  Effects  of  asymmetric 
distortion  of  the  finite  vortex  core  are  considered. 


1.  Abundant  intense  vortices  in  the  atmospheres  and  the  oceans  are  strongly  influ¬ 
enced  by  the  variation  of  the  Coriolis  parameter  with  the  latitude,  the  so-called  “/3-effect” . 
An  asymmetric  circulation  around  a  monopolar  vortex  which  is  mainly  responsible  for  the 
^-induced  vortex  drift,  has  been  intensively  studied  during  the  last  decade,  both  analyt¬ 
ically,  numerically  and  in  laboratory  experiments.  The  development  of  the  asymmetric 
perturbation  with  modenumber  /  =  1  (/  is  the  azimuthal  wavenumber)  and  corresponding 
rncridionally-wcstward  acceleration  of  the  intense  vortex  during  many  turnaround  times 
have  been  analyzed  in  details  using  the  equivalent- barotropi  quasigeostrophic  model  1“5. 

In  the  present  work,  the  development  of  the  asymmetric  circulation  around  an  in¬ 
tense  vortex  in  a  continuously  stratified  fluid  is  analyzed  using  a  baroclinic  geostrophic 
monopole  model  with  the  potential  vorticity  perturbation  localized  in  a  disk-shaped  vor¬ 
tex  core.  Outside  the  core  the  azimuthal  velocity  and  the  density  perturbation  decrease 
with  increasing  a  distance  from  the  core  in  agreement  with  observed  structure  of  long-lived 
oceanic  rings  and  lenses  \  At  large  distances  from  the  core  the  vortex  structure  is  de¬ 
scribed  by  a  singular  solution  corresponding  to  a  point  “vortex  charge”  7.  In  particular,  a 
self-similar  dipolar  structure  of  the  /3-induced  asymmetric  flow  for  a  singular  vortex  with 
a  point  core,  is  revealed.  Effects  of  vertical  distortion  of  finite  vortex  core  are  considered 
bv  splitting  the  core  into  a  sot.  of  thin  disk-shaped  subcores. 


2.  We  start  from  the  equation  describing  material  conservation  of  the  potential  vor- 
ticity  in  fluid  particles 

Dq  dq  dq  dq 


Within  the  quasigeostrophic  approximation  at  the  /3-plane  for  a  continuously  stratified 
fluid  in  terms  of  the  geopotential,  p,  the  geostrophic  velocity,  (u,  v),  and  the  potential 
vorticity,  q,  are 

..  _  dP  _  dP  /*>\ 


q  -  V2p  + 


dz  \N2dzJ 


Here  we  adopt  local  Cartesian  coordinates,  (x,  y ,  z),  non-dimensionalizing  by  the  horizontal 
scale,  L,  velocity  scale,  U,  time  scale,  L/U,  and  the  vertical  scale,  H  =  Lfo/No,  where 
/o  and  No  are  the  characteristic  Coriolis  and  Brunt- Vaisala  frequencies,  thus  N2(z)  is  the 
nondimensional  vertical  gradient  of  the  mean  density  profile,  /3  -  Lf'/U  and  f  is  the 
meridional  gradient  of  the  Coriolis  frequency. 

Eq.  (1)  obeys  the  symmetry  relation  p(x,y,z,t)  =  -p(x,~y,z,t).  Thus,  regarding 
monopolar  vortices,  we  consider  only  the  evolution  of  geostrophic  cyclones,  i.e.  structures 
with  positive  amplitude  of  the  fluid  potential  vorticity  q  —  f)y. 

By  solving  Eq.(3),  the  geopotential  can  be  expressed  in  terms  of  the  Green  function 
G(i7,z,z'),  2 o  —  (x  -  x1)2  +  (y  -  j/)2,  of  the  boundary-value  problem  for  this  three- 
dimensional  elliptic  operator 

p(x,  y,  z,t)  =  f  G{o , z')[q{x',  y',  z')  -  0y'\dx' dy' dz'  (4) 

j 

Besides  material  conservation  of  the  potential  vorticity  in  fluid  particles,  there  are  two 
quadratic  invariants  of  Eq.  (1),  the  total  energy  and  potential  enstrophy, 

E  =  I  / KVP)2  +  jji  ] dxdydz,  V  =  ^  J (q  -  (iy)2dxdydz  (5) 

3.  To  consider  the  evolution  of  M  vortices  with  initially  compact  cores  of  the  fluid 
potential  vorticity  q  -  /3y,  we  introduce  M  local  cylindric  coordinates  (r,  9,  z)  relative  to 
horizontal  position  yk(t))  of  the  center  of  the  kth  structure.  In  a  co- moving  reference 
frame  the  flow  field  is  described  by  the  stroamfunction 


d’k  =  P  +  XkT  sill  0  ~  itkT  cos  0,  Xk  =  — rr , 


where  (ifc(0,2Pe(<))  is  the  instantaneous  propagation  velocity  of  the  Artli  vortex.  Thus,  in 
translating  coordinates  Eq.(l)  becomes 


where  J  denotes  the  horizontal  Jacobian. 

Defining  the  propagation  velocity  of  the  kth  vortex  center  as  the  flow  velocity  at  the 
center  r  =  0,  z  —  zk,  from  (6)  we  obtain 


ric  =  ±k  +  iyk  =  ^  exp(i0)<i0  (8) 

Thus,  the  vortex  propagation  is  defined  only  by  the  azimuthal  mode  /  =  1  of  the  asymmetric 
geopotential  p  relative  the  fcth  center. 

For  every  vortex  we  may  separate  the  streamfunction  and  potential  vorticity  into 
symmetric  and  asymmetric  parts 

il>k  =  Pk(r,z,t)  +  0k(r, 0,z,t),  qk  =  Qk(r,z.t)  +  £k{r,0,z,t)  (9) 


Thus,  from  Eq.(5)  we  obtain  that  the  evolution  of  the  symmetric  and  asymmetric  circula¬ 
tions  obeys 

^  =  (.7  (10) 


nfc  =  i^, 

r  dr 


r  =  1  ?Qk 

r  dr 


(ID 

(12) 


Here  (  )  denotes  an  azimuthally  average  relative  to  the  kth  center,  Q k{r,z,t)  is  the  rota¬ 
tional  frequency  and  Tk(r,  z,  t )  is  defined  from  the  radial  gradient  of  the  kth  vortex  potential 
velocity.  Note,  that  Pk  and  4>k  describe  the  flow  induced  by  the  potential  vorticity  of  all 
vortices  according  to  Eq.  (4) 


m— M  . 

rk  +  4>k=  £  /  G((rfcmit,t')(Qni  +  U  -  0ym  -  0r' Sm6')r' dr’ d$'dz'  (13) 

tn=l  ^ 

where 

2 akm  =  (r  cos0  -  r'cos0'  +  xk  -  xm)2  +  (r  sin 0  -  r'sin0'  +  yk  -  ym)2  (14) 


Thus,  the  evolution  of  every  \ortex  is  influenced  by  all  others. 

4.  First  we  consider  the  evolution  of  a  single  initially  axisymrnetric  vortex  on  the  0- 
plane.  Focusing  our  attention  on  the  evolution  of  st  rong  monopolar  vortex  assuming  0  <&  1, 
we  describe  developing  of  the  asymmetric  potential  vorticity  £j,  which  is  proportional  to 
0,  by  neglecting  the  right-hand  sides  in  Eqs  (!())-( 1 1 )  which  are  proportional  to  ;!2 


di 


+  Ri*l 

1  do 


_  d<t>  1 

r’ ~M 


(15) 


Here  fii  (r,z)  and  Tj  (r,  z)  are  defined  by  (12)  for  the  initial  axisymmetric  vortex  because 
its  structure  does  not  change  in  the  leading  order  according  to  (10). 

For  an  axisymmetric  vortex  with  an  extremum  of  the  fluid  potential  vorticity  at  the 
level  z  =  z\  on  the  axis  of  symmetry,  initially 


describing  small  shift  of  the  axis  of  symmetry  relative  to  the  potential  vorticity  extremum 
which  is  defined  as  the  vortex  center,  where  £1  =  0. 

As  follows  from  Eqs  (15)-(16),  the  asymmetric  circulation  generated  by  the  /3-effect 
around  the  vortex  is  represented  by  the  azimuthal  l  =  1  perturbation  in  the  form 

£i  =  Re(r(a  +  i/3)exp(-i0)|,  <j>\  -  Re|r(6  +  ifi) exp(-ifl)]  (17) 


—  -ifi](a  f  i/3)  =  -iTi{b+iri) 


6  =  ^  G'(r,  r',z,z')a(r',z',t)r'3dr'<iz' 


9"  =  9'  -  9 


where  a(r,  z,  t)  and  b{r,  z,  t)  are  complex  functions,  describing  the  radial-vertical  structure 
of  the  azimuthal  l  =  1  perturbation  of  the  fluid  potential  vorticity  and  geopotential, 
correspondingly. 

When  defining  the  vortex  center  as  an  extremum  in  the  potential  vorticity  <j,  we  must 
in  Eq.  (18),  set  a  =  -i/3  at  r  =  0,  z  =  zt.  Using  (19)-(20)  and  integrating  by  9",  wc 
obtain  an  expression  for  propagation  velocity  as  follows 

n  as  ib{0,z\,t)  —  -in  J  a(r',  t)rndr'dz'  (21) 


As  follows  from  Eqs  (16)  and  (19),  initially 


a  =  -i/3 


r  I  (r,  z) 
rno.z,) 


,  ,„tti(r,2) 

6  = '  ^rv/oTsT) 


implying  that  the  monopolar  vortex  starts  by  drifting  westward 

r,(o,zi) 


The  differential  rotation  of  the  asymmetric  potential  vorticity  (the  term  il\d^\/d9  in 
Eq,(15)}  and  the  distortion  in  the  vortex  shape  caused  by  the  asymmetric  flow  relative 


\ 


< 


to  the  vortex  center  (the  right-hand  side  of  E<i.(  15))  produces  a  west-meridional  accelera¬ 
tion  of  the  vortex  center. 

Quasilinear  system  (18)-(21)  allows  for  calculating  the  vortex  motion  in  the  differen¬ 
tially  rotating  fluid  during  many  turnaround  times.  Similar  approach  has  been  used  for 
describing  the  self-propelled  propagation  of  a  strong  vortex  due  to  the  /3-effect,  within  the 
cquivalent-barotropic  model.1-5 

5.  The  solution  of  (18)  consists  of  two  parts.  The  first  one  develops  due  to  the 
differential  advection  of  the  asymmetric  potential  vorticity  (the  term  Sl\d£\/d6  in  Eq.(15)). 
It  is  described  by  a  simple  expression  obtained  while  neglecting  the  right-hand  side  in 
Eqs.(15),  (18) 

I-(^jexp(-in1t)-z/3  (24) 

and  produces  a  west- meridional  acceleration  of  the  vortex  center. 

The  residual  £i  -  £(  is  generated  by  the  advection  of  the  potential  vorticity  of  the 
symmetric  vortex  by  *he  asymmetric  flow  relative  to  the  vortex  center  (the  right-hand  side 
in  Eq.(15))  then  produces  additional  motion  of  the  vortex  center  due  to  such  a  distortion 
of  the  vortex  core.  Note,  it:  the  equivalent-barotropic  model  the  effect  of  a  distortion  of  the 
vortex  shape  on  the  vortex  motion  can  be  expressed  in  an  explicit  analytical  form  either 
for  a  piece-wise  constant  potential  thickness  of  the  initial  axisymmetric  vortex4,  ot  for  a 
distributed  axisymmetric  vortex  within  the  barotropic  noil-divergent  model.5 

For  a  singular  vortex  with  the  point  core  of  the  potential  vorticity,  Tj  =  0  everywhere 
except  the  vortex  center  and  the  asymmetric  circulation  Ls  described  only  by  (24)  in  the 
simple  form 

£i  =  /3rsin(0  -  U\t),  o'  =  ifl(exp( -  1)  (25) 

and  inserting  (25)  into  (21)  wc  obtain  the  explicit  expression  for  acceleration  of  such 
singular  vortex. 

In  particular,  for  constant  N  -•  1  and  far  from  boundaries,  the  Green  function  and 
the  vortex  flow  are  prescribed  in  the  form7 

G  =  [2<r  +  (z  -  z')2)-1'2,  P,  « 2-r2  +  (z,  -*)a  (26) 

Correspondingly, 


if  we  normalize  the  rotational  frequency  5 1\  -  1  at  the  distance  R  —  1. 

In  this  case  the  asymmetric:  flow  induced  by  the  ^-effect  has  a  self-similar  dipolar 
structure  depending  only  on  r  =  t/f — 3.  For  the  vortex  propagation  from  (21)  and  (25)  we 
obtain 

fi  r  [it*/-*  dr 

n  =  -  J  (exp(iSljt)  -  l)S2|T-*cir<iz  =  j  (exp(tr)  -  (281 


i 


Thus,  the  singular  vortex  with  the  point  core  moves  west-poleward  with  the  velocity  in¬ 
creasing  as  t2/3  in  the  direction  120°  from  the  east. 

The  distortion  of  the  vortex  core  is  negligible  also  for  thin  disk-shaped  core  with 
constant  potential  vorticity  because  again  Ti  =  0  everywhere  except  at  the  core  boundary 
r  =  re.  Thus,  the  solution  of  (18)  has  the  form  (25)  if  we  eliminate  singularity  at  the  core 
boundary  in  (18)  setting 


ri  =  ib{rc,zut)  = -in  J  (J~pj  a(r’ ,z' ,t)r'zdr'dz'  (29) 

The  rotational  frequency  fli  for  the  a  disk-shaped  core  is  expressed  by  elliptic  integrals6 
as  well  as  the  vortex  propagation  according  to  (25)  and  (29). 

6.  To  take  into  account  the  vertical  distortion  of  the  vortex  core  if  it  i'..  not  thin,  we 
consider  vertically  grouped  set  of  thin  vortex  subcores,  assuming  their  centers  are  slightly 
displaced  from  the  axisymmetric  state. 

Introducing  the  small  parameter  c2  —  rnax(r(  +  yk)  1,  we  see  that  the  asymmetric 
flow  is  proportional  to  c  so  that  in  the  leading  order  we  again  can  neglect  the  right-hand 
sides  of  (10)-(11)  which  are  proportional  to  £2,  to  obtain  Qk(r,  z)  —  Qxnit  and 


at 


+  12  k 


Ok 

ae 


(30) 


where  the  rotational  frequency  ft*  and  I\  arc  prescribed  by  unperturbed  state  according  to 
(12),  while  according  to  (13)  the  asymmetric  streamfunction  <j>k  relative  to  the  fcth  center 
is  induced  by  the  asymmetric  potential  vorticity  £m  induced  directly  by  the  /3-effect  around 
every  subcore  as  well  as  by  the  symmetric  circulation  of  all  subcores  due  to  horizontal  shift 
of  their  centers  which  represents  the  distortion  of  the  vortex  core 


]T]  (4>km +  $ km)  +  r(±k  miO  -  ijkCosO)  (31) 

m=  1 

4>km  -  J  G(okm,Zsz'){£m  -  0r' s‘\n6')r'dr'd6'dz  (32) 

=  J{G(okm,z,z,)-G(cT,z}z')}Qm(r,,z')r'dr,d6"dz'  -  z)-Pkm(r,z)  (33) 


where 


i 


•I 
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2o  =  r2  +  rf2-2rr'cos(0-0'),  R\m  =  (rcos0+  xk  -  xm)2  t-  (r  sin0-t-  yk  -  J/m)2  (34) 
Expanding  (32)-(33)  for  small  t  we  obtain 

■Pkm  —  J  G(rr,  z,  z'){t„,  -  Hr'  t>iii9')r'dr'dQ'dz  (35) 


1 


\ 


$km  =  rftfcml(xfc  -  im)cose+  {yk  -  ym)sin0]  +  0{(2),  nkm  =  ^  —£T  (36) 

Following  (30)-(36),  the  asymmetric  flow  around  vortex  centers  can  be  again  represented 
by  the  azimuthal  l  =  1  perturbation  in  the  form 

tk  =  Re|r(a/c  +  iff  exp(-ifl)],  =  Re[r6fcm(r,  t)  cxp(-tfl)]  (37) 

q  m=  M 

-  iftkidk  +  iff  =  -iVk[  ^2  +  6fcm)  +  iik  -  Vfcl  (38) 

m»l 

bkm  =  /Gl(t^,«:',t)rW  (39) 

where  am(r,  z,  £)  and  bkm{r,  z,  t)  are  complex  functions,  describing  the  radial-vertical  struc¬ 
ture  of  the  mth  asymmetric  fluid  potential  vorticity  and  corresponding  flow  induced  around 
fctli  subcore,  while  rkm  =  xk  -  xm  +  uyk  -  iym. 

Eliminating  singularities  by  setting  a fc(rfcr,  z/t,  t)  =  0  in  (38)  gives  M  equations  for  the 
propagation  velocities  of  subcore  centers 

m=M 

ifc  +  ii/k  =  i  £(»*  me  rkm  +  formc)>  (40) 

m=l 

where  according  to  (20)  and  (39) 

bkmc  =  ~T<  j  a.m(r\z\t)r*dr'dz'  (41) 

Here  is  the  rotational  frequency  induced  by  the  mth  subcore  at  the  boundary  of  the 
fcth  subcore  and  M  is  the  total  number  of  all  subcorcs. 

Without  the  ^-effect,  there  is  no  asymmetric  deformation  of  vortex  cores,  bkmc  - -  0, 
and  Eq.  (40)  is  reduced  into 


m=M 

ilJk  “  ^  ^  ^kmt'l'krn 

TTIS=  1 


(42) 


Instead  of  (40),  this  linear  system  of  ODE  (42)  describe  mutual  rotation  of  thin  subcores 
simulating  the  asymmetric  deformation  of  vortex  cores  by  such  kind  of  vertical  discretiza¬ 
tion.  Note,  that  the  system  (42)  can  be  written  in  the  Hamiltonian  form 


where  the  Hamiltonian  H 


±k  =  - 


'IK 

<>Vk  ’ 


(43) 


.  M  M 

^  =  2  5Z  SbrTn|(Xfc  - 

fc=l  m  =  1 


Xm)J  +  ( Vk  -  ym)2\ 


(44) 


is  conserved  as  a  consequence  of  the  angular  momentum  conservation. 

In  general  case,  the  solution  of  (38)  for  am  has  the  same  form  as  (25)  so  that  all  6/.mc 
expressed  by  integrals  (41)  are  explicit  functions  of  time.  The  system  (42)  can  be  rewritten 
in  terms  of  relative  distance  between  subcores 

M 

rfcm  ”  i  ^  ^{Qklcfkl  fimtcFmt  4"  ^klc(^)  ^mlc(t))  (45) 

1  =  1 


and  solved  in  terms  of  eigenvalues  and  eigenvectors  of  matrix  fi. 

The  system  (45)  allows  for  taking  into  account  asymmetric  deformation  of  vortex  core 
and  corresponding  modification  of  the  vortex  propagation  during  many  turnaround  times. 
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AN  EXPERIMENTAL  STUDY  OF  THE  EFFECTS  OF  SLOPING  TOPOGRAPHY  AND 
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ABSTRACT 

A  series  of  experiments  is  described  in  which  on  oscillating  grid,  positioned  at  one  end 
and  mid-depth  of  a  rotating  channel  filled  initially  with  a  linearly- stratified  fluid,  produces 
on  intermediate  depth  boundary  current.  In  the  first  set  of  experiments,  the  bottom  of  the 
channel  slopes  away  from  the  side  on  which  the  boundary  current  is  formed,  although  it  is 
wholly  below  the  boundary  current  flowing  along  the  vertical  sidewall.  In  the  second 
configuration,  the  bottom  once  again  slopes  away  from  the  boundary  current  sidewall,  but  in 
this  case  the  currents  impinges  wholly  along  the  sloping  bottom.  Gaps  of  varying  lengths  are 
placed  in  the  sloping  bottom,  and  their  interactions  with  the  boundary  current  are  observed. 
In  the  first  configuration,  the  presence  of  at  sloping  bottom  is  found  to  destabilize  the  flow. 
In  the  second  configuration,  the  gap  causes  an  eddy  to  be  trapped  against  its  upstream  side. 
The  ratio  of  the  gap  width  to  the  flow  deformation  radius  is  found  to  be  the  dominant 
parameter  in  determining  the  nature  and  persistence  of  the  eddy.  The  experiments  are 
discussed  in  relation  to  similar  experiments  using  rectilinear  boundaries,  and  to  the  suggested 
formation  of  meddies  at  canyons  in  the  Spanish  continental  slope. 

INTRODUCTION 

This  work  has  both  general  and  specific  motivations.  The  former  is  a  desire  to 
understand  the  interaction  of  intermediate-depth  boundary  currents  (IDBCs  herein)  with  non- 
rectilinear  boundaries.  In  this  sense,  the  work  is  an  extension  of  previous,  counterpan 
experiments  with  a  vertical  waliyflat  bottom  boundury  geometry  (Besley.  19K9).  The  previous 
work  found  that  the  boundary  current  became  unstable  to  mesoscale.  lateral  intrusions  when 
Njn  S  3.5  'where  N0  is  the  ambient  buoyancy  frequency  and  L2  is  the  channel  rotation  rate). 
These  instabilities  always  formed  at  the  cross-channel  front  of  the  mixed  patch  at  the  grid, 
and  not  on  the  boundary  current  itself.  Examples  of  these  results  are  shown  in  Figure  i.  In 
the  present  work,  instabilities  were  always  observed  forming  on  the  boundary  current,  even 
though  >  3.5  for  all  runs.  The  specific  motivation  of  tne  experiments  was  to  investigate 
the  possibility  of  meddy  formation  at  sites  where  the  Mediterranean  outflow  encounters 
submarine  canyons  in  the  continental  slope,  since  there  exists  strong  circumstantial  evidence 
for  the  occurrence  of  such  a  process  (Prater  and  Sanford.  1991). 

APPARATUS  AND  PROCEDURE 

A  perspex  channel  (2.1  m  long  x  0.46  m  wide  x  0.31  m  deep)  was  fitted  with  a  rigid 
lid  to  form  an  enclosed  space  -0.24  m  deep  into  which  the  stratified  fluid  was  placed.  At  one 
end  of  the  channel  a  grid  suspended  it  an  intermediate  depth  could  be  oscillated  vertically 
with  an  amplitude  of  -1.5  cm.  at  a  variable  rate  (5  -  35  rad/s).  The  grid  consisted  of  a  6x4 
urray  cf  square  elements  made  up  of  perspex  limbs  separated  by  a  mesh  width  of  6  cm. 

Side  slopes  of  two  different  gradients  were  employed  (Figure  2).  Two  sections  of 
sloping  bottom  were  used,  the  gap  between  them  forming  the  interruption  in  the  slope 
described  above.  Plan  views  of  the  three  gap  configurations  ore  shown  in  Figure  3.  The 
channel  and  all  the  attendant  instrumentation  were  mounted  on  a  rotating  table,  which  had  an 
adjustable  rotation  speed  in  the  range  0.05  -  0.6  rad  s  '.  An  array  of  three  cameras  positi  ned 


Figure  1  Plan  view  of  typical  intrusions  observed  by  Besley  (1989).  The  small  feature  (A) 
corresponds  to  that  measured  in  these  experiments.  All  these  fe^ures  form  on  the  cross¬ 
channel  front  near  the  grid  at  the  left  hand  end  of  the  figure 


above  the  channel  was  used  to  record  the  passage 
of  the  flow.  The  channel  was  illuminated, by  a 
horizontal  sheet  of  light,  so  that  only  events 
occurring  near  the  grid  depth  were  recorded.  The 
flow  was  visualized  in  two  ways.  Firstly,  runs 
were  carried  out  in  which  clouds  of  tin  panicles 
were  electrochcmically  released  from  solder 
attached  to  the  grid.  givin°  the  mixed  fluid  a 
cloudy-white  appearance  and  indicating  the 
overall  shape  of  the  flow.  These  runs  were  then 
repeated  using  particles  which  were  neutrally 
buoyant  at  the  depth  of  the  grid,  providing  details 
of  the  internal  structure  of  the  flow,  thus 
complementing  the  solder  method. 

The  channel  was  filled  and  its  initial 
buoyancy  frequency  (iV„  -  a  value  of  1.0  rad  s'1 
was  used  in  all  runs)  measured.  The  rotation  rate 
of  the  apparatus  was  then  gradually  increased 
from  rest  to  within  *\%  of  an  operator-specified 
value.  Once  the  required  rotation  rate  had  been 
reached  the  system  was  left  until  the  fluid  had 
reached  a  state  of  solid-body  rotation.  The  grid  was  then  turned  on  and  the  experiment 
commenced  (the  grid  oscillation  rate  was  2U  rad  s'1  in  all  runs).  In  all  runs  a  series  of  20 
photographs  were  recorded  15  seconds  apart  Each  experimen  therefore  lasted  for  five 
minutes,  after  which  the  intrusive  flow  had  traversed  the  perimete  •  of  the  channel  and  began 
to  re-enter  the  mixed  patch.  Since  this  indicated  a  change  in  the-  initial  conditions,  results 
were  not  recorded  beyond  this  stage. 


Figure  2  Views  of  the  channel  from  the 
grid  end  showing  the  relative  positions  of 
the  slope  and  boundary  current  for  (i. 
top)  Case  I  and  (ii.  bottom)  Case  U  flows 


RESULTS 

Case  I  Rows 

This  section  describes  the  results  obtained  from  experimental  runs  in  which  the 
configuration  in  Figure  2  (i)  was  used.  Variations  of  the  gap  width,  G,  and  the  rotation  rate, 
ft.  were  investigated.  A  gap  width  of  »•  indicates  that  no  downstream  sloping  section  was 
used.  Examples  of  the  flows  observed  are  shown  in  Figure  4.  Figure  4  (i)  shows  a  typical 


boundary  current  configuration 
tor  the  slower  rotation  rate. 

£2=0.13  rad/s.  At  least  two  (i) 

laterally-growing,  vortical 
features  such  as  those  shown 
were  observed  in  every  run  for 
this  rotation  rate.  These  began  (ij) 

to  develop  as  soon  as  the 
boundary  current  was  formed, 
apparently  growing  from 
perturbations  caused  when  the  (iii) 

mixed  patch  impinged  on  the 
side  wall.  When  the  rotation 
rate  was  higher  (e.g.  figure  4 

ii).  although  no  change  in  the  3  pian  views  of  the  slope  configurations  used  for 

along-channel  sense  was  noted.  (i)  c  =  (ii)  c  =  0.40  m  (iii)  G  =  0.15  m 
the  lateral  growth  appeared  to 
be  concentrated  into  only  one  or 

two.  much  larger,  vortical  features.  In  both  cases,  the  advection  rate  of  the  intrusions  was 
somewhat  slower  than  the  nose  speed  of  the  boundary  current  proper.  Very  similar  features 
were  observed  in  the  identically-parameterized  runs  using  the  particle-tracking  method. 
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Figure  4  Typical  flows  in  Case  I  runs  for  (i.  top)  £2  =  0.13  rad  s'1  (ii.  bottom)  £2  =  0.26  rad 
s'1.  Note  that  the  intrusions  here  originate  on  the  along-channel  front  of  the  boundary  current 
(c.f.  Figure  1). 

Length  measurements  were  scaled  by  the  first  internal  deformation  radius,  Rd  = 
(g'W)u://,  where  /  -  i’Ap/p0  is  the  reduced  gravity  (Ap  being  the  density  jump  at  the  top  and 
bottom  of  the  mixed  layer,  and  p„  the  density  of  the  mixed  layer),  H  is  a  typical  depth  of  the 
current  and  /=  2£2.  Although  no  measurements  of  depths  were  made,  the  depth  of  the  current 
was  observed  to  be  of  tne  order  of  a  few  centimetres.  Using  H  -  {KJN)iri .  where  K  is  the 
grid  action  (Long,  1978),  gives  a  value  of  -0.03  m.  which  is  consistent  with  observations. 


x/Channcl  length 


Vertical  density  profiles  of  mixed  patches  measured  in  another  context  (Folkard  et  al„  1994) 
suggest  that  Ap  -  10  kg  m'\  giving  g  -  0.1  ms'2.  Toese  estimates  give  -  0.2  and  0.1  m 
for  £2  *  0.13  and  0.26  rad  s'1  respectively. 

The  speed,  v^,,  of  the  nose  (defined  as  the  point  furthest  downstream  reached  by  the 
cloud  of  tin  particles)  was  found  to  be  ~0.30(g'fi),n  for  all  six  values  of  (G.£2),  using  the 
values  of  g  and  H  defined  above. 

Current  widths  were  measured  at  Point 
A  on  Figure  3  during  each  run,  and  were  found 
to  have  values  in  the  range  0.5-  1.0/?d  at  most 
times,  implying  that  the  current  is  essentially 
geostrophic.  The  only  exceptions  occurred  in 
the  £2  =  0.26  rad  s  '  runs,  when  features  such  as 
that  shown  in  Figure  4  (ii)  passed  the 
measurement  point,  appearing  at  the  same  time 
for  all  values  of  G.  In  the  G  =  0.15  m  runs,  a 
second  such  feature  was  also  observed. 

The  along-channel  position  of  the  fifst 
lateral  intrusion  to  form  in  each  run  was  shown  _  .  .  ,  , 

in  Figure  6  (the  position  of  this  feature  is  F,«“fe  5,  Definitions  of  the  instability 

defined  in  Figure  5).  In  the  case  of  low  amPhlude  and  Pos,Uon  <*> 

rotation,  the  data  show  very  little  variation  with  measurements 
gap  width,  especially  at  low  £2 1,  when  v/vm,  - 

0.5.  At  higher  £2t,  the  advection  rate  decreased  with  increasing  G.  The  data  for  the  £2  =  0.26 
rad  s'1  cases  have  initial  values  very  close  to  v/vBM,  -  0.25.  The  divergence  observed  in  the 
£2  =  0.13  rad  s'1  case  is  much  more  marked  here,  the  G=«>  and  0.40  m  intrusions  becoming 
almost  stagnant,  implying  that  the  presence  of  a  flat  bottom  had  a  retarding  effect.  Note  that 
the  positions  at  which  this  happened  were  not  coincident  with  changes  in  the  topography  over 
which  they  occurred. 
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Figure  6  Development  of  the  position  [x  in  Figure  7  Development  of  the  amplitude  (.v 

Figure  5)  ot  the  first  lateral  intrusion  to  in  Figure  5)  of  the  first  lateral  intrusion  to 

form  on  the  boundary  current  Symbols  as  form  on  the  boundary  current 
in  Fig.  7 
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Figure  8  Photographs  showing  typical  flow  patterns  for  Case  II  runs,  for  (i,  top)  G  =  ■»  (Li. 
middle)  G  =  0.40  m  (iii.  bottom)  G  -  0.15  m 

Figure  7  shows  the  variation  of  the  amplitude  of  these  features.  In  the  Q  =  0.13  tad 
s'1  cases,  a  wider  gap  corresponds  to  more  rapid  growth.  All  these  intrusions  had  amplitudes 
in  the  range  0.5-1.5/?d.  The  Q  =  0.26  rad  s'1  cases  show  evidence  of  the  large  intrusions 
exemplified  in  Figure  4  (ii),  the  amplitudes  growing  to  -4 RA,  Once  again,  growth  rate 
increased  with  increasing  G.  the  variation  being  observed  at  all  times,  rathe-  than  appearing 
suddenly  when  the  intrusions  pass  over  a  change  in  the  bottom  topography. 

Case  11  Flows 

This  section  presents  results  from  the  runs  using  the  configuration  in  Figure  2  ii. 
Examples  of  typical  flows  for  each  of  the  three  gap  sizes  used  are  shown  in  Figure  S.  In  all 
these  runs,  the  boundary  current  separated  from  the  side  slope  at  the  upstream  edge  of  the 
gap.  forming  an  eddy  that  remained  in  contact  with  the  upstream  side  of  the  gap.  in  contrast 
to  the  separation  observed  by  Stem  and  Whitehead  ( 1990).  and  postulated  by  D’Asaro  (1988). 
Klinger  (1993)  observed  that  separation  is  suppressed  when  the  current  is  baroclinic  and  when 
it  is  flowing  along  a  sloping  bottom,  both  of  which  pertain  to  these  experiments.  Vertical 
oscillations  in  the  current,  caused  by  the  relaxation  of  the  sloping  boundary  condition,  were 
observed  in  every  run  at  the  point  of  separation. 

Once  the  flow  reached  the  vertical  sidewall  within  the  gap  in  the  G=«  and  0.40  m 
cases  (Figure  8  i  &  ii).  the  boundary  current  reformed.  When  C  =  0.40  m.  this  boundary 
current  then  encountered  the  downstream  side  of  the  gap  and  was  forced  away  from  the  wall. 
When  it  emerged  from  the  gap  in  the  bottom  slope,  it  turned  to  the  right  once  again.  A 
period  of  adjustment  then  followed  in  which  the  current  was  not  attached  to  the  wall.  There 
was,  however,  no  counter-current  formation  here,  and  an  eddy  was  not  observed  in  any  of  the 
runs.  After  the  adjustment  period,  the  flow  resumed  its  passage  along  the  sloping  bottom. 

The  G=0.15  m  cases  (e.g.  Figure  8  iii)  differed  qualitatively  from  the  other  cases,  in 


that  the  flow  appeared  to  separate,  one  vein  (/)  forming  an  eddy  within  the  gap.  and  the  other 
(2)  rejoining  the  sloping  bottom  downstream  of  the  gap.  The  How  in  the  gap  appeared  to 
stagnate  eventually,  and  the  boundary  current  simply  flowed  across  the  top  of  it.  relatively 
undisturbed.  In  Figure  8  (i)  &  (ii).  there  is  evidence  of  cyclonic  vortices  in  the  upstream 
comer  of  the  gap.  closer  to  rhe  wall  than  the  main  eddy  centre  and  with  cores  of  ambient 
(clear)  water.  This  suggests  that  these  features  are  “counter-eddies"  formed  by  the  action  of 
the  main  eddy  on  the  fluid  between  itself  and  the  gap  comer.  is  found  to  be 

-0.15  in  all  of  these  runs  i.e.  half  that  found  in  the  Case  I  runs  for  otherwise  identical 
conditions.  The  current  was  observed  to  adopt  a  width  of  approximately  when  flowing 
along  a  vertical  sidewall  above  a  flat  bottom.  Elsewhere,  the  flow  is  controlled  primarily  by 
the  constraints  of  the  boundary  geometry. 

Eddy  Measurements 

Measurements  were  made  of  velocity 
profiles  along  lines  parallel  and  perpendicular 
to  the  channel  sides  and  passing  through  the 
centre  of  each  eddy  that  was  observed  in.  the 
particle-seeded  runs.  The  position  of  the  eddy 
centre  was  judged  subjectively,  since  it  was 
found  to  be  unambiguous.  The  notation  used  in 
describing  these  measurements  is  shown  in 
Figure  9.  The  velocity  maximum  was 
measured  for  the  two  counter-flow  components 
at  15  s  intervals.  Each  such  pair  of  data  was 
averaged,  and  these  combined  data  were  plotted 
against  fir.  having  first  been  smoothed  using  a 
5-point  running  average,  and  normalized  by 
their  maximum  values.  These  plots  (Figures  10 
and  1 1 )  show  the  expected  tendency  of  the 
counter-flows  to  decay  most  rapidly  in  the  G  & 

0.15  m  cases,  due  to  the  constrictive  presence  of  a  narrow  gap.  A  more  surprising  result  is 
the  significantly  higher  decay  rate  in  the  G  =  <*>  case,  than  in  the  G  =  0.40  m  case. 

DISCUSSION 

Case  I  Rows 

The  introduction  of  a  sloping  bottom  is  observed  to  have  very  significant  effects  on 
the  boundary  current  (c.f.  Figure  1.  showing  the  behaviour  above  a  flat  bottom,  from  Besley. 
1989),  most  obviously  the  appearance  on  it  of  unstable  lateral  intrusions.  The  size  and 
advection  rate  of  these  features  is  strongly  dependent  on  the  background  rotation  rate,  and  to 
a  lesser  extent  on  the  size  of  the  gap  in  the  sloping  bottom.  This  may  be  partially  due  to  the 
reduction  in  volume  caused  by  the  introduction  of  the  sloping  bottom.  However,  the 
constancy  of  the  nose  speed  in  all  runs,  and  the  differences  observed  between  the  G  =  0.40 
m  and  0.15  m  cases,  which  use  the  some  fluid  volume,  suggest  that  this  effect  is  not 
important.  Although  lateral  intrusions  are  apparent  in  Besiey's  results,  the  initial  intrusion, 
measured  here,  remains  very  small  in  all  his  cases.  Furthermore,  the  parameters  used  here 
in  runs  in  which  channel-width  intrusions  were  formed  are  well  within  Besiey's  range  for  a 
stable  boundary  current.  These  comparisons  imply  very  strongly  that  the  presence  of  a 
sloping  bottom  topography  destabilizes  the  boundary  current.  However,  the  feat  ares  here  have 
growth  rates  and  advection  velocities  that  vary  continuously,  rather  than  changing  suddenly 


Figure  9  Definitions  of  the  flow  directions 
within  the  eddies.  The  "upstream"  and  "out 
of  gap"  flows  are  collectively  referred  to  as 
"counter-flows" 


at  changes  in  the  topography.  Thus,  it  is  evident  that  the  effects  of  the  topography  variations 
are  transmitted  up  and/or  downstream. 


,,J  1  i  2*  21 

Qt 


Figure  111  Speed  deca>  tor  Q=o  3  nul/s. 
Symbols  here  and  in  Fig  I  1  as  for  Rg  ? 
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Figure  II  SpceJ  decay  tor  Q=*’  rad/s 


rate  suggests  that  the  role 
development.  The  following 
may  occur:  an  initial.  perturbative,  lateral 
is  compensated  for  by  j  movement 
and  therefore  up  the  bottom  slope 
vonietty  decreases  correspt  sdinglv 
The  resultant  deceleration 
current  spreads  further  from  the 


The  increase  in  sue  of  the  intrusions  with  increased  rotation 
ot  potential  voracity  conservation  should  be  considered  in  their 
mechanism  is  suggested  as  a  model  of  how  this 
intrusion  of  the  boundary  current  away  from  the  sidewall 
of  vortex  columns  beneath  the  current  towards  the  wall 
This  causes  squashing  of  the  columns,  and  theu 
producing  vertical  shear  between  them  and  the  boundary  current, 
of  the  flow  reduces  the  Coriolis  force  into  the  wall,  and  the 
wall,  enhancing  the  intrusion. 


Case  II  Flows 

7  ne  results  obtained  in  these  runs  show  that  anucyclomc  eddies  art  formed  at  the 
upstream  end  of  a  gap  in  a  sloping  bottom.  The  persistence  of  these  eddies  is  found  to  be 
strongl*  dependent  on  the  ratio  of  the  flow  deformation  radius  to  the  width  of  the  gap  At 
high  v.  lues  of  RJ O',  the  narrowness  »f  the  gap  causes  the  eddy  t<>  decay  rapidH  A  critical 
value  i  t  RJ(j.  below  which  the  decay  rale  of  the  eddy  decreases,  is  found  to  be  in  the  ranee 
11  5-<> .7  i since  the  eddy  tor  i/f#,G'  =  (0.2.0. 4i  is  relative!)  persistent,  but  that  tor  i R4.C)  = 
«U.o  151  decays  relauvely  rapidly*  Below  RjO  -  <>25.  the  Jecav  rate  increases  again 
Observations  ie  g.  Ambar  and  Howe.  of  longues  ot  Mediterranean  outflow  that 

sometimes  follow  contours  into  canyons  and  someumes  flow  across  them  unaffected  mav  be 
explained  in  terms  of  the  ratio  of  the  canyon  width  and  the  deformaUon  radius  Such  a 
description  certainly  has  strong  similarities  with  the  results  observed  here. 

It  :x  possible  that  the  decay  ot  the  eddies  observed  in  j|J  cases  here  is  due  to  houndars 
tnction  th  at  is  much  higher  than  that  tound  in  nature.  Evidence  of  this  discrepancy  i> 
provided  by  offshore  excursions  of  fluid  panicles  observed  at  some  canvons  bv  Ambar  and 
Howe  i  Id7*»t  and  in  a  model  ot  such  a  flow  bv  Hughes  rt  al.  <  Id**))  tor  canyons  of  width 
less  than  the  internal  deformaUon  radius  ot  the  current.  These  authors  claim  that  dm 
phenomenon  is  dc*  to  rouuonal  motion  within  the  canyon  that  is  evidently  suppressed  in  the 
present  experiments  by  boundary  tnction  Despite  this,  the  difference  in  eddy  decay  rate' 


observed  in  the  present  study  shows  that  upstream  transmittance  of  the  effect  ot  the 
Jownsueam  end  of  the  gap  is  very  important  tor  this  configuration  as  well  xs  in  the  Case  I 
configuration. 

These  results  are  relevant  to  the  question  of  meddy  formation  mainly  in  relation  to  the 
theories  of  D'Asaro  ( 1988)  and  Prater  and  Sanford  i  1991 ).  These  authors  claim  that  the  very 
high  anticyclonic  voracity  observed  at  the  centres  of  meddles  is  only  present  in  the  boundary 
layer  of  boundary  currents.  Therefore  to  form  such  features,  flow  separation  must  occur.  The 
present  work  raises  the  question  of  how  the  eddies  propagate  away  from  the  separation  site 
once  they  have  been  formed,  since  in  all  the  runs  earned  out  here,  the  eddy  became  trapped 
as  the  boundary  current  flowed  over  it  and  reattached  to  the  boundary  downstream  of  the 
sharp  comer  in  the  topography,  in  a  fashion  similar  to  that  observed  by  Klinger  <1993i 
Pra.?r  and  Santord  suggest  that  the  interaction  of  a  bamciinically  unstable  lateral  intrusion  «n 
the  boundary  current  with  the  canyon  may  allow  the  eddy  to  propagate  away  Sot's  <  |9<i|  < 
mechanism  ol  eddy  formation  due  to  the  interminency  of  the  boundary  current,  although 
apparently  insufficient  in  itself  to  explain  meddy  lormation.  is  another  possible  cause  of  eddy 
propagation. 


CONCLUSIONS 

( i  i  The  presence  of  a  sloping  bottom  below  an  1DBC  which  is  flowing  along  a  vertical 
sidewall  wxs  observed  to  induce  unstable  lateral  intrusions  of  the  boundary  current  not 
observed  when  the  boundary  current  flowed  above  a  flat  bottom.  Increasing  the  background 
rotation  rate  sharply  increased  the  growth  rate  of  such  features.  The  presence  of  sharp 
changes  in  the  topography  between  a  sloping  and  a  flat  bottom  had  effects  on  the  features  that 
were  transmitted  up  and  downstream  of  their  position. 

<ii)  An  IDBC  flowing  along  a  sloping  bottom  which  encountered  a  sharp  comer  in  the 
topography  was  observed  to  form  on  anticyclonic  eddy  that  became  trapped  at  the  comer  by 
the  flow  past  it  of  the  boundary  current.  This  eddy  was  found  to  be  most  persistent  when  the 
size  of  the  gap  in  the  sloping  bottom.  G.  wxs  in  the  range  2.1)  -  4.()#d. 
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On  the  energy  flux  from  travelling  hurricanes  on  a 
f -plane  to  the  internal  wave  field 

Johan  Nilsson,  Department  of  Oceanography , 

University  of  Gdteborg,  Box  4038,  S-40040  Gdteborg,  Sweden 

1.  Internal  waves  generated  by  moving  hurricanes 

Tropical  storms  with  surface  wind  in  excess  of  33  ms*1  are 

termed  hurricanes  in  the  Atlantic  ocean,  in  the  Pacific  they  are 
known  as  typhoons.  These  storms  move  over  the  tropical  oceans  at 
an  average  speed  of  about  6  ms~l.  Hurricanes  have  approximately 
axi>i~ymnetric  wind  fields  with  a  radial  extent  of  about  200-300 
km.  The  radius  of  maximum  wind  is  usually  found  20-30  km  from 
the  storm  centre.  In  the  open  ocean  the  wind  stress  at  the  sea 
surface  is  the  dominating  forcing  mechanism  and  the  oceanic 
response  is  essentially  baroclinic  (Geisier  1970).  The  wind 
stress  accelerates  currents  in  the  sea  surface  mixed  layer. 

These  currents  are  generally  divergent  and  induce  vertical 
motion  in  the  thermocline.  The  resulting  perturbation  on  the 
stratification  excites  internal  waves. 

Internal  wave  generation  by  hurricanes  can  be  studied  with  a 
model  that  describes  the  oceanic  response  to  a  steady  axi- 
symmetric  wind  stress  pattern,  which  moves  at  an  uniform 
velocity.  Even  though  the  velocity  and  the  intensity  of  a 
hurricane  may  change  in  time  this  simple  model  contains  the  most 
important  ingredients.  In  this  study  the  response  of  a 
continuously  stratified  ocean  to  a  moving  wind  stress  pattern  is 
analysed  with  linear  theory  on  a  f-plane.  The  Boussinesq  and  the 
hydrostatic  approximations  are  applied.  The  wind  forcing,  say 
X=(X,Y),  is  represented  as  a  body  force  distributed  evenly  in 
the  sea  surface  mixed  layer.  The  magnitude  of  the  body  force  is 
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given  by  the  wind  stress  divided  by  the  mixed  layer  depth.  When 
the  hydrostatic  approximation  is  made  the  dependent  variables 
can  be  resolved  in  an  infinite  set  of  normal  modes.  Each  mode 
has  a  vertical  structure  that  is  determined  by  the 
stratification  alone  (Gill  1982  S/9.10).  The  time  evolution  of 
the  horizontal  structure  mode  is  governed  by  the  shallow  water 


equations 


where  on  is  the  projection  of  the  wind  forcing  on  tne  n-th  mode. 

This  set  of  equations  supports  free  waves  that  satisfy  the 
dispersion  relation  (Gill  1982, S7. 3) 

nr  -  f‘+  q;(k*+  I'l  <2> 

where  k*(k,l)  is  the  horizontal  wave  vector  and  cn  is  the  wave 
speed  of  mode  n. 

In  the  present  application  waves  are  forced  by  a  steady  but 
moving  stress  pattern.  A  steady  forcing  field  can  only  excite 
waves  that  appear  stationary  in  a  frame  of  reference  following 
the  wave  source.  A  ship  in  uniform  motion  is  a  well  known  wave 
source  of  this  type.  In  a  fixed  frame  of  reference  the 
frequencies  of  the  waves  are  given  by  (the  storm  moves  at  the 
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velocity  U  in  the  negative  x-direction)  4 

t<>  =  -I  Ik  (3) 

The  Eqs.(2)  and  (3)  defines  a  curve,  say  Sn,  in  the  k-1  plane 
that  specifies  the  excitable  waves.  The  wave  number  curve  Sn  is 
determined  by 

k:-(f:+  '  -  0  <4l 

Eq. (4)  describes  a  family  of  hyperbolic  curves  for  U>cn.  When 
U<cn  no  ..aves  are  excited,  which  is  explained  by  the  fact  that 
the  phase  velocity,  Cp,  always  exceeds  cn. 

|C,,|  =  c„(l  +  l :/u-„kr),:  .  |CV|  =  c=|C,,|  1  (5,,*) 

When  U>cn  waves  are  excited  and  an  internal  wave  wake  trails 
behind  the  storm.  No  waves  are  found  ahead  of  the  storm  since 
the  group  velocity,  Cg,  is  always  smaller  than  the  phase 

* 

velocity.  This  wave  wake  has  many  features  in  common  with  the 
more  well  known  surface  gravity  wave  wake  excited  by  a  ship  in 
uniform  motion.  The  wave  energy,  which  propagates  at  the  group 
velocity,  lags  behind  the  storm.  The  waves  are  thus  continuously 
radiating  energy  away  from  the  storm. 

2.  The  internal  wave  power  generated  by  a  moving  storm 

The  wave  energy  flux  relative  to  the  moving  wave  source  may 
for  each  mode  be  expressed  as  (Lighthill  1978,54.12) 

I„-  W„  (U+C*J  (6. 

where  Wn  is  the  contribution  to  the  wave  energy  per  unit  area 
from  mode  n.  The  wave  power,  Pw(n),  is  obtained  by  integrating 
the  energy  Mux  across  a  curve  that  encloses  the  forcing  region. 

The  wave  power  is  the  fraction  of  the  rate  of  work  performed  by 


i 
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the  wind  stress  that  is  absorbed  by  the  internal  wave  field.  A 
powerful  technique  for  performing  such  calculations  for  a 
general  wave  system  has  been  presented  by  Lighthill  (1978, 
S4.12).  The  result  in  the  present  case  is  given  by  (see  Nilsson 
1993  for  details) 


'  j  J  |x$|:e<K'(«(k>)dl  (7) 

/Sn 


I’d 't  I, 


i  url 


0,H,mon  (U  </H)  '  j  f  (f/l  Ik)*  |X(k)|  “sin2 (tK  k ))  dl 


<H> 


Here  the  wave  power  has  been  divided  in  one  part  associated  with 
the  divergence  and  one  part  associated  with  the  curl  of  the  wind 
stress,  i.e  Pw<n)=Pw<n)Div'fpw<n|lcutt  •  The  quantity  |X(k)|2  (the 
square  of  the  Fourier  transform  of  the  wind  forcing)  may  be 
called  the  spectrum  of  the  wind  forcing.  u(k),  the  angle  between 

the  wave  vector  k  and  the  forcing  X(k),  determines  the  relative 
magnitude  of  the  divergence  and  the  curl  of  the  wind  stress.  The 
integral  in  Eq.(7)  is  a  simple  integral  along  the  wave  number 
curve  Sn  of  the  divergent  part  of  the  wind  forcing  spectrum. 
Similarly,  the  integral  i  Eq.(8)  involves  the  rotational  part 
of  the  wind  forcing  spectrum,  modified  by  the  factor  { f /Uk ) ** . 
This  factor,  the  ratio  between  f  and  the  frequency  of  the  waves 
on  Sn,  never  exceeds  unity. 


3.  Application  to  hurricanes 
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From  observations  it  is  known  the  that  the  radial  wind 
distribution  varies  between  different  hurricanes  and  also  may 
change  during  the  life  span  of  a  single  hurricane  (Weatherford 
and  Gray  1988).  The  following  simple  wind  stress  distribution  is 
used  here 

M  =  w  (r/i)  bxp  ( 1  •(r/i))  (t)) 

This  pattern  gives  a  reasonable  description  of  hurricane  stress 
fields  in  many  cases.  A  constant  inflow  angle  of  q-18.43®  is 

used,  which  means  that  the  wave  power  is  dominated  by  the 
contribution  from  the  the  curl  of  the  wind  stress  (note  that 
«(k)*jt/2+q ) .  The  radius  of  maximum  wind,  L,  is  chosen  to  30  km 
and  the  maximum  wind  speed  is  35  ms-1,  which  yields: 

Tmax”3*4xl0“3  m2s-?.  The  stratification  is  chosen  to  represent 
the  western  Atlantic  at  30°  north  (f=7,3xl0'5  s-1).  The  wave 
speeds  of  the  first  three  modes  are:  2.8,  1.5  and  1  ms-1  and  the 
mixed  layer  depth  is  50  m. 

The  stress  pattern  used  here  admits  a  solution  on  closed 
form  of  Eqa.(7)  and  (8)  (Nilsson  1993).  The  total  internal  wave 
power,  Pw,  is  obtained  by  adding  the  contribution  from  each 
baroclinic  mode.  In  figure  1.  Pw  is  shown  as  a  function  of  the 
storm  speed,  U,  for  the  case  described  above.  The  result  is 
based  on  a  summation  over  the  first  400  modes.  The  wave  power  in 
the  limit  of  a  vanishing  stratification  (cn=0),  Pi#  is 
illustrated  as  well.  A  striking  feature  is  that  Pw  peaks  for  a 
certain  storm  speed,  say  ut .  This  occurs  when  the  wave  numbers 
of  the  free  waves  match  those  of  the  forcing.  In  the  vicinity  of 
Ur  a  resonant  coupling  between  the  forcing  and  the  waves  is 
achieved. 
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When  U  is  increased  above  Ur,  the  wave  numbers  of  the 
excited  waves  have  to  diminish  in  order  to  keep  up  with  the 
storm.  This  decouples  the  forcing  and  the  waves,  and  wave  power 
declines.  For  speeds  much  larger  than  Ur  the  wave  lengths  of  the 
excited  waves  exceed  the  dimension  of  the  storm.  The  wave  power 
is  then  essentially  determined  by  the  time  that  a  fixed  cross 
section  is  exposed  to  the  stress.  In  this  regime  Pw  scales  as 
1/U. 

When  U  is  reduced  below  Ur  shorter  and  slower  waves  are 
excited.  As  U  is  further  decreased  the  wave  numbers  of  the 
excited  waves  become  so  large  that  they  are  absent  in  the 
spectrum  of  the  forcing.  Pw  approaches  zero,  for  decreasing  U, 
in  a  manner  determined  by  the  form  of  the  forcing  spectrum  at 
high  wave  numbers.  It  should  also  be  noted  that  as  U  falls  below 
the  value  of  cn  for  a  given  mode  that  mode  ceases  to  contribute 
to  the  wave  power. 

There  are  to  differences  between  Pw  and  Pi  that  deserves 
attention.  Firstly,  non  zero  cn  increase  the  phase  speed,  which 
implies  that  the  storm  moves  at  a  higher  speed  when  waves  with 
resonant  wave  numbers  are  excited.  Pw  will  thus  peak  at  a  higher 
storm  speed  than  P^.  Secondly  the  amplitude  of  Pw  is  diminished 
when  the  stratification  gets  stronger.  In  the  present  case  the 
Pw  is  mainly  generated  by  the  curl  of  the  stress  pattern,  i.e. 
by  Eq. ( 8 ) .  The  decrease  in  amplitude  is  attributed  to  the  factor 
(f/Uk)2,  which  is  reduced  when  the  strength  of  the 
stratification  is  increased.  Since  Pw(n)CurJ  vanish  when  f 
approaches  zero  it  is  not  surprising  that  the  curl  of  the  stress 
is  most  effective  of  generating  waves  when  rotation  is  the  main 
restoring  force. 

Generally  Ur  may  be  estimated  as 


where  Lo  is  the  relevant  length  scale  of  the  stress  field.  For 
the  stress  pattern  used  here:  L0“1.6Lf  i.e.  about  48  km. 

The  internal  wave  power  generated  by  a  moving  storm  have 
many  similarities  with  the  wave  power  generated  by  a  ship  in 
motion.  The  dependence  of  the  wave  power  on  the  speed  of  the 
wave  source  are  analogous  in  the  two  cases.  The  explanation  is 
that  the  phase  speed  decreases  with  increasing  wave  numbers  for 
both  wave  systems. 
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Figure  caption:  The  internal  wave  power,  Pw,  (in  Watts) 
generated  by  a  moving  hurricane  at  30°  latitude  over  a 
stratified  ocean.  Pw  is  the  rate  of  energy  supply  from  the  storm 
to  the  internal  wave  field.  The  wave  power  in  the  limit  of 
vanishing  stratification,  Pif  is  also  shown. 
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Abstract 

An  exact  model  to  describe  submesoscale,  coherent  vortices  in  a  uniformly  stratified  fluid 
is  presented.  The  model  allows  for  stratification  of  the  eddy  interior,  so  as  to  agree  with 
observations.  The  closed  set  of  equations  governing  the  evolution  of  the  eddy  on  the 
/-plane  is  derived.  In  the  case  that  the  interior  isopycnal  surfaces  remain  horizontal  the 
set  reduces,  for  small  Burger  number,  to  the  ’’lens  equations”  that  govern  the  evolution 
of  uniform-density,  warm-core  eddies. 

1  Introduction 

Observations  of  a  Meddy  (Mediterranean  eddy)  by  Armi  et  al.  (1989)  have  revealed  the 
following  features:  It  consists  of  an  anticyclonically  rotating  lens  of  salt  water  (angular 
velocity  ss  -// 3)  situated  at  a  depth  of  about  1000m.  The  Meddy  has  a  radial  extent  of 
approximately  25km  and  a  depth  of  about  300m.  The  density  field  within  the  Meddy  is 
stably  stratified,  albeit  weaker  than  the  exterior  stratification.  The  isopycnals  within  the 
meddy  typically  slope  in  a  consistent  fashion  and  change  height  dramatically  at  the  edge. 

Meddies  are  one  particular  class  of  submesoscale,  coherent  vortices,  observations  and 
models  of  which  are  reviewed  in  McWilliams  (1985).  In  particular  he  introduced  a  simple 
model  of  a  steady  circular  vortex  that  may  be  stratified  in  the  interior.  The  model  is 
underdetermined  —  there  is  one  more  unknown  than  there  are  equations  —  and  one 
is  free  to  prescribe  an  ”eddy-like”,  monopolar  pressure  field,  from  which  the  azimuthal 
velocity  and  stratification  follow,  The  boundary  of  the  eddy  in  this  model  is,  however, 
ill-defined.  Other  models  assume  the  interior  of  the  eddy  to  have  either  constant  density 
(Gill,  1981;  Dugan  et  al,  1982;  Ruddick,  1987),  or  the  same  density  gradient  as  the 
exterior  (Zhmur  and  Pankratov,  1990,  Meacham,  1992).  Gill’s  (1981)  study  determines 
the  shape  and  exterior  velocity  structure  of  a  (basically  2D)  elliptical  eddy  based  on 
quasigeostrophy  and  hydrostacy  assuming  the  potential  vorticity  to  be  constant  in  the 
exterior.  This  approach  is  extended  by  Zhmur  and  Pankratov  (1990)  and  Meacham 
(1992)  by  considering  3D  ellipsoidal  regions  with  different  but  uniform  potential  vorticity 
in  the  interior  and  by  matching  interior  and  exterior  solutions.  In  Ruddick’s  (1987) 
study  the  eddy  is  residing  at  the  interface  of  two  infinitely  deep  and  therefore  motionless 
layers.  Attention  is  consequently  concentrated  solely  on  the  interior  dynamics.  Dugan 
et  al.' s  (1982)  model  also  concentrates  on  the  interior  dynamics,  assuming  somewhat 
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unrealistically  that  the  velocities  in  the  exterior,  stratified  region  vanish.  In  our  model 
a  similar  approach  is  taken,  except  that  the  exterior  fields  are  instead  considered  to  be 
unresolved  (and  solvable  by  e.g.  the  approach  taken  by  Zhmur  and  Pankratov,  1990). 

In  order  to  describe  the  observed  interior  stratification  a  simple,  exact  model  of  an  ellip¬ 
soidal,  stratified  eddy  in  a  rotating  stratified  sea  is  proposed  below.  In  this  model  the 
eddy  is  enclosed  by  a  surface  of  vanishing  perturbation  pressure,  and  the  velocity  and 
density  fields  are  linear,  and  perturbation  pressure  field  quadratic  functions  of  the  spatial 
coordinates.  These  have  time-dependent  coefficients  whose  time  evolution  is  determined 
by  a  closed  set  of  ordinary  different.  ul  equations,  that  can  be  solved  explicitly  in  particular 
circumstances. 

2  Exact  stratified  eddy  model 

Consider  the  inviscid  Navier-Stokes  equations  on  the  /-plane,  scaled  with  ‘external’  scales: 
reference  density  p0)  Coriolis  parameter  /  and  reduced  gravity  g'  =  gc,  where  g  denotes 
the  acceleration  of  gravity  and  t  the  scale  of  the  overall  density  perturbation  relative  to  p0. 
Regular  perturbation  expansion  in  <  leads,  in  lowest  order,  to  the  following  dimensionless 
equations  for  a  Boussinesq  fluid: 


Du  dp 

Dt  dx' 

(la) 

Dv  dp 

Dt  dy 

(16) 

Dw  dp 

Dt  (ar  +  /;)’ 

(lc) 

where  D/Dt  denotes  the  material  derivative.  Because  both  particle  and  phase  speeds 
of  disturbances  are  much  smaller  than  the  speed  of  sound,  and  also  because  the  vertical 
scales  of  motion  are  much  smaller  than  the  scale  height  of  the  ocean  (which  exceeds  its 
depth),  the  ocean  is  an  incompressible  fluid: 


Vu  =  0. 


ild) 


and  hence 


(le) 


Here  u,v,w  are  the  velocity  components  along  x,y,  z  directions  in  a  Cartesian  frame  of 
reference  whose  origin  is  located  at  the  center  of  the  eddy;  p  and  p  are  the  density  and 
pressure  fields  expanded  about  the  uniform  and  linearly  varying  reference  state  respec¬ 
tively.  The  eddy  is  considered  to  exist  within  an  enclosed  region  exterior  of  which  the 
fluid  is  assumed  to  be  linearly  stratified:  pr(z)  =  — r/V2/ /2,  to  which  the  exterior  pressure 
field  pP(r)  is  hydrostatically  related.  Here  N  denotes  the  Brunt-Vaisala  frequency,  defined 
as  N  —  -g/p0dp/dz.  It  is  useful!  to  define  perturbation  pressure  and  density: 


p'i'ij)  =  p(x,0  -p,(s). 

(2a) 

p'(x,t)  =  p(x.t)  -  p,(l), 

(26) 

v-hich  are  norzero  in  the  interior  only.  The  edge  of  the  eddv  is  enclosed  by  a  surface  on 
which  the  perturbation  pressure  vanishes:  ;/  =  0. 
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While  considering  the  motion  of  a  homogeneous  water  mass  in  a  paraboloidal  basin  Ball 
(1963)  showed  that  the  centre  of  gravity  may  execute  inertial  oscillations,  independent 
of  any  changes  in  shape  of  the  free  surface.  His  analysis  was  reinterpreted  in  a  reduced 
gravity  context  and  applied  to  model  (uniform-density)  warm-core,  surface  eddies  by 
Cushman-Roisin  et  at.  (1985),  Young  (1986),  Cushman-Roisin  (1987)  and  others.  It  can 
be  shown  that  the  subsurface,  stratified  eddy  considered  presently  may  likewise  execute 
inertio-buoyancy  oscillations  as  a  whole,  independent  of  any  changes  in  shape,  orientation 
and  size  that  it  may  exhibit.  These  motions  of  the  geometric  centre  are  here  ignored 
however.  Ball’s  (1963)  result  was  based  upon  integral  considerations.  Young  (1986), 
aiming  to  give  a  complete  description  of  the  motion  of  the  warm-core  eddy  in  terms  of 
integral  quantities  like  the  centre  of  gravity  and  moments  of  inertia,  concluded  that  not 
enough  such  integral  relations  exist.  Rather,  by  specifying  the  velocity  and  height  fields 
to  consist  of  low  order  polynomials  with  time-dependent  coefficients  the  internal  structure 
of  the  eddy  turns  out  to  be  describable  by  eight  coupled  ordinary  differential  equations, 
termed  the  lens  equations  by  Ruddick  (1987).  Young  (1986)  solved  these,  up  to  a  final 
quadrature;  a  last  integration  that  can  be  accomplished  in  terms  of  elliptic  integrals. 

Several  conserved  quantities  can  be  formulated  for  the  equations  governing  a  Boussinesq 
fluid,  Eqs.  (1): 


1)  volume  V 

V  ~  f  dx, 

Jd 

(3a) 

2)  potential  vorticity  fl 

(w  +  k)  •  Vp, 

where  w  =  V  x  u  is  the  vorticity  and  k  a  vertical  unit  vector.  This  quantity  is  materially 
conserved  and  therefore,  in  view  of  the  commutativity  of  the  time-derivative  and  global 
integration  operators  which  the  Boussinesq  fluid  exhibits,  also  its  integral  over  the  eddy 
domain  D  is  conserved: 

n  =  /  (w  +  fc)  •  Vp  dx.  (36) 

JD 

3)  Energy  E 

E  =  jD^u  ■  u  +  zp  +  j)e  dx, 

(3c) 

4)  the  vertical  component  of  the  absolute  angular  momentum  vector 

W  =  jDxv  -  yu  + 

(3d) 

As  in  Young’s  (1986)  analysis  this  does  not  suffice  to  determine  the  complete  internal 
evolution  of  the  eddy  however. 

Therefore  we  also  employ  a  low  order  polynomial  expansion  of  the  velocity,  density  and 
pressure  held: 

U,(X.  t)  =  U,j(<)  Xj, 

p(x,t)  =  p,(t)x„ 

;j'(x.f)  =  po(t)  +  jx.Xj. 
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(4a) 

(46) 

(4c) 


where  indices  t.j  €  {1.2.3}  and  matrix  p'tl  i*  symmetric.  Substituting  these  expressions 
with  nineteen  unknown  functions  of  time  in  ( I ).  we  obtain: 


dutJ 

di‘ 


+  +  *l3*U*J  +  p\t  +  (5,3/ij 


=  0. 


(5a) 


and 


dp, 

di 


+  u*«P»  —  0, 


=  0, 


(56) 

(5c) 


where  summation  over  repeated  indices  is  implied  and  t,,*  and  <5,;  are  the  anti-symmetric 
and  Dirac-delta  tensors  respectively.  These  constitute  a  total  of  thirteen  equations.  The 
six  missing  follow  from  the  boundary  condition  expressing  that  a  particle  once  residing 
on  the  boundary  remains  on  the  boundary: 


Dp'ixj) 

Dt 


at  p'(x,  f )  =  0. 


Inserting  expression  (4c)  in  both  the  boundary  condition  (employing  (4a)  in  the  material 
derivative)  as  well  as  the  description  of  the  boundary  itself  leads  to  two  polynomial  ex¬ 
pressions  with  seven  independently  varying,  spatial  fields.  When  eliminating  the  spatially 
uniform  term  between  these  two  and  subsequently  requiring  the  separate  vanishing  of  each 
of  the  coefficients  of  the  resulting  polynomial  with  six  spatially  dependent  terms  leads  to 


(1  -  ^ir)  &  +  ^ + p>k<  =  °-  (5d) 

This  leaves  us  with  a  closed  set  of  nineteen  nonlinearly-coupled,  ordinary  differential 
equations  for  as  many  unknowns,  describing  the  evolution  of  an  eddy  in  a  uniformly 
stratified,  rotating  medium  having  a  different  internal  stratification. 

No  notion  of  applying  the  model  to  oceanic  eddies  (except  the  arguments  to  validate  the 
Boussinesq  approximation)  has  been  introduced  up  to  now.  The  model  equally  applies 
to  laboratory  eddies.  However,  if  we  intend  to  apply  the  model  to  oceanic  eddies,  the 
observed  disparity  in  horizontal  and  vertical  scales  L  and  H  has  to  be  brought  into  the 
description.  In  such  a  case  it  is  usefull  to  rescale  the  horizontal  and  vertical  scales  and 
velocities  separately  and  equations  (5)  change  only  by  the  appearance  of  the  square  of  the 
aspect  ratio  a  =  H/ L  <<  1  in  front  of  the  acceleration  terms  in  the  vertical  momentum 
equation.  For  i  =  3  Eq.  (5a)  simplifies  to: 


Psj  =  -P'r 

where  perturbation  density  p'  =  p\xx.  Since  the  interior  is  less  stratified  than  the  exterior 
(Dugan  ft  al.  1982,  Armi  rt  al.  1989)  p3  >  0.  The  exterior  density  field  is  in  this  case 
given  by  pf(:)  =  —.S';,  with  S  —  (N  H)2/(fL)2  denoting  the  Burger  number.  This  implies 

P,  =  p\  -  ss3l. 

3  Special  cases 

3. 1  Steadily  rotating  stratified  eddy 


A  solution  „f  (.*j)  is  given  tiy  tin*  iIim  <diH|H>d  jK-rlurbation  priimiirr  field 

}•'  ---  jPidl*  -  -')  +  ^N(H  +  I  >(■»"'  +  vJ). 

where  U]|  =  -uu  =  f)  and  thr  central  pressure  po  has  l»eeii  determined  by  assuming 
that  the  vertical  scale  H  of  the  eddy  is  known.  If  also  horizontal  scale  i  and  interior 
stratification  p'3  are  given  the  angular  velocity  f)  ran  he  obtained  from 

//> 

«<fl+  I)  =  -p\-£ 

Recall  that  p'3  >  0.  As  p'3  is  a  sizeable  part  of  .VJ//J  the  right-hand  side  ran  be  expressed 
as  a  fraction  of  S.  The  vortex  is  necessarily  a  high  pressure,  antieyrlonir  eddy  with 

ne(-i.o). 

.1.2  Oscillating  planar  eddy 

Consider  the  case  that  isopyrnal  surfaces  stay  Hat:  p\  =  p3  =  0.  From  (56)  this  implies 
n.ii  =  “32  =  0  and  u.w  —  —  l/p3dp3/dt:  horizontal  uniformity  of  the  vertical  velocity 
field.  With  the  hydrostatic  assumption,  equation  (5rf),  for  p\ ,  and  p'J3  implies  that  the 
horizontal  velocities  have  no  shear  in  the  vertical  uu  =  Ujs  =  0.  Consequently,  again  from 
(5d),  p^3  =  cqPoP*.  where  c0  is  a  constant.  However,  because  of  hydrostacy,  p33  =  —  p'v 
and  thus 


For  vanishingly  small  Burger  number  the  right-hand  side  equals  u3:,  =  —  uu  -  Ujj  and  the 
equations  for  uu,  utj,  uti,  ujj.  p'n.  p',  j,  />-jj  and  ;<o  become  identical  to  the  hens  equations 
(see  Cushman-Roisin  r t  al  1985.  1987;  and  Young  ,1986,  correcting  some  misprints  in 
their  equations). 

4  Discussion  and  Conclusions 

A  complete  set  of  equations,  (.5),  describing  the  evolution  of  an  interiorly  stratified  eddy 
in  a  uniformly  stratified,  rotating  medium  has  been  derived.  The  set  has  been  shown  to 
reduce  to  the  lens  equations  in  the  limit  that  the  aspect  ratio  and  Burger  number  are  small. 
For  this  set,  derived  to  describe  constant  density  warm-core  eddies,  solutions  have  been 
obtained,  which  show  that  the  eddy  executes  simultaneous  shape,  size  and  orientation 
changes  that  occur  superinertial,  inertial  and  either  sub-  or  superinertial  respectively 
(Young,  1986).  In  the  present  application,  where  the  surroundings  is  uniformly  stratified, 
inertial  and  superinertial  oscillations  are  subject  to  radiative  damping.  Hence,  it  is  likely 
that  only  orientation  changes  will  remain. 

More  detailed  analysis  of  the  equations  needs  to  be  performed.  In  particular  the  case 
with  sloping  isopycnal  surfaces  needs  to  be  addressed  as  this  feature  is  suggested  in  the 
observations  of  a  Meddy  (Armi  cl  al,  1989). 
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1-  Introduction 

Cyclone-anticyclone  asymmetry  is  a  striking  feature  which  emerges  from  the  observa¬ 
tions  of  geophysical  flows.  Long-lived  vortices  in  the  atmosphere  of  large  planets  and 
intrathermocline  eddies  of  the  earth  ocean  show  a  predominance  of  anticyclones.  Rather 
differently,  oceanic  rings  created  in  the  Gulf-Stream  or  Kuro-Shio  regions  exhibit  a  large 
proportion  of  cyclones.  Many  dynamical  differences  between  cyclones  and  anticyclones 
are  not.  up  to  now.  well  understood.  This  is  in  particular  the  case  with  regard  to  n 
basic  eddy  interaction  process  such  as  merging. 

In  their  laboratory  experiments  in  rotating  tanks.  Griffiths  and  Hopfinger  ( 19S7 )  ob¬ 
served  that,  in  an  unstratified  fluid,  cyclones  merged  from  all  initial  separation  dis¬ 
tances  while  a  stability  boundary  was  found  for  anticyclones.  However,  as  thev  studied 
geostrophic  (weak)  vortices,  they  expected  to  find  no  difference  between  cyclones  and 
anticyclones.  The  asymmetry  observed  was  therefore  attributed  to  a  differential  of-  t 

feet  of  the  bottom  Ekman  layer  which  caused  cyclones  to  diffuse  more  rapidly  than 
anticyclones.  Their  additional  experiments  in  the  two-layer  stratified  case  supported 
this  hypothesis  as  they  found  no  major  difference  between  the  merging  of  upper-layer 
geostrophic  cyclones  and  anticyclones. 

Concerning  theoretical  and  numerical  investigations,  the  merging  process  has  already 
received  considerable  attention  in  the  purely  two-dimensional  situation  (Overman  A; 

Zabusky  1982.  Melander  et  a/.  1988.  Dritschel  &  Waugh  1992).  For  the  rotating  case. 

Carton  and  Bertrand  (1993)  recently  studied  the  effect  of  ageostrophv  and  found  that 
in  a  flow  with  finite  Rossby  number,  anticyclones  merge  more  easily  than  cyclones.  As 
far  as  rotating  stratified  flows  are  concerned,  there  has  been  only  few  studies,  mostly 
based  on  the  quasigeostrophic  (QG)  approximation  (Polvani  et  a.1.  1989.  Mnsinn  Ac 
Pinardi  1993.  Mcacham  1994).  In  this  framework,  the  work  by  Verron  and  Valoke 
(1994).  hereafter  VV,  showed  that  the  merging  process  may  be  strongly  influenced 
by  the  stratification.  However,  in  the  QG  approximation,  no  difference  can  be  found 
between  cyclones  and  anticyclones.  Pavia  and  Cushman-Roisin  (1990)  went  further  In- 
considering  frontal  eddies  in  the  shallow-water  reduced-gravity  case.  In  particular,  they 
found  that  cyclones  and  zero-potential-vorticity  anticyclones  were  resistant  to  merging. 


t 
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In  the  present  paper,  a  two-layer  shallow- water  (isopycnic)  model  is  used  to  generalize 
the  study  of  the  QG  baroclinic  merging  by  VV.  This  model  allows  the  numerical  simu¬ 
lation  of  a  larger  range  of  eddies  without  restriction  on  the  Rossby  number  and  include 
the  cyclone-anticyclone  asymmetry.  The  general  objective  is  to  try  to  understand  how 
stratification  can  selectively  affect  the  merging  process  of  ageostrophic  cyclones  and 
anticyclones.  The  layout  of  the  paper  is  as  follows.  In  section  2,  the  physical  system 
under  study  is  presented,  and  VV’s  results  in  the  QG  case  are  recalled.  In  section  3. 
the  present  model  characteristics  and  the  initialization  of  the  numerical  experiments  are 
described.  The  results  are  presented  in  section  4.  The  discussion  in  section  5  considers 
an  interpretation  of  these  results  based  on  the  interface  deviation.  The  last,  section 
summarizes  the  results  and  conclusions. 

2-  The  physical  problem  and  previous  quasigeostrophic  results 

The  physical  system  in  which  the  merging  problem  is  considered  is  a  two- layer  rotating 
fluid.  The  undisturbed  depths  of  the  two  layers  are  supposed  to  be  equal  [H\  =  H:  = 
H)  and  of  different  densities  p\  and  p?.  (The  subscript  1  indicates  the  tipper  layer. 
2  the  bottom  layer.)  The  radius  of  deformation,  representative  of  the  stratification, 
writes  A  =  \/grR/\/2fo  where  the  Coriolis  parameter  /o  is  assumed  to  be  constant  and 
g'  —  g&p/p  measures  the  density  jump.  Ap.  between  the  two  layers.  The  bottom  layer 
is  initially  at  rest  and  the  vortices  are  defined  in  the  upper  layer  as  two  circular  patches 
of  relative  vorticity,  u,  of  radius  R  (Rankine  profiles  denoted  /?£ ).  In  our  case,  the 
Rankine  profile  is  approximated  by: 

Rka  ss  G[l  -0.5(tanh4(r/R  -  1)  +  1)]  (1) 

where  Q  is  the  maximum  value  of  the  vorticity  in  the  core  and  r  the  radial  distance  from 
the  centre  of  the  vortex  k.  The  initial  upper-layer  velocities,  assumed  to  l»e  nondivergent . 
are  then  related  to  the  streamfunction  u'mo  by  u  =  -dxi<\n/0y  and  r  =  dti'io/d.r  with 
V’io  given  by 

VV.o  =Yr'  I 2) 

*«•  i  ,'i 


In  the  QG  approximation  studied  by  VV,  the  evolution  of  this  physical  system  can  be 
modelled  by  the  following  set  of  equations  written  for  Qt,  the  potential  vorticity  ( PY)  : 


Dissipative  terms  of  the  form  V',  —  were  needed,  in  the  finite-difference  code 

used  in  the  numerical  simulations,  to  dissipate  the  enstrophy  which  tends  to  accumulate 
at  the  small  scales. 
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For  the  physical  system  described  above,  the  initial  PV  in  the  two  layers  is: 

Qio  =  ~  2^-2v’1u  (4o) 

*=1.2 

Q20  =  +  jjA-3«'’,0  (4/d 

This  was  denoted  as  the  Relative  Vorticity  Initialization  (RVI). 


Because  of  the  small  numerical  viscosity  .44  introduced  in  the  model,  it  was  observed 
that  the  vortices  eventually  merge  for  all  d.  the  initial  distance  centre  to  centre.  For  this 
reason,  tr/T ,  the  time  required  for  merging  nondimensionalized  by  the  vortex  turnover 
period  T  =  2tr /ft,  was  considered  to  be  the  relevant  vortex  interaction  factor. 

In  the  RVI  case,  the  merging  was  found  to  be  strongly  dependent  on  the  background 
stratification.  In  fact,  for  any  fixed  d,  the  merging  time  te/T  was  found  to  vary  a  lot  with 
the  stratification  parameter  X/R.  For  example,  for  an  initial  distance  d/R  as  large  as 
5.5,  merging  is  obtained  for  iJT  —  65  when  A /R  =  3.2  while  it  is  4  times  shorter  when 
X/R  =  1.7.  On  the  other  hand,  for  X/R  <  1.5.  the  vortices  never  merge.  Globally,  the 
merging  was  observed  to  be  very  much  favoured  for  a  restricted  range  of  X/R.  between 
around  1.5  and  3. 


Interpretation  for  this  sv  ale-dependency  of  the  merging  was  proposed  which  involves 
competing  effects  between  an  attracting  vortex  shape  effect  and  a  repulsing  hetotiic 
interaction.  As  X/R  is  decreased  from  00  to  0(1)  values,  the  stratification  weakens  and 
the  term  1/2'  A_2t/’iu  increases.  This  corresponds  to  an  increasing  “skirt"  shape  for  the 
PV  of  the  upper-layer  vortices  (Jm.  i.e.  a  PV  more  and  more  important  beyond  the  core 
region.  Equivalently,  the  interface  is  initially  more  and  more  deviated.  Consequently, 
the  tendency  to  merge  increases  and  tc/T  gets  smaller.  This  enhanced  tendency  for  the 
vortices  to  merge  as  X/R  decreases  was  called  the  “harotropic  attracting  shape"  effect 

Concurrently,  as  the  stratification  gets  weaker,  the  layers  become  very  much  coupled. 
The  PV  of  the  lower  layer.  (?ju  =  4-1/2-  A-it/'io,  becomes  important  and  influences  the 
upper-layer  dynamics.  In  fact,  the  RVI  case  corresponds  to  two  PV  vortices  of  one  sign 
in  the  upper  layer  and  to  two  PV  vortices  of  opposite  sign  in  the  lower  layer.  This  is 
analogous  to  a  configuration  of  two  hetons  as  described  by  Hogg  and  Stommel  ( 19S3). 
In  the  RVI  case,  the  hetons  have  a  finite  core  and  Valcke  and  Verron(1993)  showed  that 
for  a  weak  stratification,  the  dynamical  effect  of  the  lower-layer  vortices  is  to  make  the 
upper-layer  vortices  diverge  from  each  other,  thereby  inhibiting  their  merging.  This 
effect  was  called  the  “baroclinic  repulsing  hetonic”  effect.  In  conclusion,  the  restricted 
range  of  X/R  of  promoted  merging  is  the  result  of  the  two  competing  effects. 
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3-  The  model  and  the  initialization  of  the  numerical  experiments 

The  numerical  model  used  in  this  paper  is  the  Miami  isopycnir  coordinate,  primitive 
equation  model  (Dleck  and  Boudra  1981)  in  an  adiabatic  two-layer  flat -hot tom  forum 
lation.  In  the  present  case,  the  equations  reduce  to  the  shallow- water  equations  for  each 
layer  of  uniform  density  p,  and  of  varying  thickness  /i,.  This  model  employs  an  Arnknwa 
C-grid  configuration  and  the  version  used  in  our  experiments  incorporates  the  rigid- lid 
approximation.  We  assumed  no  bottom  friction,  thereby  removing  an  eventual  Ekmau 
layer  effect.  The  numerical  dissipation  terms,  V*u  or  .4*  VAv  ,  are  of  the  hihnrmonie 
type  on  the  velocity. 

The  physical  system  described  in  section  2  can  he  studied  in  this  model  by  initializing 
the  corresponding  velocity  fields.  Rest,  is  imposed  initially  in  the  bottom  layer  and  the 
upper-layer  velocities  are  given  by  (2).  However,  in  the  isopycnir  model,  the  interface 
deviation  t;  has  also  to  be  determined  and  this  makes  a  problem  to  arise.  If  the  interface 
deviation  is  not  in  balance  with  the  velocity  field,  it  undergoes  strong  adjustemcnts 
generating  gravity  waves  and  disturbing  the  initial  conditions  in  which  we  want  to 
study  the  merging  process.  Moreover,  an  initial  interface  deviation  totally  in  balance  is 
dynamically  inconsistent  with  our  problem:  the  initial  state  would  then  be  stationary 
and  would  not  undergo  any  evolution  in  time.  In  the  previous  QG  simulations,  this 
difficulty  did  not  emerge  as  r/  was  a  diagnostic  variable  given  by  r;  =  fo/u'i  v'z  -  n  I 
which  comes  from  the  geostrophic  equilibrium  (the  development  of  the  shallow- water 
equations  at  the  0(0)  in  the  Rossby  number  Ro  =  UJfuL). 

The  interface  chosen  stems  from  a  “balance  model”  developed,  in  this  case,  from  the 
shallow-water  equations  and  considering  the  terms  up  to  the  0(1)  in  Ro  .  Taking  the 
divergence  of  these  equations,  the  expression  for  V2p,  where  p  is  the  pressure,  can  be 
written.  The  nondimensionalization  of  this  equatiou  makes  the  Rossby  number  Ro  and 
Burger  number.  Bu  =  NfiH2  /  ffiL2,  to  appear.  U.  L.  H  and  N 2  =  —gO;p/i>  are 
respectively  the  scales  for  the  horizontal  velocity,  the  horizontal  distance,  the  vertical 
distance  and  the  vertical  stratification.  If  Bu  >  1,  the  dimensionless  equation  can  be 
written: 

V2})  m  U)  +  2RoJ{u.  t>)  +  0(Ro2)  1 01 

where  J  is  the  Jacobian  operator. 

When  the  lower-layer  velocities  are  negligible  compared  to  the  upper-layer  velocities,  p 
aud  are  linked  by  V2p  =  -pg'V2i).  Using  this  relation  and  keeping  the  terms  up  t<> 
the  0(1)  in  Ro.  we  get  (in  a  dimensional  form): 

=  — -(fouj  +  2J(u.  o))  lG) 

9 

Preliminary  experiments  with  only  one  vortex  using  the  interface  given  by  (G)  were 
made.  They  showed  that  for  ageostrophic  vortices  with  Ro  as  large  as  Ro  =  O.G  the 
adjustement  of  the  interface  deviation  was  always  less  than  4%  (for  1  <  \/R  <.  x  I. 
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For  the  strong  cyclones  (anticyclones),  the  initial  interface  was  slightly  underestimate 
(overestimate).  In  the  numerical  experiments  described  in  the  next  section,  we  used 
the  interface  given  by  (5),  being  aware  that  it  is  uncertain,  at  this  stage,  how  the  slight 
residual  adjustement  could  influence  the  merging  dynamics. 


Fig.l  tr/T  vs  \/R  in  the  two-layer  case  for  cyclones  (11/2 /u  =  0.5).  anticyclones 
(12/2/o  =  -0.5)  and  for  QG  vortices  (fl/2/o  <<  1). 


4-  Results  of  the  numerical  experiments 

We  processed  to  several  merging  experiments  for  strong  cyclones  { £2/2 /0  =  0.5)  and 
strong  anticyclones  (fl/2/o  =  -0.5)  in  a  range  of  the  stratification  parameter  1  < 
A /  R  <  5.  The  results  are  presented  on  Figure  1.  It  shows  the  merging  time  t, /T  ns 
a  function  of  A jR  for  two  initial  distances  d/R.  These  experiments  used  a  numerical 
viscosity  of  A^/UR*  =  10-5. 

Qualitatively,  the  same  dependency  of  the  merging  on  the  stratification  as  in  the  QG 
experiments  of  VV  is  recovered.  As  a  reference,  the  QG  case  is  shown  on  the  figure 
for  d/R  =  4.  As  A /R  decreases,  the  interface  is  initially  more  and  more  deviated, 
the  tendency  to  merge  increases  and  t, /T  decreases.  Concurrently,  as  the  stratification 
weakens,  the  layers  become  very  much  coupled  and  around  \/R  =  1  to  1.5.  the  repulsing 
hetonic  effect  takes  place;  the  vortices  never  merge  and  1r/T  was  set  to  cc. 

However,  appreciable  differences  appear  between  strong  cyclones  and  anticyclones.  In 
the  merger  regime,  the  cyclones  merge  much  faster  than  the  anticyclones.  For  exnntple. 
for  d/R  =  5  and  A /R  =  2.5,  the  tc/T  for  cyclones  is  as  low  as  half  the  ic/T  for 
anticyclones.  Moreover,  the  hetonic  effect  is  more  important  for  cyclones  than  for 
anticyclones  appearing  for  greater  A /R.  It  is  interesting  to  note  that  these  results  can  he 
interpreted  in  terms  of  stability  of  cyclones  and  anticyclones  with  respect  to  merging.  In 
short,  three  stratification  regimes  can  then  be  identified;  (i)  for  strong  stratification,  the 
cyclones  and  the  anticyclones  are  equivalently  stable;  (ii)  for  intermediate  stratification, 
anticyclones  are  more  stable  than  cyclones;  (iii)  for  weak  stratification,  the  cyclones 
become  more  resistant  to  merging  because  the  repulsing  hetonic  effect  is  stronger. 

5-  Discussion 

The  behaviours  of  the  cyclones  and  anticyclones  and  their  differences  can  be  related 
to  the  initial  interface  deviation.  In  the  QG  case,  the  promoted  tendency  to  merge 
as  the  stratification  weakens  was  interpreted  by  on  interface  initially  more  and  more 
deviated.  This  interpretation  is  still  valid  for  ageostrophic  cyclones  and  anticyclones. 
We  argue  that  this  phenomenon  is  therefore  due  to  the  dynamics  of  the  interface  and  «>f 
the  upper  layer  only.  To  test  this  hypothesis,  we  proceeded  to  merging  experiments  in 
the  "equivalent  barotropic"  situation  which  is  the  limiting  case  when  the  bottom  layer 
gets  infinitely  deep.  In  that  case,  we  get  rid  of  the  dynamical  influence  of  the  lower 
layer.  The  results  are  shown  on  Figure  2,  Note  that  A  is  then  written  as  A  =  ^y'tijfa. 

Comparing  Fig.  2  with  Fig,  1  for  d/R  =  5,  wo  see  that  the  behaviours  of  ageostrophic  cy¬ 
clones  and  anticyclones  coincide  exactly  in  the  two- layer  and  in  the  equivalent  barotropic 
cases  for  2.5  <  A//f  <  6.  For  A /R  <  2.5.  the  curves  differ  because  no  baroclinie  counter 
effect  of  the  hetonic  type  can  be  present  in  the  equivalent  barotropic  case.  The  hypoth¬ 
esis  that  the  dynamics  of  the  interfare  can  explain  the  promoted  merging  tendency  for 
a  decreasing  A / R  is  then  confirmed. 
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Furthermore,  the  differences  in  te/T  between  the  QG  case,  strong  cyclones  and  strong 
anticyclones  can  also  be  interpreted  in  terms  of  the  initial  interface  deviation  r).  In  the 
expression  for  77  given  by  the  balance  model  (6),  the  ageostrophic  term  J{u,v)  makes 
the  interface  deviation  (scaled  by  the  vorticity  fl)  slightly  more  important  for  a  strong 
cyclone,  and  slightly  less  important  for  a  strong  anticyclone,  than  in  the  QG  case  .  This 
can  explain  why  the  cyclones  merge  more  easily  than  QG  vortices  which  themselves 
merge  more  easily  than  anticyclones. 


Fig.2  tc/T  as  a  function  of  X/R  in  the  equivalent  barotropic  case  for  cyclones  ( Q /2/a  = 
0.5),  anticyclones  (fi/2/0  =  -0.5). 

Similarly,  we  can  give  a  tentative  explanation  of  the  differences  arising  between  strong 
cyclones  and  anticyclones  in  the  heton  regime  by  considering  these  differences  in  ty  In 
the  QG  case,  the  hetonic  effect  was  related  to  the  dynamics  of  Q2o  for  small  X/R.  The 
lower- layer  potential  vorticity  Q20.  given  by  (4b),  is  in  fact  directly  related  to  n  by 
Q10  =  l/2A~Jt/>io  =  ifo/H-  The  more  the  interface  is  deviated,  the  more  important  is 
Q 20,  and  the  stronger  the  hetonic  repulsing  effect  is.  This  could  explain  why  the  hetonic 
effect  for  the  strong  cyclones  is  greater  than  for  strong  anticyclones. 

Considering  rj,  the  QG  curve  in  the  hetonic  regime  should  be  between  the  strong  cyclone 
and  the  strong  anticyclone  curves,  but  this  is  not  the  case.  Hbwever,  it  is  important  to 
note  that,  at  these  small  values  of  X/R,  in  addition  of  breaking  the  QG  restriction  of 
small  Ro  number,  ageostrophic  vortices  violate  also  the  QG  hypothesis  of  small  interface 
deformation  with  respect  to  layer  thickness.  This  could  be  why  the  effect  of  the  interface 
deviation  in  QG  case  and  in  the  ageostrophic  cases  are  no  longer  directly  comparable. 

6-  Summary 

This  paper  presented  numerical  experiments  on  the  merging  of  ageostrophic  cyclones 
and  anticyclones,  using  an  isopycnic  shallow-water  model.  The  vortices  were  initialized 
by  determining  the  initial  velocity  fields,  and  the  interface  deformation  stemmed  from  a 
balance  model  accurate  to  the  first  order  in  Ro.  Qualitatively,  the  same  dependenc  y  of 
the  merging  on  the  stratification  as  in  QG  experiments  was  recovered;  it  was  interpreted 


7 


in  terms  of  competing  effects  between  an  interface  deformation  effect  and  a  repulsing 
hetonic  effect.  However,  noticeable  differences  appeared  between  strong  cyclones  and 
anticyclones.  In  a  weakly-stratified  regime,  the  cyclones  were  observed  to  be  more 
stable  than  anticyclones  with  regard  to  merging  but  the  opposite  was  true  for  a  stronger 
stratification.  These  differences  were  related  to  the  initial  interface  deviation  which  is 
always  greater  for  ageostrophic  cyclones  than  for  ageostrophic  anticyclones. 
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Advective  and  diffusive  processes  in  baroclinic  vortices 

J.  Nycander  (Dept,  of  Technology,  Uppsala  University,  Box  534,  751  21  Uppsala,  Sweden) 

S.  N.  Aristov  (Institute  of  Continuum  Mechanics,  Korolev  St.  1,  Perm  614061,  Russia) 

ABSTRACT 

Baroclinic  vortices  are  studied  analytically,  taking  viscosity  v  and  thermal  diffusivity  k  into  account. 
The  direction  of  the  meridional  circulation  depends  on  the  Prandtl  number  Pr  -  v/tc.  If  Pr  >  1  there  is 
upwclling  in  the  interior  of  the  vortex,  and  the  vertical  heat  diffusion  is  therefore  inhibited  by  advee- 
tion.  The  radial  flow  is  inward  in  most  of  the  vortex,  which  is  compensated  by  outward  flow  in  a  viscous 
boundary  layer  just  below  the  surface.  We  particularly  study  the  strongly  nonlinear  regime,  when  the 
background  stratification  is  much  weaker  that  that  of  the  vortex.  In  the  limit  Pr  »  1  we  find  that  the 
nonlinear  equation  governing  the  flow  has  a  class  of  exact  time-dependent  solutions.  In  this  class  the 
evolution  of  the  vertical  temperature  profile  is  determined  by  the  Burgers  equation,  while  the  horizontal 
profile  is  determined  by  the  Liouvillc  equation.  Both  these  equations  can  be  solved  analytically. 

I.  INTRODUCTION 

Isolated  circular  vortices  with  a  life-time  up  to  several  years  are  very  common  in  the  oceans.  In 
this  work  we  study  the  slow  convective  meridional  flow  driven  by  viscosity  and  diffusion  in  a 
warm-core  baroclinic  vortex. 

The  most  important  parameter  determining  the  character  of  the  meridional  circulation  is  ihe 
Prandtl  number,  Pr  =  vlK,  where  V  is  the  viscosity  and  k  the  thermal  diffusivity.  In  water  Pr 
■  6.  (The  corresponding  Schmidt  number  Sc  =  v/irc,  where  Kc  is  the  salt  diffusivity,  is  about 
5000  in  the  ocean.)  However,  in  a  realistic  model  one  should  use  the  effective  turbulent  transport  co¬ 
efficients,  which  are  not  very  well-defined,  but  certainly  much  larger  than  the  laminar  values.  The 
correct  value  of  Pr  is  then  not  known. 

The  previous  study  most  closely  related  to  the  present  work  is  the  one  by  Flierl  &  Mied  (1985). 
They  performed  analytic  calculations  and  numerical  simulations  of  the  meridional  circulation  and  gru 
dual  decay  of  a  warm  core  ring,  using  both  large  and  small  Prandtl  number  (Pr  =10  and  0.1,  re¬ 
spectively).  In  the  analytic  calculations  they  used  a  simplified  linear  model,  i.e.  the  stratification  of 
the  density  anomaly  in  the  vortex  was  assumed  to  be  much  weaker  than  the  background  stratification, 
so  that  the  advection  of  the  perturbed  temperature  field  could  be  neglected,  while  the  advection  of  the 
background  field  was  included.  The  found  that  the  direction  of  tlie  meridional  circulation  depends  on 
whether  Pr  is  larger  or  smaller  than  unity. 

In  their  numerical  simulations  Flierl  &  Mied  used  fully  nonlinear  balance  equations,  and  the 
nonlinearity  (i.e.  the  ratio  between  the  stratification  of  the  density  anomaly  in  the  vortex  and  the 
background  stratification)  was  of  the  order  102.  This  may  be  unrealistically  large,  but  the  nonlinearity 
in  real  vortices  can  clearly  exceed  unity  (Monin  &  Fedorov,  1983).  The  simulations  confirmed  that 
the  direction  of  the  meridional  circulation  depends  on  the  Prandtl  number.  They  also  showed  that  the 
vortex  decays  much  faster  if  Pr  =  0.1  than  if  Pr  =  10,  which  can  not  be  explained  from  the  linear 
model. 

These  results  indicate  that  a  particularly  interesting  case  is  when  both  the  nonlinearity  and  the 


2 


Prandtl  number  are  large.  The  meridional  circulation  is  then  inward  and  upward  in  the  vortex  core, 
hence  the  advection  opposes  the  diffusion,  prolonging  the  life-time  of  the  vottex.  In  the  present  work 
we  will  derive  some  analytic  results  for  this  regime.  Assuming  the  Rossby  number  Ro  to  be  small 
and  Pr  »  1,  the  dynamics  can  be  described  by  a  relatively  simple  nonlinear  equation  earlier  obtained 
by  Giil  (1981)  and  Garrett  (1982).  We  find  that  this  equation  has  a  class  of  nonstationary  exact  solu¬ 
tions.  In  this  class  the  vertical  dynamics  is  determined  by  Burger's  equation,  which  is  integrable.  The 
horizontal  temperature  profile  is  independent  of  time  and  depth,  and  determined  by  the  Liouville 
equation,  which  can  also  be  solved  exactly.  The  solution  can  have  the  form  of  an  isolated  vortex  with 
no  background  stratification,  which  corresponds  to  a  large  nonlinearity,  as  in  the  numerical  simula¬ 
tions  by  Flier!  &  Mied. 

n.  DERIVATION  OF  THE  DYNAMIC  EQUATION 


We  start  the  considerations  from  the  three-dimensional  Boussinesque  equations.  Using  the 
shallow-water  approximation  we  replace  the  vertical  component  of  the  equation  of  motion  by  the 
hydrostatic  approximation: 


^  =  spoof,  (1) 

dz 

where  p  and  T  are  the  pressure  and  temperature  deviations  from  a  basic  state  assumed  to  have 
constant  temperature  and  density,  and  a  is  the  volume  expansion  coefficient  defined  by  p  = 
p0(l-off),  where  p  is  the  total  density.  We  assume  that  the  Rossby  number  is  small,  and  the 
flow  circularly  symmetric.  Substituting  the  horizontal  component  of  the  equation  of  motion  into  the 
incompressibility  condition,  we  obtain 


dw 

dz 


_L_i 

Par2  ^ 


V2P 


p{/2  dr2 


V2P, 


(2) 


where  w  is  the  vertical  velocity.  /  >s  the  Coriolis  parameter,  and  the  Laplacian  here  and  below 
only  contains  horizontal  derivatives,  i.e.  V2  =  r''d/9r+d2/dr2.  The  ageostrophic  terms  in  the  di¬ 
vergence  of  the  horizontal  velocity  on  the  right-hand  side  of  eq.  (2)  are  caused  by  inertia  and  vertical 
viscosity,  respectively.  (The  horizontal  viscosity  is  neglected  since  the  vertical  length  scale  is  much 
smaller  than  the  horizontal  one.)  The  same  ageostrophic  u*i,is  also  appear  in  the  heat  equation: 


oz  ptf2  dz2dr  p^dtdrjdr  dz2 


(3) 


These  equations  must  be  supplemented  by  appropriate  boundary  conditions.  Taking  the  lower 
boundary  of  the  domain  to  lie  just  above  the  Ekman  layer  on  the  bottom,  we  obtain 


w  =  W£ 


-H 


O' 


(4) 


where  hE  =  (2 v/f)]f2  is  the  thickness  of  the  Ekman  layer.  The  surface  is  regarded  as  rigid,  so  that 
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the  barotropic  Rossby  radius  is  infinite,  which  is  a  good  approximation  in  the  cases  of  in.erest. 
However,  we  can  not  use  a  no-slip  condition  as  at  the  bottom.  Instead,  the  appropriate  condition  at  a 
free  surface  of  a  viscous  fluid  is  that  the  normal  derivative  of  the  tangential  velocity  vanishes.  If  there 
is  a  horizontal  temperature  gradient  this  condition  is  violated  by  the  thermal  wind  relation  (i.e.  by  the 
geostrophic  velocity),  which  is  obtained  by  differentiating  eq.  (1)  with  respect  to  r.  A  viscous 
boundary  layer  is  therefore  formed.  The  flow  in  this  layer  can  be  obtained  by  the  same  method  as  in 
the  usual  Ekman  layer  (cf.  Aristov  &  Nycander,  1994,  for  details).  It  is  found  that  the  appropriate 
boundary  condition  is 

w  =  _i^V2r  =  at  r  =  0,  (5) 

2/  2pof  3r 

where  r  =  0  is  just  below  the  boundary  layer.  This  condition  was  also  used  by  Flierl  &  Mied 
(1985). 

The  temperature  changes  very  little  across  the  boundary  layer  at  the  surface,  hence  if  the  tem¬ 
perature  is  held  fixed  at  the  surface,  the  same  condition  applies  at  the  boundary  of  the  domain,  just 
below  the  boundary  layer.  (This  is  not  true  for  the  heat  flux:  there  is  a  jump  condition  for  the  vertical 
temperature  gradient  across  the  boundary  layer.) 

Equations  (l)-(5)  describe  two  kinds  of  processes  with  different  time  scales.  The  first  one  is 
spin-down  of  the  barotropic  component,  and  the  second  one  is  baroclinic  diffusion  and  advection, 
which  is  the  main  subject  of  the  present  work.  The  main  assumption  we  make  in  order  to  separate 
these  processes  and  derive  a  simplified  equation  is  Pr  »  1 . 

The  typical  time  scale  of  barotropic  spin-down  is  t£  -  while  the  time  scale  for  ba¬ 

roclinic  diffusion  and  advection  obtained  from  eq.  (3)  is  tK  -  2//2Pr/(/fc|),  where  H  is  the  ver¬ 
tical  scale  of  the  baroclinic  vortex  (which  may  be  much  smaller  than  the  total  depth  H0).  We  find 
Vt£  ~  ff2Pr/(/i£/f0),  so  that  unless  the  vortex  is  very  shallow  (i.e.  H/H0  very  small),  spin- 
down  is  much  faster  than  the  diffusive  processes.  This  means  that  the  pressure  perturbation  decreas¬ 
es  approximately  uniformly  at  all  depths  during  spin-down,  until  it  is  zero  at  the  bottom  and  the  Ek¬ 
man  pumping  ceases.  We  can  then  consider  the  baroclinic  component  in  isolation. 

The  next  step  is  to  estimate  the  bottom  pressure  generated  by  the  baroclinic  circulation.  It  may 
he  lound  that  this  is  much  smaller  than  the  direct  pressure  perturbation  obtained  from  eq.  (1),  and  al¬ 
so  that  the  vertical  velocity  from  th:  Ekman  pumping  caused  by  this  bottom  pressure  can  be  neglect¬ 
ed,  provided  that  Pr  »  1  (Aristov  &  Nycander,  1994).  Thus,  we  may  set  p  =  0  at  z  =  -W0.  Fi¬ 
nally,  the  two  terms  on  the  right-hand  side  of  eq.  (2)  are  compared,  using  the  time  scale  Tc.  It  is 
found  that  the  viscous  term  dominates  if  Pr  »  1.  Equation  (2)  can  then  be  integrated,  using  eq.  (1), 
which  gives 

w  =  -  v2r.  (6) 

f 

This  result  is  then  substituted  into  eq.  (3).  In  that  equation  we  may  neglect  the  term  dtydtdr,  since  it 
is  one  order  smaller  than  the  first  term  in  the  Rossby  number.  The  result  is 

df  _  vga  dT_j_2( 
dt  dzdr  dr  r  dr  r dr  |  dz  +  K  $zl' 


(7) 
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which  is  our  final  dynamic  equation.  In  the  planar  case  (for  a  straight  front)  it  has  earlier  been  ob¬ 
tained  by  Gill  (1981)  and  Garrett  (1982).  The  first  and  second  terms  on  the  right-hand  side  describe 
the  temperature  change  caused  by  horizontal  and  vertical  advection,  respectively.  Assuming  these 
terms  to  be  of  the  same  order  as  the  diffusion  term  (the  last  term),  we  obtain  the  estimate  Ro  -  Pr-1 , 
confirming  the  consistency  of  the  approximations. 

We  finally  summarize  the  scaling  region  in  which  eq.  (7)  is  valid:  Ro  ~  Pr'1  «  1,  d/dt  ~ 
k/H1  and  Ek  «  1 ,  where  Ek  ~  v/fH2.  The  ratio  between  Ro  and  Ek  is  arbitrary. 

□I.  EXACT  SOLUTIONS 


We  will  now  find  a  class  of  exact  solutions  to  eq.  (7)  by  separation  of  variables: 


T  =  6(r) 


(8) 


Substituting  (8)  into  (7),  and  setting  the  separations  constant  equal  to  r q2,  where  r0  is  an  arbitrary 
length  that  will  be  chosen  as  the  vortex  radius,  we  obtain 


+  vga  F  dF 

d(  rlfi  dz 


a  ae\ 
aT  aT 


(9) 

00) 


Equation  (9)  is  Burger's  equation,  which  is  known  to  be  integrate.  Equation  (10)  can  be  trans¬ 
formed  to  the  onedimensional  Lioaville  equation  (Aristov  &  Nycander,  1994),  which  can  also  be 
integrated.  We  will  here  use  the  solution 


r<r0' 


cf.  Fig.  1.  The  solution  is  continuous  up  to  the  first  derivative,  while  the  second  derivative  is  discon¬ 
tinuous  at  r0.  This  means  that  the  heat  flux  and  the  radial  velocity  are  continuous,  while  the  vertical 
velocity  is  discontinuous,  according  to  eq.  (6).  This  is  permissible  since  we  have  neglected  the  hori¬ 
zontal  viscosity.  In  reality  it  will  presumably  lead  to  the  formation  of  a  boundary  layer  whose  width 
is  of  the  same  magnitude  as  the  height  H  of  the  vortex,  and  much  smaller  than  the  horizontal  scale. 

For  a  baroclinic  vortex  with  the  horizontal  temperature  profile  given  by  eq.  (1 1),  the  vertical 
evolution  is  determined  by  Burger's  equation.  Qualitatively,  a  solution  of  this  equation  sharpens  its 
profile  at  places  where  dF/dz  is  negative,  until  a  chock  wave  appears  that  propagates  steadily  up¬ 
ward.  However,  dF/dz  <  0  means  that  the  fluid  is  unstably  stratified,  since  8  is  positive,  and 
such  a  flow  will  therefore  be  quickly  disrupted  by  Rayleigh-Taylortype  instabilities.  Physically  rea¬ 
lizable  flows  must  have  dF/dz  >  0  everywhere,  and  the  vertical  profile  will  then  in  general  tend  to 
become  smoother. 
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Burger's  equation  can  be  solved  by  introducing  the  function  <j>  =  exp(-p'/2),  where  p'  is 
defined  by  dp'/dz  =  (vaglitf^F.  We  assume  that  p'  — *  0  as  z  — ♦  -®°.  Using  this  substitu¬ 
tion,  eq.  (9)  is  transformed  to  the  linear  diffusion  equation, 


Bt  dz2’ 


(12) 


which  can  be  solved  by  standard  methods.  For  iiiu^'ration,  we  have  done  this  with  the  initial  condi¬ 
tion  F(z)  =  0  at  f  =  0,  and  the  boundary  condition  F  =  F0  at  z  =  0.  The  corresponding  con¬ 
ditions  for  <p  are  #z)  =  1  at  t  =  0,  and  •)  at  z  =  0,  where 

C=vg<xF0K2Krtfi).  (13) 

Solving  eq.  (12)  by  Fourier  transformation,  wt  obtain  after  some  calculations 


F  =  F* 


1  -■ 


exp(Cz-C2«r) 


l-i 


l+CTp0 

\  2fia 


(14) 


where  erf  is  the  error  function.  This  solution  describes  how  a  vortex  is  excited  by  heating  the  sur¬ 
face.  Its  behaviour  in  various  asymptotic  regimes  can  easily  be  understood.  There  is  a  characteristic 
time  tc  =  1/(kC2),  and  for  t  «  t  the  solution  is  approximately 


=  F0[ 


1  +ei 


(15) 


This  is  the  solution  of  the  linearized  version  of  eq.  (9),  with  the  same  boundary  and  initial  condi¬ 
tions.  Thus,  before  tc  the  meridional  circulation  is  still  too  weak  to  affect  the  development,  and  the 
heat  is  simply  diffusing  downward. 

For  t  »  tc  the  heat  advection  is  very  important.  There  arc  then  two  different  asymptotic 
depth  regions.  At  z  »  -(xr) 1/2  (i.e.  small  depth),  we  obtain 


F  s 


— Ea _ 

1  Cz 


(16) 


Thus,  the  upper  part  of  the  vortex  is  stationary,  and  heat  advection  and  diffusion  almost  exactly  bal¬ 
ance.  At  z«  — (kt)1/2  we  obtain,  using  the  asymptotic  expansion  of  the  error  function. 


F 


2 Ckt-z'71>  “  4 Kt 


(17) 


This  represents  a  diffusive  front,  where  advection  is  not  yet  important. 

In  Fig.  2  we  have  plotted  the  solution  (14),  both  before  and  after  tc.  We  also  show  the  linear, 
purely  diffusive  solution  (IS)  and  the  stationary  solution  (16).  The  general  development  is  that  the 
full  solution  (14)  follows  the  linear  solution  until  this  crosses  the  stationary  curve.  After  that  tl4)  is 
approximately  equal  to  the  smallest  of  the  linear  and  the  stationary  solutions,  and  everywhere  smaller 
than  both. 
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The  pressure  perturbation  at  the  surface  increases  logarithmically  with  the  depth  of  the  stationary 
region,  as  can  be  seen  by  integrating  eq.  (16).  Thus,  in  the  initial  stage  of  the  solution  (14),  before 
tc,  the  pressure  increases  as  Vf.  After  tc  it  grows  more  slowly,  as  log(0,  but  without  bound  (un¬ 
less  the  depth  of  the  ocean  is  finite).  At  some  time  the  azimuthal  velocity  and  the  Rossby  number 
therefore  become  too  large  for  the  model  to  be  valid.  The  reason  for  this  is  of  course  that  the  surface 
is  heated  in  this  problem.  If  there  is  no  heat  flux  into  the  vortex,  the  surface  pressure  can  only  de¬ 
crease. 

The  meridional  flow  and  the  isotherms  in  the  baroclinic  vortices  studied  here  are  shown  quali¬ 
tatively  in  Fig.  3.  Notice  that  the  radial  velocity  is  inward  (toward  the  centre  of  the  vortex)  every¬ 
where  in  the  interior  of  the  fluid.  This  is  compensated  by  an  outward  flow  in  the  boundary  layer  near 
the  surface,  where  the  velocity  is  larger  than  the  interior  ageostrophic  velocity  by  the  factor  H/hi:. 
(On  the  other  hand,  it  is  smaller  than  the  azimuthal  geostrophic  velocity  by  the  same  factor.) 

IV.  DISCUSSION 

In  this  paper  we  have  studied  dissipadonal  processes  and  the  induced  meridional  flow  in  circular 
baroclinic  vortices.  This  is  one  of  the  main  candidates  for  an  explanation  of  their  gradual  decay.  (The 
other  one  is  radiation  of  Rossby  waves.)  These  processes  also  determine  the  evolution  of  the  three- 
dimensional  structure  of  the  vortices,  e.g.  the  ptoftle  of  the  thermocline  and  the  relative  imponancc  of 
the  barotropic  and  baroclinic  modes. 

The  main  simplifying  assumption  of  our  analysis  was  that  the  Prandtl  number  is  large,  it  was 
found  that  unless  the  vortex  is  extremely  shallow,  the  spin-down  of  the  barotropic  component  is  then 
much  faster  than  the  diffusion  time  for  the  baroclinic  mode,  and  that  the  bottom  pressure  excited  by 
the  baroclinic  mode  has  a  negligible  effect  on  the  meridional  circulation.  Thus,  the  diffusive  proces¬ 
ses  drive  the  vertical  structure  toward  compensation,  with  negligible  flow  below  the  thermocline. 

The  meridional  flow  in  the  vortex  core  is  upward  and  inward,  so  that  the  advection  opposes  the 
diffusion.  If  the  nonlinearity  (i.e.  the  ratio  between  the  stratification  of  the  density  anomaly  in  the 
vortex  and  the  background  stratification)  and  the  Prandtl  number  are  both  large,  this  can  result  in  a 
substantially  longer  life-time  of  the  vortex,  as  seen  in  the  simulations  by  Flierl  &  Mied  (1985).  We 
here  particularly  studied  this  regime,  and  found  that  in  the  limiting  case  (with  zero  background  strati¬ 
fication)  there  exists  a  class  of  exact,  nonlinear  time-dependent  solutions.  The  horizontal  profile  of 
the  vortex  is  then  given  by  eq.  (11),  while  the  evolution  of  the  vertical  profile  is  determined  by  Bur¬ 
ger's  equation,  eq.  (9),  which  is  integrable.  We  have  also  shown  an  explicit  example  of  such  an  ex¬ 
act.  time-dependent  solution. 

Although  the  simplifying  assumptions  are  perhaps  not  entirely  realistic,  this  result  should  serve 
as  a  valuable  reference  point  for  future  modelling.  It  also  has  Intrinsic  interest,  being  perhaps  the  first 
case  where  the  profile  of  the  thermocline  can  be  determined  analytically  and  self-consistently  in  a 
nonlinear  convection  problem. 
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Radial  profile  of  the  temperature  and  the  azimuthal  velocity,  from  eq.  OD-  W)  (dotted)  is 
proportional  to  the  temperature,  and  0{r)  (solid)  to  the  velocity.  r0  is  the  vortex  radius. 
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Plot  of  the  exact  solution  (14)  (solid  curve),  We  also  show  the  linear,  purely  diffusive  solution  (15) 
(dotted)  and  the  stationary  solution  (16)  (dashed).  The  values  used  are  C  =  Fn  -  K  =  1.  whic  h 

gives  fc=  1. 

a) / =  0.1  tc 

b)  r  =  10  re 
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Qualitative  structure  of  the  vortex,  fy,  is  the  thickness  of  the  Ekman  layer  at  the  surface  and  H  the 
vortex  depth  (i.e.  the  depth  of  the  thermocline).  Solid  curves  are  streamlines  of  the  meridional  flow 
and  dashed  curves  isotherms, 
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1.  In  investigations  of  long  internal  and  surface  waves  in  the  ocean  with 
characteristic  scales  of  the  order  of  tens  of  kilometers  one  needs  to  take  into 
consideration  the  effect  of  Earth's  rotation.  Such  wave  processes  nmy  bn  described 
in  the  shallow  water  approximation  because  an  average  depth  of  thn  ocean  h  is 
4  to  5  km.  If  the  perturbation  amplitude  is  not  too  high,  as  is  usually  the  case, 
then  such  waves  may  be  described,  as  was  first  shown  in  [1],  by  a  generalized 
Korteweg-de  Vries  (KdV)  equation  that  is  also  often  referred  to  as  the  Ostrovsky 
equation 

(u,  +  C{]Ur  +  auux  +  Quixx)x  =  /<u/2C(t,  (1) 

where  the  parameters  for  surface  waves  are;  C0  =  s/Wl-  h  i«  the  total  depth  of  the 
basin,  a  ~  3Co/2/i,  Li  =  C0h2/(i,  and  /  is  the  Coriolis  parameter,  u(x,  t)  being 
the  perturbation  of  free  surface.  (The  expressions  for  internal  wave  coefficients 
can  be  found,  for  example,  in  [1],) 

Equation  (1)  and  its  generalizations  t,o  the  case  of  deep  ocean  as  well  as  to 
two-dimensional  perturbations  were  considered  in  [2,  3].  The  basic  properties  of 
solutions  to  (1)  are  surveyed  in  [4].  It  should  be  noted  that,  as  shown  in  [2,  5], 
eq.  (1)  has  no  solitary  stationary  solutions  with  zero  asymptotic  forms  at  the 
infinity  for  negative-dispersion  waves,  for  example,  surface  gravity  and  internal 
waves  in  the  ocean,  Besides,  no  periodic  analytical  solutions  have  been  found 
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yet.  Some  numerical  solutions  were  constructed  in  (4).  These  include  a  family  of 
solutions  which  can  be  interpreted  as  a  periodic  sequence  of  pulses  (whose  form 
resembles  KdV  solitons)  between  which  the  wave  has  a  parabolic  profile. 

In  this  paper  we  show  that  solutions  of  this  type  may  be  constructed  by 
means  of  an  approximate  asymptotic  procedure  that  is  valid  for  both  negative 
and  positive  dispersion  waves,  The  constructed  solutions  are  verified  by  numerical 
computation  of  their  evolution  within  the  frames  of  eq.  (1).  The  conditions  of  the 
existence  of  stable  and  unstable  stationary  periodic  solutions  are  also  revealed. 

In  conclusion  we  analyse  some  typical  features  of  nonstai  ionary  dynamics  of 
spatially  periodic  perturbations  with  solitary  pulses. 


2.  We  now  consider  stationary  solutions  of  the  Ostrovsky  equation  mentioned 
above.  It  is  convenient  to  rewrite  it  in  dimensionless  form 


+  3 uut  -  jibxj'j  =  ~—ut 


(2) 


where  &  =  ±1  is  the  dimensionless  parameter  determining  the  type  of  disperison 
(/f  -  - 1  for  negative-dispersion  surface  and  internal  waves  in  the  ocean  and  ji  —  1 
for  positive-dispersion  capillary  waves  on  the  surface  of  a  liquid  or  for  oblique 
magneto-acoustic  waves  in  a  plasma)  and  e  is  the  dimensionless  parameter  which 
is  assumed  to  be  small.  Under  the  restriction  of  stationary  progressive  waves  wo 
put  u{x ,  t)  =  u(x  -  of)  where  c  is  the  now  unknown  wave  velocity.  For  this  class 
of  solutions,  we  obtain  instead  of  (1)  a  nonlinear  ordinary  differential  equation 


+  |ua  -  m  jU,  (3) 

where  the  prime  denotes  differentiation  with  respect  to  the  “travelling  coordinate" 
4  =  x  -  rt. 

Let  us  represent  the  internal  solution  of  this  equation  as  un  asymptotic  series 
expansion 

«(0  —  MO  +  £*ui(0  +  ■  •  ■ 

e  =  Co  +  e2c\  +  . . .  (4) 

This  solution  transforms,  at  e  =  0,  to  the  exact  solution  of  a  KdV  equation  that 
follows  from  (2)  with  a  zero  right-hand  side.  We  take  as  a  “zero  approximation’' 
the  soliton  solution  of  a  KdV  equation: 

MO  =  -/h-VchS^  +  d 

co  =  ~lW  +  3d  (5) 

The  substitution  of  the  series  expansion  (4)  into  nq,  (3)  yields  an  equation  to  the 
first  approximation  in  leading  order  with  respect  to  e: 

+  3ii(jU|  -  — iq  ^  =  -?/o  +  ciu,"  (v.i) 
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By  integrat  ing  this  expression  twice  we  obtain 


1  +  3m0«i  -  ^u"  - 

=  -ci/*>aseeh'S£  +  A£  +  B|  +  ^£a  -  ^  ln(coslt7£),  (7) 

where  A  and  D\  are  integration  constants.  This  equation  is  simplified  far  from 
the  soliton  crest  for  sufficiently  large  £  thanks  to  the  fact  that  the  function  srdi7£ 
is  rapidly  vanishing  to  zero.  As  a  result  we  obtain  a  simple  second-order  linear 
equation  with  a  polynomial  right-hand  side: 

~u'[  -  =  -'I?  +  y£  -  M  -  5,  (8) 

where  U  is  a  new  integration  constant.  A  forced  solution  of  tins  equation  is 
readily  written  in  the  form 


Thus,  with  the  “zero  approximation”  fur  from  the  soliton  crest  taken  into  account, 
we  can  write  the  sought  solution  to  an  accuracy  of  e2. 


u  «(1  +  f'2 


<ie 


(10) 


We  now  consider  an  external  solution  of  eq,  (3)  which  is  sought  in  the  form 


u  =  rv(£  -  £0 )'*+{> 


(ID 


The  substitution  of  this  expression  into  eq.  (3)  verifies  that  it.  is  its  exact  solution 
for  a  -  fa/36  and  A  =  -c/6,  £0  being  an  arbitrary  parameter  associated  with  the 
choice  of  the  coordinate  origin. 

Consider  a  periodic  sequence  of  arcs  of  parabolas  described  by  (11)  with  the 
values  found  for  a  and  A  and  period  A.  The  ‘'amplitude”  a,  i.e.,  the  distance 
between  the  trough  and  the  crest  of  the  wave,  is  expressed  through  wavelengt  h: 
a  =  (faA2)/144.  By  choosing  the  reference  point  along  the  £-axis  at  one  of  the 
creBts.  we  can  also  express  £0  through  A:  £n  =  A/2. 

Thus  we  obtain  a  remarkable  result:  The  approximate  solution  (4)  of  eq.  (3) 
constructed  to  an  accuracy  of  e2  far  from  the  soliton  crest  is  a  wave  with  a 
parabolic  profile  (10).  At  the  same  time,  u  wave  having  such  a  prohle  is  an  exact 
solution  of  eq.  (3).  In  other  words,  the  approximate  solution  (4)  transforms,  at 
large  £,  from  the  asymptotic  form  to  the  exact  solut  ion  (11)  if  the  free  parameters 
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contained  in  (10)  arc  determined  correctly.  By  equating  the  expressions  (10)  and 
(11)  to  the  known  values  of  a  and  A  we  find 


Then,  the  approximate  equation  (3).  to  an  accuracy  of  e'J.  has  the  form 


MO  =  -dV^echS^  + 


d'v' 


3G 


(12) 


and  the  wave  velocity  is  expressed  by 

r  =  -  i  ( 13) 

At  this  stage,  the  solution  ( 12)— ( 13)  contains  three  free  parameters:  7.  A  and  c(. 
It  is  necessary,  however,  to  take  into  consideration  the  restrictions  following  from 
cq.  (2)  for  periodic  solutions: 


/  u(x,  t)dx  =  (! 
Jo 


The  substitution  of  (12)  yields 


r*  **  72  + 


AJ  2HM 


W  (,  18  \ 
3*»  {  7a; 


(Id) 


(15) 


(we  proceeded  from  the  fact  that  the  wavelength  A  is  much  greater  than  the 
characteristic  size  of  the  soliton  I/7  so  that  tanh(7A/2)  «  1).  Then,  finally,  the 
wave  profile  and  velocity  are  given  by  the  formulas 


u(0  -  -tfqVchS^  +  21-fir 


(lb) 


r 


-l2«2+4 


Thus,  the  constructed  solution  contains  two  independent  parameters  7  and  A 
that  are  related  only  by  the  condition  7A  »  1.  However,  if  we  demand  that 
the  condition  (14)  Nhould  be  fulfilled  in  the  zero-th  order  with  respect  to  f  then 
these  two  parameters  will  be  related  by  7A  =  18,  which  gives  to  a  good  accuracy 
tnnh(7A/2)  *=  1. 
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3.  Our  results  show  that  the  constructed  solutions  are  described  by  even  func¬ 
tions  that  are  symmetric  both  with  respect  to  the  solium  crests  and  to  parabola 
troughs.  The  latter  circumstance  enables  us  t.,  suppose  that  there  exist  more  coin- 
plicated  stationary  solutions  with  solitons  both  at  the  wave  crests  and  troughs. 
In  constructing  such  an  approximate  solution  we  proceed  from  the  formulas  (12) 
and  (13)  which  describe  a  periodic  sequence  of  arcs  of  parabolas  (exact  solutions 
to  (3))  and  of  solitons  at  their  crests.  The  fields  of  the  nearest  solitons  are  in¬ 
finitesimal  near  parabola  troughs  and  may  be  neglected.  Consequently,  a  local 
solution  is  sought  near  parabola  troughs  in  the  form  (12),  again,  but  for  other 
values  of  7: 

tt(0  =  -07 ifscch'Si  ^  j  +  TFj“  +  ^  (^  “  ^)  ~  (if,i  ( 1") 

The  soliton  velocity  determined  by  the  parameter  71  and  the  local  displacement 
<l\  at  the  point  £  =  A/2  must  then  coincide  (the  statiotmrity  condition)  with  (13) 
that  was  found  earlier.  As  a  result  we  have 


('  =  -07?  +  3d,  =  -07?  + 


07J  ^<’1  2  2  ,  2 

1  -j*  +e,‘< 


;.From  this  we  find  the  relationship  between  7i  and  7: 

-  i  _  5  *<3 

'1  1  n 


Wc  now  again  regard  the  restriction  (14)  that  follows  from  the  properties  of 
eq.  (2).  Taking  into  consideration  that  the  complete  solution  contains  t  wo  solitons 
of  different-  amplitudes  on  a  period,  from  (14)  we  find 


H'y1 

-207  -  2071  +  —  + 


In  the  zero  approximation  witli  respect  to  e,  from  this  follows 

A  =  18(7  +  f\)h’1  ( HI) 

And.  in  the  next  order  with  respect  to  e,  we  find  C|  =  A^/72. 

Removing,  by  means  of  the  found  expression,  n  from  (18)  and  combining  the 
latter  with  (ID)  wc  got  a  system  of  two  equations  for  three  parameters  7.  7,  and 
A.  Supposing  one  of  them,  for  instance  A,  to  be  independent  we  express  through 
it  two  other  parameters  (to  an  accuracy  of  f*  including): 

36/  2fJA"\  36/  4e2A‘\ 


(211) 


4.  For  verification  of  the  constructed  asymptotic  theory  we  performed  di¬ 
rect  numerical  computations  of  the  evolution  of  the  found  approximate  solutions 
within  the  frames  of  the  basic  Ostrovsky  equation  (2).  For  this  purpose  we  elabo¬ 
rated  a  Turbo  Pascal  program.  Conservation  of  the  total  energy  of  perturbations 
defined  as 

E  =  )■  f  ■ni(xj)<lx,  (21) 

2  Jo 

where  A  is  the  wave  period,  was  checked  in  the  course  of  calculations.  Directly 
from  (2)  follows  that  the  quantity  E  is  the  integral  of  motion;  it  was  conserved 
in  our  calculat  ions  to  an  accuracy  of  about  10“4. 

Our  calculations  confirm  that  the  solutions  described  by  the  formula  (l(j) 
for  0  =  -1  and  arbitrary  s  (up  to  rather  high  values,  for  example,  0.7)  arc 
stable  iu  the  course  of  calculations  and  are  in  a  good  agreement  with  analytical 
theory.  They  remained  stationary  to  a  high  accuracy  in  calculations  for  longer 
than  t  wenty  periods  and  no  tendency  to  destruction  was  observed.  However,  the 
velocity  of  wave  propagation  slightly  differed  from  the  theoretical  values. 

The  calculations  indicate  that  the  shape  of  the  wave,  evidently,  depends 
weakly  on  the  value  of  the  parameter  £,  while  the  wave  velocity  is  a  more  sensitive 
quantity  which  is  determined  the  more  precisely,  the  smaller  this  parameter. 

The  approximate  solutions  evolved  differently  for  0  =  1  and  sufficiently  large 
f  (greater  than  ~  0.3).  In  this  case,  the  initial  perturbations  did  not  remain  sta¬ 
tionary,  instead,  they  were  destroyed  in  the  course  of  calculations  demonstrating 
a  complicated  dynamics.  This  fact  may,  evidently,  be  treated  as  the  instability 
of  stationary  solutions  of  interest  with  respect  to  small  perturbations  at  0  =  1. 
(The  constructed  approximate  solutions  may.  obviously,  be  regarded  as  some  per¬ 
turbed  exact  stationary  solutions.)  It.  is  also  confirmed  by  the  fact  that  the  time 
of  destruction  of  initial  perturbations  increased  with  decreasing  s. 

A  similar  picture  of  destruction  of  initial  perturbations  was  observed  for  the 
solutions  with  two  pulses  on  a  period  described  bv  the  formulas  (17)  and  (20). 
The  solutions  proved  to  lie  unstable  for  any  sign  of  0  and  for  arbitrary  £. 

As  lias  been  mentioned,  eq.  (2)  describes,  iu  particular,  surface  and  interim! 
waves  in  a  rotating  oeeau  witli  the  dispersion  such  that  0  =  —  1  corresponds  to 
them  in  dimensional  variables.  Tims,  the  solutions  which  were  found  as  stable 
ones  actuully  refer  to  this  type  of  waves. 

5.  Besides  the  stationary  solutions  considered  above  we  also  investigated  spa¬ 
tially  periodic  perturbations  witli  mmstationarv  pulses  on  each  period.  In  spite 
of  the  “aiiti-soliton"  restriction  (2,5],  we  found  that  soliton-type  qimsi-statioimrv 
solitary  waves  may  exist  within  the  frames  of  eq.  (2)  witli  periodic  boundary 
conditions.  We  revealed  at  least  two  different,  regimes  of  dynamics  of  solitary 
waves.  Tlic  first  of  them  is  slow  interaction  of  a  KdV  soiiton  witli  a  very  long 


quasi-sinusoidal  wave  of  a  relative'y  small  amplitude.  The  soliton  moves  a  little 
faster  than  the  sinusoid  due  to  the  nonlinear  correction  to  its  velocity  and  passes 
consecutively  through  its  crests  and  troughs.  The  soliton’s  amplitude  increases 
as  it  is  drifting  from  the  crest,  to  the  trough  of  the  sinusoid  and  decreases  in 
motion  from  the  trough  to  the  crest.  This  regime  is  described  adequately  bv  an 
approximate  adiabatic  theory  of  the  interaction  of  a  KdV  soliton  with  a  smooth 
external  disturbance. 

The  other  regime  is  dynamics  of  an  initial  KdV  soliton  at.  periodic  boundary 
conditions  under  the  action  of  the  right-hand  side  of  eq.  (2).  If  the  right-hand 
side  of  the  equation  is  sufficiently  small  and  the  period  is  much  greater  than 
the  characteristic  size  of  the  soliton,  then  the  soliton  amplitude  decreases  in  the 
evolution,  and  a  long  trail  having  the  polarity  opposite  to  that  of  the  soliton 
is  formed  behind  it.  The  original  soliton  eventually  disappears  and  a  new  one, 
whose  parameters  are  almost  identical  to  the  parameters  of  the  original  soliton,  is 
born  at.  one  of  the  trail  slopes.  Still  further,  this  process  is  repeated  periodically 
so  that  a  phenomenon  that  greatly  resembles  recurrency  in  the  KdV  model  [6] 
and  in  other  related  systems  [7]  is  observed. 

Thus,  long-lived  solitary  patterns  interacting  with  periodic  pert  urbations  may 
exist  in  the  real  ocean,  with  Earth's  rotation  taken  into  account.  The  energy 
supply  in  such  perturbations  may  be  rather  significant  compared  with  the  quasi- 
pcriodic  background.  Further  investigation  of  solitary  patterns  and  their  mod¬ 
elling  in  laboratory  conditions  appear  to  be  of  considerable  interest. 

The  work  was  supported  by  the  Russian  Fund  of  Fundamental  irscarrh  (grant 
N  94  -05-10759-  a). 

The  authors  arc  grateful  to  N.Knvatkina  for  preparation  of  this  munusertpt. 
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Lagrangian  dispersion  in  oceanic  mesoscale 

turbulence 

Bach  Lien  Hua  * 

May  4,  1994 


Turbulent  dispersion  in  oceauic  mesoscale  turbulence  is  addressed  in  this  paper, 
specifically  its  relation  with  the  stratified  aspect  of  the  dynamics.  It  is  often  observed 
that  stratification  induces  a  substantial  variation  with  depth  of  the  characteristics  of 
the  turbulence  of  the  flow.  For  instance,  measurements  of  either  eddy  kinetic  energy  or 
particle  diffusivity  in  oceanic  mesoscale  turbulence  exhibit  large  variations  with  depth 
(Price,  1983,  Owens,  1991).  Yet  a  surprising  observation  of  single-particle  dispersion 
from  subsurface  floats  is  that  the  Lagrangian  integral  time  scale  Tl  exhibits  rather  small 
spatial  variations,  both  in  the  horizontal  and  vertical  directions  (Price,  1983;  Rossby  et 
al,  1986).  Can  these  observations  be  explained  dynamically  in  the  framework  of  stratified 
geostrophic  turbulence  which  appears  to  adequately  capture  many  aspects  of  observed 
geophysical  turbulence  (e.g.  Hua  and  Haidvogel,1986;  McWilliams,  1989)?  This  question 
is  the  primary  focus  of  the  present  work. 

A  key  idea  is  that,  because  of  the  steepness  of  Lagrangian  velocity  spectra  which  is 
associated  with  the  inverse  cascade  in  geostrophic  turbulence,  Tl  is  mostly  controlled  by 
the  variance  of  lagrangian  accelerations  <  |  ■>  |2  >.  whenever  intermittency  is  not  too 
large.  Using  familiar  ideas  of  balanced  dynamics,  we  can  derive  an  expression  relating 
<  |  7  I1  >  to  the  variance  of  gradients  of  ageostrophic  pressure  p  and  divergent  velocity 
field  potential  \,  which  constitute  the  two  modes  of  dispersion  of  geostrophic  turbulence. 
Fields  of  p  and  \  are  statistically  orthogonal  at  a  given  horizontal  level  while  their  depth 
variations  are  anticorrelated  because  of  the  incompressibility  constraint.  This  is  reflected 
in  physical  space  by  spatial  patterns  of  both  quantities  which  have  comparable  horizontal 
scales  and  which  are  likely  to  be  oriented  at  right  angles  with  respect  to  each  other  at  a 
given  level,  while  their  variations  with  depth  tend  to  compensate.  Fig.  1  presents  fields  of 
p  and  \  at  a  given  Ipvel  in  direct  numerical  simulations  (DNS)  of  geostrophic  turbulence 
forred  by  tin1  baroclinic  instability  of  a  mean  shear  (Hua  and  McWilliams,  1994).  Depth 
profiles  of  both  modes  of  dispersion  and  of  eddy  kinetic  energy  from  DN.S  arc  given  in 
Fig.2,  illustrating  the  compensation  tendencies  between  the  two  modes  of  dispersion. 

Using  an  idealized  statistical  model  for  the  spectrum  of  geostrophic  streamfunction. 
which  is  isotropic,  stationary,  non- intermittent  (quasi-normal)  and  assuming  an  ana¬ 
lytical  shape  which  is  consistent  with  direct  numerical  simulations  of  forced/damped 
geostrophic  turbulence,  we  can  relate  <  j  f  |*  >  and  hence  7/  to  a  depth-dependent 

‘ l.ahoratoire  ilr  l*liyKii|in'  lies  Oci'mix.lMR  127  CNRS  II'RI-MKR  292HII  IMmizniu'  Pmnr 


I 


combination  of  the  variances  of  relative  vortirity  and  stretching  vorticity  at  a  given 
level, 

Tl  *  [aS  +  bZ}~''\  (1) 

where  a  and  b  are  depth-dependent  constants,  S  is  the  vortex  stretching  variance  and 
Z  is  the  variance  of  relative  vorticity.  This  relation  illustrates  the  respective  time  scales 
for  the  horizontal  and  pseudo- vertical  Lagrangian  accelerations.  It  is  interesting  to  note 
that  the  two  components  of  potential  vorticity  contribute  to  the  total  dispersion  through 
combination  of  their  respective  variances,  rather  than  through  potential  enstrophy,  that 
is  the  variance  of  their  sum. 

The  above  expression  for  7/  does  not  imply  a  spatial  uniformity  of  its  distribution 
with  depth,  nor  do  we  find  it  in  numerical  simulations  of  horizontally  homogeneous 
geostrophic  turbulence.  Our  simulatous  reveal  that  a  variety  of  depth  profiles  of  Tl 
can  be  observed  which  strongly  depend  upon  the  way  the  geostrophic  turbulence  is 
forced/damped.  However,  we  have  a  square  root  dependence  in  (1)  and  since  distribu¬ 
tions  of  vorticity  and  stretching  variances  tend  to  be  antir.orrelated  with  depth,  their 
combination  is  much  more  uniform  than  either  one  taken  alone.  Although  the  issue  of 
potential  vorticity  homogenization  (Hoskins  et  al,  1985)  is  not  our  main  point,  in  con¬ 
ditions  where  the  large-scale  potential  vorticity  is  observerved  to  he  uniform,  such  as 
in  gyre-scale  oceanic  observations  (Keffer  et  al,  1982)  and  in  numerical  simulations  of 
wind-driven  gyres  (Barnier  et  al,  1991),  we  also  have  found  numerically  that  the  corre¬ 
sponding  spatial  distribution  of  Tl  also  tends  to  be  more  uniform  both  in  the  horizontal 
and  vertical  (Hua,  1994), 

The  analytical  predictions  of  our  statistical  model  have  hen  assessed  with  a  reasonable 
degree  of  confirmation  by  numerical  quasi-geostrophir  turbulent  solutions.  For  instance, 
Fig.2  also  displays  the  intercomparisou  between  the  analytical  results  and  DNS  of  the 
depth  profiles  of  the  t.wo  modes  of  dispersion,  showing  an  overall  agreement,  bet  ween  both 
approaches  which  confirm  the  compensating  tendencies  with  depth  of  the  two  modes  of 
dispersion.  Fig.  3  provides  the  probability  distribution  functions  (PDF)  of  the  quantity 
W  =  -w'i,  where  a1  is  squared  strain  and  is  squared  relative  vorticity  (Hua.  1994), 

The  quantity  W  has  been  shown  by  Weiss  ( 1991 )  to  play  a  central  role  in  turbulent  tracer 
transport  and  the  analytical  prediction  (continuous  curve)  captures  well  the  enveloppe 
behaviour  of  the  PDF  observed  in  the  DNS.  Both  are  significantly  disctinct  from  a 
gaussian  distribution  (dashed  line). 

Intermittency  seems  to  present  the  largest  source  of  discrepancy  with  our  analytical 
approach,  hut  one  can  argue  that  oceanic  mesoscale  turbulence,  which  is  primarily  forced 
by  baroclinic  instability  in  presence  of  differential  rotation  ( li  effect),  involve  intermit¬ 
tency  levels  which  are  significantly  less  than  those  usually  observed  in  /-plane  turbulent 
decay  (Bartello  and  Holloway,  1991). 

Thus  the  main  result  of  this  work  is  that  for  a  moderate  intermittency  of  the  geostrophic 
turbulence  forced  by  baroclinic  instability,  the  effective  dispersion  results  from  both  hor¬ 
izontal  turbulent  transport  and  from  divergent  transport  effects  due  to  the  stratified 
nature  of  the  flow.  These  effects  constitute  the  two  modes  of  dispersion  of  geostrophic 
turbulence. 
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Captions 


Fig.l.  Fields  of  ageos trophic  pressure  p  (a)  and  divergent  potential  \ 
(l>)  at  the  top  of  the  water  column  for  an  exponential  strat¬ 
ification  profile.  The  spectra  of  their  respective  gradients 
correspond  to  Fig. 3b. 

Fig.  2.  Vertical  profiles  for  a  constant  stratification  profile  of  (a)  kinetic 
energy  E{:)i  (l>)<  |Vp|;  >  / E  (continuous  line)  and  < 
IVyl^  >  / E  (dash-dotted  line)  and  their  respective  quasi- 
normal  estimates  (dotted  line)  and  (dash-star  line). 

Fig, 3.  Pdf's  of  the  generalized  centrifugal  force  divergence  H'  =  — 

(a)  as  observed  in  a  numerical  simulation  with  small  in- 
termittoncy  (continuous  tine) ;  (b)  as  given  by  analytical 
results  (dash-dotted  line);  (c)  for  a  Gaussian  distribution 
with  equal  variance  (dotted  line). 


Abstract  for:  THE  FOURTH  INTERNATIONAL  SYMPOSIUM  ON  STRATIFIED  FLOWS 


LARGE  AMPLITUDE  ANOMALIES  IN 
BAROCLINIC  ZONAL  FLOWS 
By 

K  Hcifrich  and  J.  Pedlosky 

A  new  manifestation  of  baroclinic  instability  is  obtained  by  examining  the 
dynamics  of  long  waves  in  a  baroclinic  zonal  current  when  the  current  is  marginally 
subcrilical  to  long  waves  and  when  the  long  waves  are  the  most  unstable  waves  in  the 
spectrum.  This  can  occur  when  the  width  of  the  current  is  less  than  the  Rossby  radius  of 
deformation. 

We  employ  the  classic  two  layer  baroclinic  model  on  the  p  plane  in  which  the  basic 
state  is  a  jet-like  shear  flow  initially  limited  to  the  upper  layer. 

The  investigation  cf  the  weakly  nonlinear  formulation  of  the  problem1  leads  to  on 
amplitude  evolution  equation  for  the  amplitude  of  a  *  long"  anomaly,  A,  as  a  function  of 
d'velopmcnt  time,  T,  and  long  zonal  space  scale  §,  and  when  appropriately  scaled  it 
becomes 


dlA  IdW 


(1) 


The  meridional  structure  of  the  anomaly  is  given  by  the  solution  of  an  eigenvalue 
problem  in  which  the  eigenvalue  is  the  phase  speed,  co,  of  the  propagating  anomaly.  In 
particular  the  eigenvalue  is  a  double  root  for  co  which  explains  the  second  order  in  time 
form  of  the  evolution  equation, 


Solutions  of  (1)  in  the  form  of  solitary  waves  can  be  found.  We  have  been  able  to 
interpret  the  solitary  wave  as  a  propagating  region  of  enhanced  instability.  When  the 
amplitude  of  the  solitary  wave  exceeds  a  critical  value  the  combined  flow  (solitary  wave 
plus  jet)  becomes  locally  unstable,  The  instability  manifests  itself  either  os  a  splitting  of  the 
solitary  wave,  emitting  two  daughter  solitary  waves,  or  as  an  explosive  instability  which 
does  not  equilibrate  within  the  asymptotic  theory.  This  nonlinear  instability  suggests  a 
subcrilical  bifurcation  of  the  original  flow. 
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Direct  numerical  calculations  of  the  full  quasi  gcostrophic  equations  reveal  that  the 
explosive  instability  is  captured  by  a  new  state  in  which  a  domain  of  strongly  altered  zonal 
flow  is  embedded  within  the  original  basic  flow.  In  the  lower  layer  where  the  basic  flow  is 
weak,  this  new  state  contains  a  latitude  band  of  recirculation  with  uniform  potential 
vorticity,  q2,  see  figure  land  2.  The  initial  value  problem  shows  that  this  zone  emerges 
from  a  narrow  layer  along  the  boundary  of  the  jet  within  the  channel  domain  of  the 
problem.  This  fluid  then  fills  the  zonally  limited  region  of  uniform  q. 

In  agreement  with  our  view  of  the  process  as  a  subcritical  bifurcation  the  structure 
of  the  new  state  has  been  successfully  reproduced  by  finding  conjugate  solutions  of  the 
equation 

<?„ n=l,2  (2) 

The  functional  forms  for  Qn  ere  taken  to  be  the  original  potential 
vorticity/8treamfunction  relations  except  in  a  domain  in  y,  determined  by  the  calculation,  in 
which  q2  is  uniform  for  y  >  y0.  The  solutions  agree  well  with  the  results  of  our  complete 
numerical  calculations. 

These  conjugate  solutions  representing  the  locally  altered  zonal  state  appear  to  be 
attractors  in  the  sense  that  any  locally  supercritical  perturbation,  not  only  the  solitary  wave, 
will  produce  the  final  local  flow  described  by  (2). 

We  suggest  that  these  large  amplitude  states  may  be  candidates  for  atmospheric 
and  oceanic  persistent  anomalies. 

*  Helfrich,  Karl  R.  and  J.  Pcdlosky  1993  Time  Dependent  isolated  anomalies  in  zonal 

flows,  Journ. Fluid  Mech  vol.  251  377-409 


Characteristics  of  the  instability  in  a  surface  boundary  current 


D.  Obaton  G.  Chabert  d'fiiires 

Equipe  Coriolis,  LEGI-IMG,  BP  53,  38041  Grenoble  cedex  9,  France 


1.  Description  of  the  flow 

The  stability  of  a  surface  boundary  current  is  studied  in  the  laboratory  with 
background  rotation.  The  buoyant  current  propagates  under  the  action  of  gravity  other  a  deep 
passive  dense  water.  It  is  deviated  by  the  Coriolis  force  and  then  follows  the  wall  of  the  tank 
letting  it  on  the  right.  Under  certain  circumstances  it  becomes  unstable. 

Experiments  are  conducted  on  the  big  rotating  platform  of  the  LEGI-IMG,  Grenoble. 
Salted  water  filling  the  tank  is  first  driven  in  body  rotation,  then  the  current  of  fresh  water  is 
initiated.  The  source  of  the  current  is  located  by  the  surface,  perpendicularly  to  the  wall.  It 
has  a  triangular  section  to  allow  the  fluid  to  be  in  geostrophic  equilibrium,  considering  that 
the  initial  velocity  is  uniform  (figure  1).  As  a  consequence,  potential  vorticity  is  well  defined 
and  not  uniform,  it  increases  away  from  the  wail  due  to  decreasing  current  thickness.  A  sink 
is  located  downstream  of  the  source  and  removes  the  current  before  it  staris  a  second  circuit. 
Therefore  the  current  is  of  constant  volume  and  constant  flow  rate.  It  is  mainly  laminar, 
expect  for  the  nose  not  considered  here. 

The  ratio  of  the  two  layers  depth  ho/H  is  typically  0.1  (H  is  the  total  depth). 
Dimensional  quantities  that  can  be  varied  are  the  flow  rate  Qo,  the  cun-eni  width  Lo  and  the 
thickness  of  the  light  fluid  at  the  wall  ho,  all  three  taken  at  the  source.  The  rotation  of  the 
tank,  then  the  Coriolis  parameter  f,  and  the  density  difference  g'  =  g  (p2— pi )/pi  are  also 
changed.  The  molecular  viscosity  of  the  water  v  is  added  to  those  quantities. 

Taking  account  of  the  viscosity,  the  current  is  governing  by  three  non  dimensional 
parameters.  Because  a  baroclinic  instability  is  expecting,  the  Burger  number  is  considered 

Bu  =  g'ho  /  PL:  0.10  <  B.  <  0.89. 

The  viscosity  is  introduced  by  the  vertical  Ekman  number 

Ek  =  v/fho2  0.2  10-J  <  E*  <  8.1  10  3 . 

The  aspect  ratio  of  the  current  at  the  source  is  added  to  those  two  parameters 


ho/Lu 


0.05  <  ho  <  0.64. 
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Figure  1.  Experimental  apparatus  and  dimensional  quantities  of  the  flow. 


When  the  flow  becomes  unstable,  there  is  a  local  increase  of  the  width  of  the  current 
at  some  distance  from  the  source.  At  the  front,  a  cyclonic  eddy  appears  due  to  the  horizontal 
shear  with  the  dense  passive  water.  At  the  same  time  and  the  same  place,  the  current  thickness 
increases  near  the  wall.  Then  an  anticyclonic  eddy  appears  inside  the  flow.  The  lower  layer  is 
little  affected  by  any  movement:  velocities  are  naught  or  negiigeable.  As  the  anticyclone 
develops,  the  interface  increases  below.  And  progressively,  the  lower  layer  is  rotating  with 
that  eddy.  At  the  front  the  cyclone  may  disappear.  The  dipole  cyclone-anticyclone  and  the 
main  current  going  around  the  anticyclonic  eddy  is  called  a  meander  in  the  experiments. 
When  the  first  meander  exists,  many  others  can  appeared  in  the  flow.  They  Bre  all  observed 
downstream  of  the  first  meander  i.e.  further  from  the  source.  They  usually  appear  nearly  at 
the  same  time,  but  after  the  first  one  has  been  formed.  Their  development  is  similar  to  the 
development  of  the  first  meander. 

As  all  these  meandeis  increase  in  size  and  depth,  they  move  within  the  flow  in  the 
same  direction,  with  a  speed  equals  to  1/10  of  that  of  the  mean  velocity.  The  stable  flow  and 
the  regular  flow  outside  the  meanders  have  streamlines  parallel  to  the  wall  and  are  in 
geostrophic  equilibrium.  In  the  meanders,  this  state  is  no  longer  checked. 


These  dipoles  cyclone-anticyclones  are  very  similar  to  those  found  by  Griffiths  and 
Linden  (1981,  1982)  in  their  periodic  coastal  current.  Vinger  and  McClimans  (1980)  and 
McClimans  and  Green  (1982)  also  observed  that  kind  of  structures  in  an  experiment  close  to 
the  present  one  except  for  the  ratio  of  layers  depth  that  is  4-5  times  greater  than  the  one 
studied  here. 


2.  Results 

It  is  shown  that  the  stability  of  the  flow  depends  on  the  Ekman  number,  and  that  there 
is  only  one  type  of  instability.  For  Ek  <  1.5  10  3  all  flows  are  unstable  and  for  Ek  >  3.0  101 
they  are  ail  stable.  This  is  true  whatever  the  value  of  the  Burger  number  is.  Despite  the  fact 
the  ratio  of  the  layers  depth  ho/H  has  not  been  much  varied,  it  is  possible  that  this  parameter 
has  also  a  significant  roie. 

Destabilisation  cf  the  flow  is  linked  to  a  minimum  value  of  the  local  Burger  number. 
(The  local  Burger  number  is  calculated  over  a  section  of  the  current.)  This  minimum  varies 
with  the  type  of  flow,  therefore  the  Burger  number  has  not  to  reach  a  critical  value  to 
destabilise  the  current.  Later  and  further  from  the  source  the  formation  of  the  first  meander, 
larger  the  Burger  number.  The  destabilisation  is  also  slowed  when  the  Ekman  number 
increases.  This  instability  is  not  due  to  a  wave  either  coming  directly  from  the  source  or 
reflected  by  the  nose  of  the  current  or  by  the  sink.  It  can  be  due  to  the  detachment  of  the  wall 
boundary  layer.  Formation  and  increase  of  the  first  meander  can  afterwards  create  a  wave 
which  degenerate  to  the  other  meanders.  These  two  last  results  are  only  suggestions  and  have 
not  been  proved. 

To  characterise  the  instability,  tranfers  of  energy  are  analysed  across  different  sections 
of  the  flow.  These  measurements  are  made,  at  nearly  the  same  time,  in  the  regular  parts  of  the 
current  anu  the  meander.  These  measurements  are  repeated  from  time  to  time  when  the  size 

*'  of  the  meander  increase  and  before  the  velocity  in  the  lower  layer  is  significant, 

t .  ■ ,v  'asurements  of  the  mean  vertical  velocity  of  the  flow  (by  the  means  of  floats) 

»nd  o  .he  U.  or  thickness  (using  a  light  absorption  technique)  are  made.  These  two  quantities 
a",  mi  o  along  the  width  of  the  current.  Kinetic  and  potential  energies  are  next  calculated 
a  Sc  .  j.,  of  the  current  ahead  of  a  meander  and  in  a  structure.  Then  the  ratio  of  the  two 
e.  orgies  .1  .  its  evolution  with  time,  when  instability  occurs,  is  studied. 


Figure  2.  Ratio  of  potential  energy  P  to  kinetic  energy  K  at  different  sections  in  the  flow. 


Between  the  regular  flow  and  a  part  of  the  flow  containing  a  meander,  the  potential 
energy  increases  (figure  2).  This  means  that  there  is  some  kinetic  energy  that  transfers  to 
potential  energy.  This  result  and  the  facts  that  1)  the  thickness  of  the  current  increases  into  a 
meander,  2)  the  Burger  number  taken  either  at  the  source  or  at  some  various  sections  in  the 
flow  has  not  an  important  role  on  the  stability  of  the  flow,  give  a  good  indication  that  the 
instability  is  essentially  barotropic. 


Griffiths  R.W.,  Linden  P.F.,  1981.  The  stability  of  buoyancy-driven  costal  currents.  Dyn. 
Atmos.  Oceans,  5,  281-306. 

Griffiths  R.W.,  Linden  P.F.,  1982.  Laboratory  experiments  on  fronts.  Part  1:  density-driven 
boundary  currents.  Geophys.  Astrophys.  Fluid  Dyn.,  19,  159-187. 

McClimans  T.A.,  Green  T.,  1982.  Phase  speed  and  growth  of  whirls  in  a  baroclinic  coastal 
current.  River  and  Harbour  Laboratory  Report.  STF60  A82108,  Norway. 

Vinger  A.,  McClimans  T.A.,  1980.  Laboratory  studies  of  baroclinic  coastal  currents  along  a 
straight,  vertical  coastline.  River  and  Harbour  Laboratory  Report.  STF60  A80081,  Norway. 


FRONTAL  PHENOMENA  OBSERVED  IN  TIDAL  ESTUARIES 
'  -  VERIFICATION  BY  3-D  BAROCLINIC  FLOW  MODEL  - 


K.  Nakatsi^i*,  T.  Sueyoshi’  and  T.  Fttflwara” 

*’  Dept,  of  Civil  Eng.  Osaka  University,  Osaka  565.  Japan 
**’  Dept,  of  Fishery,  Kyoto  University,  Kyoto  610-10,  Japan 


ABSTRACT  :  Two  cases  study  of  frontal  phenomena  observed  in  Osaka  Bay,  Japan  is 
presented  using  a  three-dimensional,  time-dependent  baroclinic  flow  model.  The  first  case 
study  involves  an  estuarine  front  of  the  Yodo  River  flood  flow,  in  which  buoyancy  and  earth's 
rotation  are  the  main  force  to  lead  strong  geostrophic  ulong-front  jet.  The  second  case  study 
involves  a  tidal  front  observed  along  the  line  connecting  20m  depth  points  in  Osaka  Bay. 
Stratified  waters  developed  in  the  shallow  basin  and  vertically  well-mixed  ones  due  to  a 
strong  tidal  flow  through  narrow  straits  meet  with  each  other  to  make  a  remarkable  front. 

INTRODUCTION 

Fronts  are  well-defined  boundaries  between  water  masses  where  horizontal  gradients  in 
density  and  other  fluid  properties  arc  large.  These  gradients  arc  generated  by  buoyancy 
according  to  river  discharges  and  heat  fluxes  through  the  water  surface.  Recent  development 
of  remote  sensing  techniques  have  enabled  one  to  clarify  the  existence  of  frontal  phenomena 
in  coastal  seas;  an  estuarine  river-forced  front,  a  tidal  front  and  a  thermohaline  front.  Among 
them,  the  thermohaline  front  appears  between  water  masses  of  low  temperature  and  low 
salinity  and  those  of  high  temperature  and  high  salinity.  It  is  characterized  by  a  little 
difference  in  density.  (Yanagi,  1980)  The  former  two  frontal  phenomena  depend  not  only 
on  the  source  of  river  discharges,  but  also  on  the  acceleration,  friction  and  the  rotation  of  the 
earth.  Onishi  (1990)  and  Nakatsuji  et  al.  (1992)  pointed  out  on  the  basis  of  remote  sensing 
by  satellite  that  lots  of  effluent  from  rivers  deflect  anticyclonicully  in  the  Northern 
Hemisphere  and  form  a  baroclinic  boundary  current  that  keeps  the  coastline  on  its  right-hand 
side.  In  regard  to  the  tidal  front  across  Osaka  Bay  from  north  to  south,  there  arc  a  large 
number  of  f:'  .d  surveys  conducted  by  Ueshima  ct  al.  (1987),  Yanagi  and  Takahashi  (1988), 
and  Fujiwara  et  al.  (1989). 

In  the  present  study,  the  dynamics  of  frontal  phenomena  observed  in  Osaka  Bay  is 
examined  using  a  three-dimensional,  time-dependent  baroclinic  flow  model.  In  the  first  half, 
the  spreading  of  the  Yodo  River  flood  flows  is  examined  in  relation  to  the  Rossbv 
deformation  radius.  In  the  second  half,  the  mechanism  of  tidal  front  is  made  clear  in  a  strait- 
basin  system.  (Fujiwara  ct  al.,  1994) 

RIVER-FORCED  ESTUARINE  FRONT 

Behaviour  of  Yodo  River  Flood  Flow  in  Osaka  Bay  During  High  Discharge 
Osaka  Bay  is  an  oval  shaped  bay  with  a  60  km  major  axis  and  a  25  km  minor  axis  as 
shown  in  Fig.  1.  Osaka  Bay  has  two-openings:  Akashi  Strait  and  Kitan  Strait  and  the  Yodo 
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temperature  taken  at  14:24 
August  2  1982  from  NOAA, 


Fig.  2  Hydrograph  of  The  Yodo  River 
measured  during  Typhoon  8210. 
6270  nr'/s  was  recorded. 


and  Yamato  Rivers  are  located  at  the  head  of  bay.  Osaka  Bay,  therefore,  is  a  typical  semi- 
cnclosed  bay.  The  eastern  bay  is  shallow  than  20  m  due  to  long  term  sedimentation  from 
rivers,  while  the  western  bay  is  40  m-  and  70  m-  deep  valley,  because  it  is  subject  to  strong 
tidal  flows  through  two  straits. 

Figure  1  shows  the  surface  temperature  distribution  of  Osaka  Bay  obtained  by  NOAA  at 
14:24,  August  2,  1982  during  typhoon  8210  which  was  followed  by  a  low  pressure,  The 
maximum  flow  rate  was  6,270  mvs.  The  contours  indicate  relative  temperature  distribution 
every  0.5'C  with  a  resolution  of  0.12'C.  The  infrared  image  was  taken  6  hours  20  minutes 
after  the  maximum  discharge  as  shown  in  Fig.  2.  Figure  1  indicates  that  the  Yodo  River 
outflow  advanced  from  the  river  mouth  westward  off  Kobe  and  then  turned  southward  along 
Awaji  Island.  The  longer  axis  extends  some  55  km  from  the  river  mouth  and  the  shorter  axis 
is  14  km  maximum.  The  infrared  image  makes  clear  that  the  Yodo  River  flood  outflow 
behaves  in  a  completely  different  manner  from  the  behaviour  of  the  Yodo  River  water  at 
nominal  discharge  rates.  Most  of  Yodo  River  water  has  been  consiuercd  to  flow  southward 
on  the  basis  of  field  surveys.  _ 

The  horizontal  scale  of  interest  is  the  Rossby  deformation  radius  rd  =  V{kp/ps)gh(b-h)D 
x  f 1  in  which  f  is  Coriolis  parameter.  As  there  is  no  measured  value  for  river  water  thickness 
at  the  river  mouth  h0  during  high  discharge,  we  assume  it  to  be  2  or  4  meters:  hence  the 
Rossby  deformation  radius  roughly  estimated  is  rd  -  7.3  km  for  h0  =  2  m,  or  rd  =  9.5  km  for 
h0-  4  m.  The  area  occupied  by  the  Yodo  River  outflow  is  55  km  x  20  km  as  shown  in  Fig. 
1  and  it  is  larger  than  the  radius  rd.  This  leuds  us  to  believe  that  the  outflow  is  considerably 
influenced  by  the  rotation  of  the  earth. 


The  Three-Dimensional  Flow  Model 

The  numerical  model  uses  the  hydrostatic  and  Boussinesq  approximations  and  solves  for 
three-dimensional  velocities  {U,  V,  W)  and  buoyancy  (B),  Details  are  given  in  Murota  ct  al. 
(1988)  and  Nakatsuji  et  al.  (1989).  The  stratification-dependent  turbulent  transfer  is  modelled 
by  the  vertical  eddy  viscosity  coefficient  e;  and  eddy  diffusivity  K.  in  due  consideration  of 
stratification  functions.  The  neutral  value  of  e.v  is  used  0.005  m:/s.  A  horizontal  eddy 
viscosity  or  diffusivity  is  used  20  mVs.  Freshwater  of  zero  salinity  flows  near  the  surface 
from  rivers  into  the  model  basin  initially  filled  with  saline  sea  water  of  a,  =  22.  At  the  river 
mouth,  the  time-variation  of  river  discharges  is  given  according  to  the  observed  hydrographs 
of  Typhoon  8210  as  shown  in  Fig.  2.  The  water  elevation  is  assumed  to  be  zero  and  tidal 


flows  ure  not  taken  into  account  in  the  computation.  The  model  ocean  of  Osaka  Bay  is  58 
km  long  and  54  km  wide  and  a  maximum  of  52  m  deep  as  shown  in  Fig,  3.  The  model's 
resolutions  are  2  km  in  the  horizontal  plane  with  eight  vertical  levels  each  between  0.4  m  and 
20  m  thick.  The  time  increment  is  6  seconds. 

Numerical  Results  on  Estuarine  Front 
(1)  Coriolis  deflected  coastal  jet 

Figure  3  shows  the  horizontal  velocity  and  density  fields  in  the  0.4  m  thick  surface  layer 
at  20  hours  after  the  beginning  of  flood  flow  for  the  cases  with  and  without  the  earth's 
rotation.  Contours  of  the  density  difference  normalized  by  the  initial  difference,  or,  =  22  are 
denoted  by  broken  lines  with  intervals  of  10%.  In  the  case  without  rotation  the  Yodo  River 
plume  spreads  out  over  the  sea  water  radially  accompanied  by  a  thinning  in  its  vertical  extent. 
That  is  a  typical  plume-like  flow.  The  isopycnal  contours  tend  to  fan  out  in  a  concentric 
circle  and  the  velocity  vectors  cross  at  right  angles  to  the  isopycnal  contours. 

On  the  other  hand,  in  the  case  with  the  earth's  rotation,  the  velocity  vectors  turn  to  the  right 
so  alongshore  velocities  become  dominant.  The  isopycnal  contours  are  stretched  out  parallel 
to  the  coastline  and  even  the  outermost  10%  contour  is  confined  within  about  10  km  of  the 
shore.  It  is  a  clear  indication  of  the  river  plume  being  a  geostrophic  current,  since  the  Rossby 
deformation  radius  may  be  10  km  or  less.  The  plume  reuttaches  to  the  right-hand  side  coast 
forming  a  coastal  current,  which  is  affected  by  the  earth's  rotation.  Such  a  flow  is  often 
visible  in  the  river  water  effluent  from  the  air  due  to  colour  contrasts  in  the  different  water 
masses. 

Figure  4  demonstrates  the  Yodo  River  plume  spreading  at  the  surface  layer  of  0.4  m  after 
35,  40  and  45  hours  in  consideration  of  the  earth's  rotation.  The  computed  result  at  35  hours 
just  corresponds  to  the  time  when  the  infrared  image  was  taken  from  the  NOAA  satellite.  The 
Yodo  River  plume  at  this  point  behaves  basically  in  the  same  manner  as  observed  in  Fig.  3. 
It  indicates  that  the  Coriolis  force  may  significantly  affect  the  Yodo  River  plume  spreading. 
The  point  of  interest  here  is  that  the  isopycnal  contours  are  close  to  each  other  at  the  tip  of 
river  plume.  Because  of  the  geostrophic  adjustment,  the  rotation  may  suppress  offshore 
spreading  but  accelerate  alongshore  spreading  that  leads  to  the  formation  of  the  frontal 
structure  discussed  later.  The  front  can  be  seen  to  propagate  southwestward  along  the  coast 
of  Awaji  Island  as  a  narrow  current  with  a  width  of  8  km.  The  river  plume  continues  to 
propagate  along  the  coast  while  maintaining  a  frontal  structure  even  after  he  lapse  of  50  hours, 
although  the  speed  slows  down  slightly  with  distance.  It  is  about  12  km  wide  and  has  a  speed 
of  about  0.4  m/s.  Such  an  alongshore  Coriolis-deflected  current  is  called  "a  coastal  jet". 


Fig.  3  Surface  velocity  and  density  fields  of  Yodo  River  flood  flow  with 
and  without  earth’s  rotation  after  20  hours  of  typhoon  8210. 


Fig.  4  Horizontal  flow  and  density  fields  of  Yodo  River  plume  spreading 
after  35,  40  and  50  hours  at  surface  layer  of  0,4  m  thickness. 


(2)  Three-dimensional  structure  of  estuarine  front 
To  better  illustrate  the  three-dimensional  structure  of  the  intruding  current,  Fig.  5  shows 
the  vertical  sections  of  alongshore  current  and  isopycnals  at  35  hours  and  40  hours. 
Isopycnals  are  drawn  at  intervals  of  5%  of  o,  =  22  in  this  figure.  This  section  is  taken  2  km 
off  and  in  parallel  to  the  coast  of  Awaji  Island,  which  is  shown  by  a  solid  line  in  Fig.  4(b). 
The  origin  of  xy  =  0  corresponds  to  the  coastline  near  Akashi  side  and  values  of  xy  increases 
in  the  southwest  direction.  The  river  water  transported  by  the  westward  baroclinic  current 
along  the  Kobe  coast  stays  in  the  left-hand  bulge  of  Fig.  5  where  alongshore  velocities 
become  very  small.  Because  of  the  horizontal  pressure  gradients  due  to  density  gradients 
(baroclinic  mode)  and  surface  gradients  (barotropic  mode)  as  well  as  the  gcostrophic 
adjustment,  the  accumulated  water  forms  an  intruding  current  once  more  and  flows  along  the 
coastline.  The  velocity  inside  the  current  first  accelerates  awtw  from  the  bulge  and  then  slows 
down  near  the  head  of  intruding  current.  Judging  from  the  velocity  vector,  its  head  may  form 
an  advancing  front  often  observed  in  gravity  currents.  The  thickness  of  current  is  about  2  m 


40  hours 


Fig.  5  Velocity  vector  and  isopycnals 
at  alongshore  vertical  sections 
showing  vertical  structure. 


Fig.  6  Transverse  velocity  vector  and 
isopycnals  at  cross-sections  of 
intruding  current  at  35  hours. 
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when  estimated  on  the  basis  of  5%  isopycnal  contour  and  about  3  m  on  the  basis  of  zero- 
vclocity  contour.  The  intrusion  speed  of  the  head  between  35  and  40  hours  can  be  estimated 
by  the  distance  travelled  during  5  hours.  It  is  about  0.42  m/s  which  is  equivalent  to  1.5  x 
v/Ap/p "Jgh  (=  1.5  x  C).  The  value  is  somewhat  larger  compared  with  the  theoretical  one  of 
1.4  x  C  and  the  experimental  one  of  (1.09  -  1.16)  x  C  which  were  obtained  for  a  density 
current  overlying  a  lower  layer  with  rotation  by  Stern  ct  al.  (1982). 

Figure  6  shows  velocity  vectors  and  isopycnais  at  5%  intervals  at  the  cross  sections  marked 
in  Fig.6(d)  which  shows  the  horizontal  flows  and  density  fields  at  the  surface  layer  after  35 
hours.  The  spreading  ranges  from  6  km  to  8  km  horizontally  and  from  5  m  to  6  m  vertically; 
its  velocity  is  about  0.6  m/s.  Figure  6(a)  which  corresponds  to  the  tip  of  the  front  shows  the 
existence  of  a  sinking  current  formed  by  an  external  fluid  body  as  the  spreading  advances. 

In  Figs.  6(b)  and  6(c),  a  current  that  expands  offshore  can  be  seen  inside  the  front.  The 
experiments  conducted  by  Stern  et  al.  (1982)  clarified  the  width  of  the  current  to  be  0.4  to  0.5 
times  the  Rossby  deformation  radius,  which  agrees  with  the  present  computed  results. 

As  mentioned  above,  the  river  water  spreading  is  characterized  by  the  formation  of  a  coastal 
current  through  gcostrophic  adjustment.  Figure  7  shows  the  variations  ot  the  propagation 
speed  of  the  Yodo  River  flood  flow  plotted  against  the  alongshore  distance  measured  from 
the  river  mouih.  The  intrusion  speed  tends  to  accelerate  with  distance  before  the  river  water 
reaches  the  Akashi  Strait.  After  staying  at  that  region  of  .v  =  38  km,  the  accumulated  water 
begins  to  flow  again  and  turn  southwest.  It  is  surprising  that  the  maximum  speed  attained  is 
about  0.4  m/s  even  53  km  from  the  river  mouth.  After  that,  the  intrusion  speed  drops  because 
the  density  difference  between  flood  water  and  sea  water  is  reduced.  Its  speed  averages  0.35  ! 

m/s.  Consequently,  the  flood  wutcr  of  the  Yodo  River  reaches  the  Kitan  Strait  after  only  60  ! 

hours  after  the  beginning  of  flood.  f 

In  the  present  computation,  the  effects  of  tidal  flow  arc  not  taken  into  account,  It  is  of 
course  an  important  factor  to  determine  the  river  plume  spreading  patterns.  The  tidal 
modulation  effects  are  discussed  in  another  paper.  (Nakatsuji  et  al.,  1992) 

TIDAL  FRONT 

Tidal  Front  Observed  in  Osaka  Bay 

Figure  8  demonstrates  surface  temperature  distribution  taken  by  MSS  loaded  in  airplane  by 
Ucshima  ct  al.  (1987).  The  tidal  flow  at  Akashi  Strait  is  a  final  stage  of  eastward  flow. 

There  is  clearly  a  surface  temperature  contrast  of  almost  0,5  °C  between  the  two  sides  of  the 


Fig.  7  Propagation  speed  along  the  center-  Fig.  8  Tidal  front  appeared  in  Osaka  Bay 
line  of  Yodo  River  flood  flow.  (from  Ueshima  et  al..  1987) 
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front  across  the  center  area  of  Osaka  bay  from  north  to  south.  The  tidal  front  develops  along 
the  line  connecting  20  m  depth  points.  One  side  of  the  front  remains  strongly  stratified  in 
shallow  basin  affected  by  lots  of  river  water  effluent  and  heat  flux  through  sea  surface 
especially  in  summer,  while  another  side  is  vertically  well-mixed  due  to  a  strong  tidal  flow 
through  narrow  and  deep  straits.  Yanagi  and  Takahashi  (1988)  reported  on  the  basis  of  field 
observation  in  summer  that  the  differences  in  temperature,  salinity  and  density  are  1.5  °C,  4.0 
%o  and  a,  =  3  at  5  km  intervals  across  the  tidal  front,  respectively. 

The  Buroclinic  Flow  Model 

In  order  to  clarifying  the  tidal  front,  it  is  necessary  to  improve  the  precision  of  movement 
and  turbulent  transfer  in  vertical  direction.  Therefore,  the  three-dimensional  baroclinic  flow 
model  used  in  the  computation  of  estuarine  front  is  reorganized.  Main  points  of  modification 
are  as  follows;  (a)  model  resolution  of  1  km  in  the  horizontal  plane  with  7  vertical  layers 
having  thickness  of  2,  4,  6,  8,  10,  15  and  15  m  from  surface  to  bottom  and  (b)  the  tidal  flow 
computation  in  which  a  cosine  wave  with  a  12-hour  cycle  and  amplitude  of  38  -  c  at  open 
boundaries,  and  (c)  flow  rate  of  Yodo  River,  205  m3/s  and  heat  transfer  thiough  sea  surface, 
29.7  cal//s/mJ  in  summer. 

Numerical  Results  of  Tidal  Front 

(1)  Baroclinic  flow  pattern  and  tidal  front 

The  computation  results  to  be  discussed  here  are  those  on  the  t  tidal  cycle,  in  which  the 
change  in  the  density  distribution  during  one  tidal  cycle  becomes  negligible  small  as  compared 
with  that  of  the  previous  tidal  cycle. 

Figure  9  shows  the  velocity  and  the  density  fields  of  the  surface  layer  (1  m  deep  from  the 
surface)  when  the  eastward  or  westward  flow  through  Akashi  Strait  reaches  its  maximum. 
The  contours  of  density  are  marked  at  every  10  %  of  the  density  difference  between  the  river 
and  sea  water  where  o,  =  23.  When  the  eastward  flow  at  Akashi  Strait  is  at  its  maximum, 
the  flow  into  Osaka  Bay  spreads  in  a  jet-like  form  toward  the  southeast.  The  flow  makes  its 
way  in  clockwise  circular  arcs  along  a  20  m-deep  contour  line  toward  the  Kitan  Strait. 
Meanwhile  the  discharge  from  the  Yodo  River  spreads  southwest,  running  southward  to  cross 
the  20%  density  contour  line  at  a  right  ang!;.  The  jet-like  tidal  flow  from  the  Akashi  Strait 
combines  with  this  river  discharge  at  the  20  m-deep  point  and  continues  southward. 


Fig.  9  Surface  flow  vectors  and  density  distribution  when 

the  maximum  eastward/westward  at  the  Akashi  Strait. 


Fig.  10  Density  distribution  on  the  cross 
section  of  tidal  front  correspond- 
Fig,  9  by  a  solid  line. 
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Fig.  1 1  Surface  density  and  density 
gradient  distribution  every 
three  hours. 


When  the  westward  flow  is  at  its  maximum,  the  water  flow  can  roughly  be  divided  into 
two:  one  running  from  the  Kitan  Strait  northward  along  the  cast  coast  of  Awaji  Island,  and 
the  other  that  flows  northward,  off  the  coast  of  Sennan.  Water  from  the  Yodo  River  is  carried 
by  the  tidal  flow  toward  Kobe,  a  part  of  which  flows  into  the  Akashi  Strait.  It  is  worth  noting 
that  the  southeastward  flow  at  Kino-se  persists  even  when  the  tidal  flow  direction  changes. 
Kino-sc  is  the  shallowest  point  in  the  western  bay  which  is  indicated  by  the  cross  mark  in 
Fig.  9.  Between  this  southeastward  flow  and  the  flow  in  the  inner  bay,  a  discontinuous  flow 
is  observed.  If  the  density  distribution  in  Fig.  9  is  represented  in  finer  contour  lines,  the 
discontinuous  boundary  can  be  shown  to  be  bands  of  different  densities,  that  is  a  tidal  front. 

Figure  10  shows  the  density  distribution  at  the  cross-scction  of  the  tidal  front,  which  is 
indicated  by  the  solid  line  in  Fig.  9,  The  horizontal  0  point  corresponds  to  the  20  m-deep 
sea  bed.  The  direction  toward  the  inner  bay  (toward  Osaka)  is  positive,  while  the  direction 
toward  the  outer  bay  (toward  Awaji  island)  is  negative.  In  the  inner  bay,  approximately  5  m- 
thick  stratification  with  o,  =  22  or  lower  can  be  observed.  The  stratification  is  stable,  rarely 
affected  by  the  change  in  the  tidal  flow,  The  area  where  the  sea  bed  is  deeper  than  20  m  (x 
<  0)  is  exposed  to  stronger  tidal  flows  and,  as  a  result,  vertical  mixing  occurs.  In  this  area 
a,  is  22.5  or  higher.  Between  these  two  areas,  where  o,  is  more  than  20  and  less  than  22, 
density  contours  are  almost  perpendicular  to  the  water  surface. 

Figure  1 1  shows  the  horizontal  distribution  of  surface  density  and  its  gradient  every  three 
hours.  The  gradient  indicates  the  sharpness  of  the  front,  This  figure  shows  that  the  tidal  front 
on  this  cross  section  is  located  at  the  location  where  the  sea  bed  is  about  20  m  deep.  The 
density  changes  by  a,  =  2  over  7  km  on  this  plane.  The  density  gradient  is  the  greatest  when 
the  eastward  tidal  flow  through  Akashi  Strait  reverses  westward.  At  this  time  the  front  is  2 
km  wide  and  c,  rises  from  the  head  to  the  center  of  the  bay  by  ct,  =  2.  it  is  because  the 
eastward  flow  through  Akashi  Strait  spread  deep  into  the  head  of  bay.  Field  data  obtained 
by  Yanagi  and  Takahashi  (1988)  indicated  the  density  change  of  o,  =  3  over  5  km  width  of 
the  tidal  front.  From  these  comparison,  the  computation  results  overestimate  a  little  larger 
than  observation  ones. 


CONCLUSION 


The  river-forced  front  and  the  tidal  front  observed  in  Osaka  Bay  are  examined  using  a 
three-dimensional,  time-dependent  baroclinic  flow  model.  Frontal  phenomena  arc 
accompanied  by  the  convergence  of  surface  water  to  make  well-defined  discontinuity  in 
density  and  other  fluid  properties  such  as  temperature,  salinity  and  so  on.  In  cases  of  an 
estuarine  front,  on  a  larger  scale  than  the  Rossby  deformation  radius,  the  earth's  rotation  in 
addition  to  the  buoyancy  are  the  major  forces  to  make  a  strong  geostrophic  along-shore 
current.  Since  contamination  such  as  industrial  and  domestic  waste  products  is  discharged  in 
large  quantities,  the  behaviour  of  estuarine  fronts  is  very  important  to  the  environment  of 
coastal  seas  and  estuaries.  On  the  other  hand,  the  appearance  of  tidal  front  is  dependent  of 
stratification  developed  in  shallow  basin  and  vertically  well -mixed  water  due  to  strong  tidal 
flows  through  straits.  It  plays  an  important  role  in  formation  of  the  baroclinic  residual  current 
system,  estuarine  circulation  system  and  also  water  qualities  transfer  in  enclosed  coastal  seas 
and  bays.  The  research  for  clarifying  the  dynamics  of  frontal  phenomena  is,  therefore, 
necessary  to  understand  the  physical  and  bio-chemica!  processes  and  their  economic 
implications  for  good  management. 
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LABORATORY  MODELLING  OF  GRAVITY  CURRENTS  ON  THE  SLOPE 
IN  ROTATING  FLUID 

A. G. Zatsepin  and  A. V. Semenov 
(P. P.Shirshov  Institute  of  Oceanology,  Moscow) 

The  sinking  of  dense  water  along  inclined  oceanic  bottom 
(shelves,  slopes)  is  remarkable  process  responsible  for  the 
formation  of  oceanic  bottom  water  masses  and  ventilation  of  the 
deep  ocean.  The  dynamics  and  other  specific  details  of  this 
process  are  poorly  known,  because  of  the  complexity  of  its 
investigation  in  natural  conditions,  In  this  short  report  we 
present  the  main  results  of  preliminary  laboratory  studies  and 
accompaining  theoretical  analysis  of  the  basic  dynamical 
features  of  the  above-mentioned  dense  water  flows.  The  influence 
of  Earth  rotation  on  the  sloping  gravity  currents  is  simulated 
with  the  help  ot  rotating  table.  The  significance  of  proposed 
studies  is  conditioned  by  the  important  role  of  Earth  rotation 
on  the  dynamics  and  structure  of  mesoscale  and  large  scale 
oceanic  dense  water  flows.  To  our  knowledge  there  is  no 
comprehensive  study  of  gravity  currents  along  sloping  bottom  in 
rotating  fluid.  Nevertheless  we  would  like  to  mention  the  papers 
and  reports  by  Griffiths  (1983),  Davey  and  Killworth  (1989), 
Whitehead  et  al  (1990)  dealing  with  some  aspects  of  the  problem 
involved. 

In  1993  we  performed  a  series  of  experiments  with  gravity 
currents  on  the  sloping  bottom  (angle  of  the  slope  -  39  deg.)  in 
the  rectangular  organic  glass  tank  50*50*20  cubic  cm.  filled  by 
salted  water  and  positioned  in  the  center  of  the  rotating  table. 
Sloping  bottom  was  simulated  by  the  surface  of  the  conical  body 
which  peaked  up  just  in  the  center  of  the  tank.  Gravity  currents 
were  produced  by  one  of  two  local  constant  flux  sources  of  more 
saline  water.  One  of  such  sources  was  placed  on  the  peak  of  the 
conical  body  (central  source)  and  the  other  -  on  its  sloping 
side  (lateral  source).  In  case  of  experiments  with  the  central 
source  nearly  axysimmetric  gravity  current  was  formed  with  a 
front  propagating  down  the  slope.  Distance  L  of  the  front  from 
the  source  was  measured  as  a  function  of  time  t,  volume  flux  Q  = 
0.8  -  6.2  cmA3/c,  reduced  gravity  g*  *  0.4  -  4.8  cm/cA2  and 
Coriolis  parameter  f  =  0.83  -  2.0  1/c.  The  results  confirmed  the 
self-similar  theoretical  solution  which  was  obtained  by 
Dr .A. G. Zatsepin  for  one- layer  model  approximation.  In  this  model 
the  balance  between  three  main  forces  (downslope  gravity, 
Coriolis  and  friction  forces)  was  taken  into  account.  The 
success  of  one-layer  approximation  was  due  to  the  small 
thickness  (3-8  Eckman  lengthsca'e)  of  the  gravity  current 
compared  to  the  depth  of  the  upper  layer. 

In  case  of  experiments  with  lateral  source  gravity  current 
was  spreading  predominantly  anticyclonically  (to  the  west)  and 
down  the  slope  because  of  friction.  Three  different  regimes  of 
the  current  were  observed:  a)  "train"  of  quasi-isolated 
vorticies  (large  Q  and  small  g*  values),  b)  train  of  fronts 
(small  Q  and  large  g*  values)  c)  quasi-monolith  current 
(moderate  Q  and  g*  values) .  In  case  a)  there  was  strong 
mesoscale  interaction  between  the  thick  gravity  current  and  the 
upper  layer  fluid,  and  the  vortical  structures  in  both  layers 
had  predominantly  cyclonical  sign,  In  the  case  b)  gravity 
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current  was  thin  and  the  wavelength  of  observed  frontal 

structure  was  close  to  that  of  Eckman  layer  instability 
(Whitehead  et  al.,1990). 

One  of  the  aims  of  the  future  study  of  sloping  gravity 
currents  in  the  rotating  fluid  is  to  clarify  the  conditions 
under  which  the  flow  produced  by  local  constant  flux  source 

breaks  down  to  a  series  of  discrete  vortical  or  frontal 

structures  and  to  describe  physical  mechanisms  of  their 

formation. 
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Abstract 

This  communication  outlines  laboratory  work  performed  in  modeling  narrow  current- 
topography  interactions  under  the  influence  of  rotation  and  stratification.  The  experiments 
employed  a  surface-driven  source-sink  technique  in  an  annular  geometry,  and  used  a  single  cosine- 
squared  topography  of  revolution.  The  currents  generated  possessed  a  Gaussian-like  horizontal 
profile  decreasing  linearly  with  depth  Owing  to  stratification  effects,  the  current  quickly 
developed  instabilities  characterized  by  cross-stream  meanders  and  evenly-distributed  azimuthal 
cyclonic  vortices.  Particle-streak  photographs  showed  overall  qualitative  features  of  the  fluid 
motion  m  a  120'  test  section,  both  with  and  without  the  presence  of  topography.  Particle-imaging 
techniques  provided  velocity  and  vorticity  fields.  Interaction  with  the  topography  demonstrated  the 
presence  of  both  a  cyclonic  vortex  and  accompanying  anticyclonie  region  in  the  obstacle  lee. 
decreasing  in  strength  with  elevation.  Comparison  with  data  collected  from  field  observations  is 
also  discussed. 


1.  Introduction 

Motivated  by  recent  field  studies  at  Fiebcriing  Guyot,  an  isolated  seamount  in  the  North 
Pacific,  the  present  communication  outlines  laboratory  modeling  of  current-topography  interaction 
under  rotation  and  stratification.  For  ihe  most  part,  past  physical  modeling  of  current-topography 
systems  has  dealt  primarily  with  broad,  uniform  currents.  The  reader  is  referred  to  work  by 
Baines  and  Davies  (1980),  and  Boyer  et  al.  (1987).  dealing  with  stratification  effects,  and  Boyer 
and  Zhang  (1990)  and  Zhang  and  Boyer  (1993)  concerning  time-dependent  Hows.  Currently, 
some  numerical  work  has  been  performed  relating  to  jets  and  topography.  Examples  include  Spall 
and  Robinson  ( 1990)  and  Haidvogel  el  al.  ( 1991).  both  involving  jets  along  coastal  regions,  and 
Bannon  1 1980).  focusing  tin  baroiropic  jet -like  flows  near  an  isolated  obstacle.  As  narrow  or  "jet- 
like"  currents  are  quite  common  in  nature,  the  modeling  of  jei  topography  interaction  in  a 
laboratory  setting  is  of  interest. 


2.  Physical  System  and  Parameters 

The  experimental  facility  is  a  large  circular  lest  cell  (Figure  I)  measuring  180  cm  in 
diameter  and  20  cm  in  height,  filled  with  fluid  to  a  level  H.  Supported  above  the  floor  of  the  lank 
rest  two  concentric  structures:  an  inner  Plexiglas  disk,  r;.  and  outer  Plexiglas  ring.  r-,.  Given  the 
geometry,  a  liee-surface  annular  region  is  formed  between  the  two  features.  Fixed  to  the  iunei 
wall  ol  the  tank  are  lb  inlet  tubes,  by  which  fluid  is  introduced  into  the  facility  at  the  same  level  is 
i he  disk  and  ring.  A  thin  strip  of  sponge  material  aids  in  producing  a  radially  uniform  flow  along 
the  surface  of  the  ring.  A  circular  array  of  elliptical  holes  is  cut  in  the  disk  at  a  radius  n.  to  draw 
this  fluid  from  the  tank,  via  a  central  tube,  and  recirculate  it  using  a  micro-gear  pump  In  this 
manner,  a  source-sink  arrangement  is  established  within  the  test  cell  This  same  facility  was  used 
by  Zhang  et  al.  i  1994).  Further,  the  entire  system  is  placed  upon  a  turntable,  capable  of  solid  body 

rotation  (II)  at  a  Coriolis  parameter  f  =  2i2.  Under  rotation,  the  fluid  entering  the  annulus  is 
deflected  under  Coriolis  forces,  thereby  creating  a  Gaussian-like  azimuthal  velocity  distribution 
within  the  tree-surface  region.  Effectively,  this  approach  simulates  a  wind-shear  forcing 


possessing  a  particular  cross-stream  profile  (Chen  ct  al.,  1992  and  Boyer  et  al.,  1993)  A  cosine- 
squared  topography  of  revolution  can  he  placed  in  the  annular  region  to  study  its  effects  on  the 
current  so  generated. 

Given  the  above  facility,  a  set  of  dimensionless  parameters  can  he  defined  to  characterize 
the  resulting  flow  field.  These  are  listed,  along  with  laboratory  ranges,  as 
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Rossby  number. 

Ekman  number. 

Burger  number. 

normalized  topography  width  and  height. 

normalized  width  of  the  current. 

normalized  topography  position  relative  to 
the  annular  centerline. 


where  um;ix  is  the  maximum  strength  of  the  current.  h„  and  D  the  characteristic  vertical  and 
horizontal  dimensions  of  the  axisymmetric  topography,  v  the  kinematic  viscosity  of  water.  N  = 
(gAp/p„H)l/-  the  Briint-Viasiila  frequency,  g  the  acceleration  due  to  gravity.  Ap  the  density 
difference  between  the  top  and  bottom  of  the  fluid.  p„  the  mean  density  of  the  fluid.  VV\.  the 
characteristic  width  of  the  current  and  y-r  die  position  of  the  topography  relative  to  the  annular 
centerline.  Note  that  the  topography  aspect  ratio,  h„/D  was  not  matched  in  the  present  work. 
Assuming  appropriate  values  for  Ro,  E,  and  S  (see  Pedlosky,  1987).  the  flow  can  he  shown  to  be 
hydrostatic,  hence  neglecting  this  requirement.  It  can  be  shown  that  such  a  system  simulates 
oceanic  currents  in  the  vicinity  of  a  tali  topography  with  the  Ekman  number  based  on  an  eddy 
viscosity  (Zhang  and  Bover.  1993). 


3.  Experimental  Techniques 

The  fluid  employed  was  linearly  stratified  with  saltwater  using  the  two-tank  method 
described  by  Oster  and  Vamamoto  ( 1963).  Following  this,  the  lank  was  slowly  spun-up  to  solid 
body  rotation  tan  increase  on-the-order  of  8.3(  I  Op-1  rads-1  every  minute)  to  prevent  mixing.  To  be 
conservative,  four  hours  elapsed  prior  to  initiating  the  pumping  system  to  allow  the  facility  to  reach 
the  state  of  solid  body  rotation.  This  done,  the  current  took  approximately  two  additional  hours  to 
reach  a  state  of  quasi-equilibrium.  For  the  experiments,  f,  FI,  D,  h,„  and  D  were  held  fixed, 
forcing  E.  S.  h„/D  and  D/h  to  remain  constant.  The  flow  rate  and  position  of  the  topography  was 
varied,  i.e..  changes  in  the  How  with  variable  Rossby  number  and  yj/P  values  were  investigated 
VV\/D  was  approximately  constant 

The  fio  v  was  visualized  hv  employing  neutrally  buoyant  polystyrene  heads  of  diameter  0.5 
mm  and  mea.i  density  p,,  =  1.043  kgctn  Given  a  small  density  difference  approximating  Ap.  a 
unilorm  distribution  ol  particles  with  height  was  achieved.  The  beads,  in  turn,  were  illuminated 
with  either  vertical  or  horizontal  light  sheets  of  thickness  -0.5  cm.  In  the  first  ease,  tune-exposed 
photographs  were  taken  with  a  35  mm  camera  mounted  in  the  rotating  frame.  A  computer  control  - 
mechanism  allowed  simulta  le  ms  light  and  camera  control  Commanding  the  lights  to  follow  a 
"on-otl-on"  pattern  during  .■  ■  .ire  produced  a  set  of  "dot-dash"  particle-streaks  in  each  image 
Ihis  provided  a  means  to  rer  tio  'oth  the  direction  and  speed  of  each  particle.  A  video  caincia. 
mounted  in  the  rotating  Iraine  was  also  used  to  record  real-time  portions  of  the  velocity  field 


Using  Diginiage.  a  particle-image  processing  system  developed  at  Cambridge  University,  these 
recordings  were  digitized  framc-by-frame  in  an  effort  to  particle-track  the  How  during  each  video 
frame.  Using  a  two-dimensional  interpolation  scheme,  velocity  values  arc  collapsed  onto  a 
predetermined  grid,  Files  were  then  produced  which  generated  real-time  "snap-shots"  of  both  Ihe 
velocity  and  vorticity  fields.  The  reader  is  referred  to  McGuinness  (1994)  for  a  more  detailed 
explanation. 


4.  (experimental  Results 

4. 1  Homogeneous  Fluids:  A  Summary 

As  a  precursor,  homogeneous  fluid  tests  were  conducted.  Parameters  adjusted  included  the 
flowrate,  rotation  speed,  current  width,  and  position  of  the  topography  relative  to  the  current.  As  a 
function  of  the  external  parameters,  findings  showed  the  generation  of  both  a  stable  and  unstable 
current  which  was  vertically  uniform,  hut  possessed  horizontal  shear  An  analytical  model  of  the 
current  was  developed  which  provided  an  accurate  scaling  for  the  profiles  of  the  azimuthal 
velocity  In  the  presence  of  topography,  the  characteristic  flow-field  possessed  a  large  anticyclonic 
deflection  in  the  obstacle  lee  which  was  a  function  of  the  upstream  local  vorticity.  This  feuture  was 
altered  by  moving  the  topography  within  the  annular  region,  relative  to  the  current  centerline. 
Some  numerical  work  was  performed,  providing  a  satisfactory  comparison  with  laboratory 
findings.  Zhang  et  at.  ( 1994)  provides  a  detailed  description  of  this  work. 

4.2  Stratified  Fluids 

4.2. 1  Narrow  current  generation  without  topography 

After  initiating  the  source-sink  forcing,  the  motion  along  the  tree-surface  develops  a 
Gaussian-like  azimuthal  profile.  Gradually,  the  entire  fluid  column  accelerates  due  to  rotation  and 
stratification,  producing  an  unstable  current,  with  the  strongest  speed  being  found  at  the  surface 
and  decreasing  with  depth.  Characteristic  in  all  of  these  flows  arc  cross-stream  instabilities.  These 
wave-like  meanders  eventually  reached  a  quasi-steady  slate,  combined  with  approximate  equally 
distributed  cyclonic  vortex  cells  arranged  uzimuthally,  but  concentrated  left  of  the  main  flow, 
facing  downstream.  Possessing  i  speed  on-the-order  of  1/3  that  of  the  current,  these  features 
udvectcd  in  a  cyclonic  manner  witrnn  ih:  tank  annulus.  Shown  schematically  in  Figure  2  (for  a  set 
of  five  vortices),  the  number  of  vortices  decreasing  with  increasing  Ro.  (see  also,  Chen  et  al. . 
1992).  Further.  Figure  3  displays  a  particle-streak  photograph  of  the  test  section  taken  at  a  fluid 
level  of  z/H  =  0.53,  z  being  the  vertical  coordinate  with  the  origin  fixed  to  the  floor  of  the  test  cell. 
In  the  caption,  the  subscript  "c"  denotes  the  use  of  Wj  as  the  characteristic  lenglhscale,  for 
topography  is  absent.  Note  the  disk  and  ring  edge,  along  with  the  two  vortex  cells  (sec  arrows). 
The  current  can  be  seen  meandering  in  a  cross-stream  fashion.  Flow  is  from  right  to  left. 

To  further  understand  the  current,  data  recorded  with  the  particle-image  processing  system 
was  performed.  The  schematic  in  Figure  4  shows  the  size  and  position  of  the  particle-trucking 
window  in  relation  to  the  test  section.  Figures  5a, b  show  two  consecutive  flow  fields,  taken  at  z/H 
=  0.53,  for  parameters  identical  to  those  in  Figure  3.  in  this  case,  the  dimensions  of  the  test 
section  approximate  -10  cm  hy  30  cm.  over  which  a  32  by  24  point  grid  was  imposed.  The  flow 
field  was  averaged  over  30  video  frames  (one  second),  collapsing  the  velocity,  based  on 
approximately  5(X)  particles  to  the  grid  points.  Both  the  velocity  field  ( indicated  hy  the  arrows)  and 
the  corresponding  vorticity  (shown  as  color  contours)  are  shown  For  reference,  the  color  scale 
lor  vorticity  (s  1 )  is  presented.  The  images  indicate  the  advection  of  a  cyclonic  vortex  cell  into  the 
test  section  during  the  90  second  time  interval. 

By  investigating  such  images  at  different  elevations,  it  was  demonstrated  that  the  current 
had  a  vertical  shear  with  similar  horizontal  structure  at  various  depths,  hut  with  vorticity  decreasing 
with  depth.  Adjustment  of  the  flowrate  served  to  increase  the  overall  strength  of  Ihe  current,  and 
decrease  Ihe  number  of  vortex  cells  observed. 


4.2.2  Harrow  ivrreM-tnpoumphy  interaction 

Experimentation  with  the  presence  of  topography  involved  adjustment  of  the  flowrate  as 
well  as  the  position  of  the  obstacle  relative  to  the  centerline  of  the  annulus. 

Figure  b  is  a  particle-streak  photograph  showing  the  formation  of  a  cyclonic  vortex  in  the 
lee  of  the  obstacle  (see  arrow). at  z/H  =  0.53.  The  dashed  line  indicates  the  base  of  the  topography, 
while  the  bright  arc  patterns  outline  the  reflection  from  two  juxtaposed  light  sheets.  Also  seen  is 
the  presence  of  a  vortex  cell.  Flow  is  again  from  right  to  left.  In  this  case,  the  topography  rests  at 
a  position  V|/D  =  -0.25.  Owing  to  stratification  effects  the  flow  above  the  obstacle  does  not 
generate  a  lee-side  vortex.  Due  to  the  meandering  nature  of  the  current,  no  profound  differences 
are  seen  with  ad  justment  of  the  topography  to  other  v-g/D  positions. 

Digimage  was  also  employed  to  study  the  current-topography  interaction.  Figures  7a.b  are 
the  velocity  and  vortieity  fields  obtained  from  particle-imaging  for  the  identical  experiment  as  in 
Figure  (v  The  while  circle  outlines  the  base  of  the  obstacle.  At  this  observation  level,  the 
topography  interacts  with  the  fluid  and  thus,  the  velocity  and  vortieity  fields  directly  above  the 
center  portion  of  the  obstacle  must  be  ignored.  First,  note  the  approach  of  a  cyclonic  vortex-cell 
prior  to  its  interaction  with  the  obstacle.  Also,  two  structures  in  the  lee  of  the  topography  can 
clearly  be  seen.  This  includes  both  a  cyclonic  vortex  (white-cored  feature  to  the  right,  facing 
downstream),  and  accompanying  anticyclonic  region  (black-cored,  to  the  left)  formed  due  to  the 
high  localized  value  of  shear.  Unlike  Figure  7a.  7b  (105  seconds  later  in  time)  shows  a  flow 
structure  dominated  by  the  presence  of  the  large  cyclonic  vortex-cell,  us  it  has  fully  impinged  upon 
the  obstacle.  The  patterns  depicted  were  observed  to  be  approximately  periodic,  with  the  cyclonic 
eddy,  and  accompanying  anticyclonic  region  returning  to  tneir  original  strengths  and  positions.  In 
addition,  similar  qualitative  results  are  seen  at  a  level  z/H  =  0.7  (  just  below  the  peak  of  the 
obstacle),  with  the  two  structures  possessing  a  corresponding  decrease  in  strength.  Additional 
experimentation  is  described  in  more  detail  by  McGuinncss  ( 1 994). 


5.  Conclusions 

Using  a  surface-driven  source-sink  technique,  a  vertically  sheared  narrow  current, 
possessing  a  Gaussiun-like  horizontal  profile,  is  generated  within  an  annular  facility  and  allowed  to 
interact  with  topography  in  the  presence  of  background  rotation.  Important  parameters  include  the 
Rossby.  Ekmun.  and  Burger  numbers,  normalized  topographic  lengths,  and  normalized  positions 
of  the  obstacle  within  the  annulus. 

The  present  preliminary  experiments  focus  on  stratified  fluids  with  and  without  the 
presence  of  topography.  Particle-streak  photographs  outlined  the  qualitative  How  structure  within 
a  120  test  section,  while  particle-imaging  techniques  provided  more  quantitative  details  ol'ihc 
velocity  and  vortieity  fields  within  a  smaller  area.  Both  showed  a  horizontally  and  vertically 
sheared  current  possessing  cross-stream  instabilities,  combined  with  azimuthully  distributed 
cyclonic  vortex  structures.  These  were  quasi-steady,  and  advected  around  the  facility  annulus  with 
a  speed  1/3  that  of  the  current.  Cases  w  ith  topography  outlined  a  complex  interaction  between  the 
current  and  obstacle.  Specifically,  a  cyclonic  vortex  and  accompanying  anticyclonic  region  were 
generated  in  the  obstacle  lee,  decreasing  in  strength  with  increasing  lluid  elevation.  Similar 
qualitative  results  ensued  when  the  obstacle  was  repositioned  within  the  annulus. 

Scant  laboratory,  and  only  selected  numerical,  modeling  has  been  performed  in  the  area  of 
horizontally  and  vertically  sheared  currents  in  the  presence  of  topography.  Field  observations  have 
shown  similar  features  in  the  vicinity  of  Fieberling  Guyot.  in  two  studies  of  Fiebcrling.  Roden 
i  looi.  1903)  observed  "jet- like"  currents  in  the  vicinity  of  the  seamount  which  possessed  both 
horizu  a!  and  vertical  shear.  The  lateral  lengthscale  of  the  features  .showed  all  to  be  narrow 
currents."  i.e..  having  a  horizontal  dimension  on-the-order  of  the  characteristic  width  of  the 
topography.  Further,  a  weak  mean  current  with  intermittent  cyclonic  and  unlicydonic  eddy  fields 
were  also  discovered.  These  preliminary  experimental  results  are  in  consonance  with  the  field 
observations  Through  the  present  work,  the  feasibility  of  modeling  eurrent-topographv 
interaction  lias  been  shown  Employing  the  same  source-sink  approach,  other  current-topographic 
I  cat  urc  interactions,  such  as  continental  shelf  breaks  and  multiple  obstacles,  could  be  studied. 
Further,  the  use  ol  recently  developed  particle-imaging  software  lias  also  proved  itself  in 
applications  dealing  with  geometry,  rotation,  and  background  stratification. 
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Abstract 

An  experimental  study  is  described  in  which  a  buoyant  jet  is  discharged  at  the  surface  of  a  rotating 
tank  of  water.  This  setup  is  meant  to  simulate  the  discharge  of  rivers  or  estuaries  into  large  lakes  or  coastal 
areas.  The  present  experiments  are  performed  with  initial  discharge  densimetric  Froude  number  greater 
than  one,  so  that  a  "surface-to-bottom"  discharge  is  obtained.  The  width  of  the  discharge  is  also  smaller 
than  the  Rossby  radius,  so  that  flow  extends  across  the  entire  width  of  the  opening  The  overall  objective 
of  this  research  is  to  develop  a  model  to  predict  the  behavior  of  these  flows  as  functions  of  rotation  rate, 
bottom  friction,  and  discharge  buoyancy,  momentum  and  aspect  ratio.  These  results  are  to  be  used  along 
with  numerical  studies  so  that  other  effects  might  be  incorporated  such  as  ambient  cross-flow  or  wind 
stress.  The  present  results  concern  the  importance  of  rotation  on  the  plume  trajectory  in  the  near-field 
region  where  there  is  still  bottom  attachment.  Experiments  are  performed  for  discharge  without  a  bottom 
(i.c.,  discharge  on  a  step)  and  with  a  bottom  of  constant  slope.  The  experimental  results  are  consistent  with 
a  scaling  analysis  which  shows  the  relative  importance  of  the  Coriolh  term  in  the  momentum  equations  for 
this  region,  depending  on  discharge  and  bottom  conditions. 

Introduction 

The  marginal  band  in  which  land  and  sea  (including  large  lakes)  meet  represents  an  important  and 
complicated  system.  Human  activities  tend  to  be  concentrated  in  such  areas,  which  support  intense 
economic  development,  particularly  where  large  rivers  empty  into  seas  (see,  for  example,  discussion  by 
Land-Margin  Ecosystems  Research  Coordinating  Committee,  1992)  These  regions  are  typically  rich  in 
nutrients,  though  contaminants  may  also  be  transported  from  inland,  having  various  adverse  effects  The 
fate  of  these  nutrients  and  contaminants,  as  well  as  sediments,  depends  on  the  interacting  factors  which 
determine  the  trajectory  and  mixing  of  the  discharged  water.  The  basic  physical  behavior  of  these  systems, 
particularly  the  interaction  between  rivers  or  estuaries  and  the  seas  into  which  they  discharge,  provides  a 
number  of  interesting  fluid  mechanics  problems,  but  it  is  also  interesting  because  of  its  implications  for 
waste  management  and  future  economic  development  The  present  work  is  aimed  at  developing  a  greater 
understanding  of  these  important  flows 

When  fresh  water  from  rivers  or  less  salty  water  from  estuaries  enters  the  sea  an  interface  forms 
due  to  the  density  difference  between  the  flowing  and  receiving  waters  This  effect  is  also  associated  with 
thermal  discharges  from  power  plants  into  colder  lake  or  coastal  waters.  Buoyant  discharges  have  been 
extensively  studied,  being  important  for  a  number  of  applications  in  both  natural  and  engineered  systems. 
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These  discharges  often  dominate  local  physical  and  biological  processes.  The  near-field  processes  also 
have  implications  for  the  vertical  structure  of  the  ocean  interior  (Garrett  et  al.,  1993)  or  for  the  general 
circulation  on  a  shelf  (Chapman  and  Lentz,  1994).  Studies  of  these  discharges  must  consider  a  broad  range 
of  spatial  scales,  from  about  10®  -  l(P  km.  For  the  present  study,  interest  is  primarily  for  flows  which 
have  a  characteristic  length  scale  large  enough  that  effects  of  the  earth's  rotation  are  significant.  In  addition 
to  rotation,  these  flows  are  influenced  by  buoyancy,  initial  momentum,  entrainment  and  frictional  stresses 

Due  to  their  importance  in  environmental  hydraulics,  buoyant  jets  discharged  near  the  water 
surface  have  been  examined  in  a  large  number  of  studies  in  the  engineering  literature.  Physical  modeling  of 
smaller-scale  flows  (i.e.,  without  rotation)  has  been  successful  in  developing  predictions  of  entrainment  and 
subsequent  dilution  (Jirka,  1982).  Many  of  the  earlier  studies  in  this  area  are  reviewed  by  Jirka  ( 1982)  and 
Chu  and  Jirka  (1986).  Experimental  studies  of  large-scale  buoyant  discharges  are  less  common,  though 
several  important  dynamical  features  have  been  demonstrated.  These  include  the  formation  of  an 
anticydonic  turning  region  near  the  source  and  the  subsequent  formation  of  a  right-bounded  (northern 
hemisphere)  coastal  current  (McClimans,  1986;  Atkinson  and  Masse,  1990).  Although  the  estimation  of 
initial  entrainment  and  mixing  is  thought  to  be  fairly  well  understood,  it  should  be  noted  that  most  of  these 
studies  have  considered  discharges  over  a  sharp  drop-off.  A  significant  difference  between  this  situation 
and  the  conditions  of  a  coastal  jet  is  that  entrainment  may  occur  immediately  from  underneath  in  the  former 
case,  while  for  the  latter  case  bottom  attachment  initially  prevents  vertical  entrainment.  Atkinson  (1993) 
reviewed  the  problem  of  estimating  the  position  of  the  point  of  detachment  from  the  bottom  and  developed  a 
model  to  calculate  this  position  based  on  a  numerical  integration  of  the  longitudinal  momentum  equation 
However,  like  the  experiments  used  to  generate  data  for  model  comparison,  the  model  did  not  consider 
rotation  and  it  is  unclear  how  this  might  affect  the  calculations  for  the  separation  point. 

A  number  of  field  studies  have  been  performed  to  document  buoyant  plumes  and  their  frontal  and 
mixing  characteristics  (o.g.,  Garvine,  1974;  Wright  and  Coleman,  1977;  Luketina  and  Imbergcr,  1987; 
Boicourt,  1973;  Masse  and  Murthy,  1990)  However,  only  a  few  experimental  studies  have  been 
performed  for  rotating  buoyant  discharges.  One  example  is  the  study  by  Whitehead  (1987),  who  carried 
out  experiments  to  examine  steady,  barotropic,  inviscid  flow  through  a  rectangular  opening  in  a  rotating 
frame,  with  the  intent  of  simulating  flows  through  straights  in  the  oceans.  He  showed  that  it  was  not 
necessary  for  the  channel  width,  W,  to  be  greater  than  the  Rossby  radius,  r,  =  (g'h)^^/f,  in  order  for 
rotation  effects  to  be  seen  within  the  channel.  In  this  definition  g'  -  gAp/p0  is  reduced  gravity,  where  Ap  is 
the  density  difference  between  the  buoyant  discharge  and  the  receiving  water,  p0  is  the  jet  density,  g  is 
gravitational  acceleration,  h  is  discharge  depth  and  f  is  the  Coriolis  parameter.  Other  researchers  have  used 
the  Kelvin  number,  K  =  W/r;  to  determine  when  rotation  should  be  important  (e  g.,  Masse  and  Murthy. 
1990).  For  K  »  I,  the  channel  flow  will  tend  to  concentrate  along  the  left-hand  (viewed  facing  upstream) 
bank  and  a  reverse  flow  (upstream)  may  even  occur  on  the  right  bank.  Unfortunately,  the  physical 
dimensions  of  these  flows  usually  preclude  the  gathering  of  very  detailed  synoptic  data  sets  Physical 
modeling  experiments,  where  various  features  can  be  controlled,  can  add  significantly  to  our  knowledge  of 
these  flows 

Experimental  Apparatus  and  Procedures 

The  apparatus,  sketched  in  Figure  1 ,  consists  of  a  rectangular  tank,  approximately  2  m  x  3  m  in 
surface  area,  installed  within  a  rotating  room  capable  of  speeds  up  to  6  revolutions  per  minute  The  inlet  is 
a  rectangular  channel  with  adjustable  width,  up  to  30  cm  A  broad  overflow  weir  installed  at  the  opposite 
end  is  used  to  maintain  constant  depth  during  an  experiment.  The  tank  has  clear  side  walls  for  viewing 
Experiments  may  be  done  either  with  or  without  an  adjustable-slope  bottom  in  place  Salinity  is  used  to 
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provide  the  required  buoyancy.  Because  of  plumbing  problems  associated  with  the  rotation  of  the  room, 
the  apparatus  is  designed  to  hold  all  the  water,  both  inflow  and  discharge,  needed  for  a  given  test.  The  test 
section  (the  uppermost  of  three  compartments)  has  a  depth  of  25  cm  and  has  clear  plexiglass  sides  for 
viewing.  The  rotating  room  is  supported  by  a  single  thrust  bearing  with  a  100-ton  capacity.  It  has  been 
checked  with  surveying  instruments  to  insure  rotation  is  in  the  horizontal  plane  only,  and  tests  have  shown 
that  the  rotation  is  nearly  perfectly  smooth  (i.e.,  a  water  surface  remains  smooth  while  being  rotated). 

An  experiment  is  performed  by  filling  the  test  section  with  water  of  desired  salinity  and,  for 
rotating  tests,  "spinning  up"  the  tank  for  a  period  of  about  an  hour  to  establish  a  steady  rotating  system. 
Fresh  water  is  then  pumped  at  a  given  flow  rate  from  the  lower  compartment  up  through  a  "stilling"  box 
and  onto  the  inlet  channel,  from  which  it  discharges  into  the  test  section.  A  separate  tank  holds  additional 
salt  water  which  can  be  pumped  into  the  test  section  through  a  diffuser  plate  during  the  course  of  an 
experiment  to  make  up  water  entrained  into  the  jet.  The  water  which  passes  over  the  downstream  weir  falls 
into  the  middle  compartment  of  the  apparatus  and  can  cither  be  stored  for  disposal  after  the  experiment  or 
recycled  through  the  lower  compartment  to  allow  longer  test  runs  One  potential  disadvantage  of  this  latter 
procedure  is  that  the  inflow  salinity  does  not  remain  perfectly  constant.  However,  tests  performed  so  far 
have  shown  that  the  change  in  density  of  the  jet  water  is  negligible  over  a  typical  test  run.  The  discharge  of 
water  over  the  downstream  weir  creates  a  small  net  flow  (and  possible  associated  circulation)  in  the  test 
section,  but  experience  has  indicated  that  this  effect  is  negligible. 

The  primary  goal  of  the  present  set  of  experiments  was  to  document  the  overall  trajectory  of  the 
discharge  under  different  bottom  conditions  and  rotation  rates.  Flow  visualization  was  used  as  the  primary 
instrumentation.  The  bottom  of  the  test  section  was  marked  with  a  10  cm  square  grid.  Dye  is  added  to  the 
inflowing  water  and  an  overhead  video  camera  records  the  basic  motions.  Test  conditions  for  the  present 
experiments  are  summarized  in  Table  1 .  This  series  of  tests  evaluates  flow  trajectories  for  three  different 
bottom  conditions,  with  and  without  buoyancy  and  with  and  without  rotation.  The  three  bottom  conditions 
were  (1)  discharge  on  a  step,  (2)  shallow  water,  or  flat  discharge  (depth  of  receiving  water  was  equal  to 
depth  of  discharge);  and  (3)  discharge  on  a  shelf  with  constant  slope,  S  =  10%  For  all  cases  reported  here 
the  inflow  discharge  rate  and  geometry  were  kept  constant  at  1.0  I/s,  and  20.0  cm  wide  by  1.5  cm  deep, 
respectively.  This  gives  a  discharge  velocity,  U0  -  33.3  cm/scc. 

For  the  stratified  tests,  Tests  4  and  13,  the  Rossby  radius  is  calculated  as  r;  =  6.5  cm  and  10  3  cm, 
respectively,  resulting  in  values  for  the  Kelvin  number,  K,  around  2-3.  This  implies  that  rotation  effects 
are  probably  present  in  the  discharge  channel,  although  observations  indicated  that  there  was  still 
approximately  uniform  flow  across  the  mouth  of  the  discharge.  In  addition,  the  depth  of  flow  was  only  1  5 
cm,  so  that  detection  of  a  possible  lateral  tilting  of  the  water  surface  is  difficult.  The  parameters  for  the 
present  tests  were  chosen  to  evaluate  the  general  behavior  of  the  discharge  after  entering  the  test  section, 
but  future  tests  will  have  to  be  conducted  with  smaller  K.  Tests  with  rotation  were  conducted  until  there 
was  an  apparent  effect  of  the  side  walls  on  the  observed  flow  patterns  and  a  return  flow  was  generated 
along  the  upstream  wall  Tests  without  rotation  could  be  run  for  longer  periods  without  a  significant  side- 
wall  effect.  In  either  case,  however,  it  is  not  possible  to  simulate  far-field  conditions  with  this  setup 
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notes:  co  =  rotation  rate  =  f/2;  *  values  outside  range  of  camera,  but  are  at  least  200  cm 


Table  1.  Test  data  and  observations. 


Result*  and  Analysis 


The  last  three  columns  in  Table  1  list  observed  lengths  describing  the  geometry  of  the  discharge 
flow  trajectory,  as  shown  in  Figure  2.  Here,  L]  is  the  maximum  horizontal  distance  from  the  discharge 
wall  reached  by  the  plume,  L2  is  the  distance  reached  before  the  plume  starts  to  turn  and  R  is  the  radius  of 
curvature  of  the  turning  plume.  Of  course,  these  values  are  developed  from  observations  on  videotapes  and 
are  therefore  subject  to  a  certain  degree  of  uncertainty,  estimated  at  ±  5  -  10  cm  However,  there  are  some 
trends  which  are  indicated.  For  example,  a  comparison  of  Tests  6  and  7  shows  the  expected  result  that  the 
discharge  turns  on  a  tighter  curve  (i.e,,  smaller  R)  when  <0  is  larger,  with  all  other  conditions  the  same. 

It  is  also  interesting  to  compare  Tests  2  (or  3)  and  6,  which  concern  a  neutral  discharge  on  either  a 
step  or  into  a  shallow  receiving  water  {flat  bottom).  In  both  cases  the  plume  starts  turning  at  about  the 
same  location,  but  the  discharge  on  a  step  is  not  able  to  penetrate  into  the  receiving  water  as  much  as  the 
shallow  water  flow,  and  turns  more  sharply.  This  loss  of  forward  motion  is  apparently  due  to  entrainment 
and  vertical  spreading;  the  shallow  water  discharge  maintains  stronger  momentum  into  the  receiving  water. 
This  effect  can  also  be  seen  by  looking  at  Test  9  or  11,  which  considered  similar  conditions,  except  with  a 
sloping  shelf  in  place  The  initial  turning  point  is  again  about  the  same,  but  the  curvature  was  intermediate 
between  the  values  for  the  step  and  shallow  water  discharges.  This  result  is  to  be  expected,  since  the 
limitation  on  vertical  spreading  and  entrainment  is  less  than  for  the  flat  bottom,  but  greater  than  for  the  step 
discharge.  The  plume  in  this  case  was  observed  to  maintain  contact  with  the  shelf  until  it  reached  the 
bottom  of  the  tank  (the  shelf  slope  was  less  than  the  observed  vertical  slope  of  the  spreading  step 
discharge).  Bottom  friction  will  also  affect  the  plume  and  slow  its  forward  progress,  but  this  effect  is  not 
as  strong  as  entrainment  Future  studies  should  examine  this  process  more  closely 

The  effect  of  density  stratification  is  seen  by  comparing  Tests  4  and  2  (or  3)  and  Tests  1 3  and  9  (or 
11).  Buoyancy  works  in  much  the  same  way  as  the  shallow  bottom  or  slope,  in  terms  of  limiting  vertical 
spreading  In  Test  4,  which  considers  a  salinity  difference  of  less  than  1%  (by  weight),  the  flow 
characteristics  were  very  similar  to  the  discharge  in  Test  6,  though  the  turning  was  slightly  sharper  and  the 
maximum  penetration  into  the  tank  was  somewhat  less  This  is  to  be  expected  because  entrainment  is 
reduced,  but  not  as  much  as  with  die  solid  bottom  A  similar  result  is  see  in  Test  13,  which  had  a  salinity 
difference  more  than  twice  the  difference  in  Test  4  (sec  Table  I).  In  this  case  the  plume  started  turning  at 
about  the  same  location  and  had  about  the  same  R,  but  Lj  was  larger.  This  is  believed  to  be  related  to  the 
additional  reduction  in  vertical  entrainment  associated  with  the  stronger  stratification,  and  is  also  consistent 
with  a  larger  calculated  value  for  Rossby  radius  (see  below),  but  further  tests  are  needed  to  quantify  this 
effect. 


One  additional  length  scale  of  interest  is  the  distance  over  which  the  jet  remains  attached  to  the 
bottom,  for  tests  with  a  sloping  bottom,  or  the  distance  at  which  the  jet  reaches  the  bottom,  for  tests  with  a 
step  discharge  This  point  was  easier  to  identify  with  step  discharges  because  the  sloping  shelf  did  not 
interfere  with  observation  For  Tests  2  and  3  the  flow  extended  throughout  the  depth  within  about  1  m 
offshore  With  the  shelf  in  place  it  was  easier  to  observe  the  separation  point  in  tests  without  rotation  For 
example,  in  Test  12  the  separation  point  was  observed  approximately  80  cm  offshore  In  Test  13, 
however,  it  was  not  possible  to  identify  the  exact  location  of  this  point,  due  to  the  turning  of  the  plume, 
although  it  was  in  the  same  region.  An  initial  approach  for  analyzing  this  problem  may  be  obtained  from 
Atkinson  (1993),  who  developed  a  model  based  on  a  numerical  integration  of  the  longitudinal  momentum 
equation  in  order  to  determine  the  point  of  bottom  detachment  for  a  buoyant  discharge  on  a  slope 
However,  that  analysis  did  not  consider  possible  effects  of  rotation  It  is  not  clear,  for  instance,  whether 
total  depth  or  total  distance  along  the  trajectory  is  more  important  in  controlling  bottom  separation  (note 
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that  depth  is  less  along  an  equal  distance  in  rotating  cases,  due  to  the  curvature  of  the  jet  trajectory),  and 
on-going  tests  arc  being  conducted  to  evaluate  this  question 


Figure  2.  Definition  sketch  for  length  variables  describing  plume  geometry. 


In  addition  to  observations  of  the  bottom  separation  point,  tests  without  rotation  provide  a 
comparison  of  observations  of  the  front  produced  when  the  fresh  water  flow  was  started.  For  all  cases  the 
front  was  observed  to  spread  radially  (or  laterally)  more  quickly  in  tests  without  rotation.  With  rotation 
this  spreading  was  reduced  and  a  typical  "mushroom"  head  would  appear.  Vortices  generated  at  the  sides 
of  the  advancing  front  tended  not  to  drift  significantly  from  the  main  trajectory  of  the  jet  and  became 
engulfed  into  the  head,  while  lateral  spreading  of  the  front  was  much  stronger  without  rotation.  This 
restriction  of  horizontal  spreading  is  consistent  with  other  studies  in  rotating  systems  (see,  for  example. 
Helffich  and  Battisti,  1991)  and  is  a  feature  that  must  be  recognized  in  developing  models  of  large-scale 
buoyant  discharges. 

In  order  to  evaluate  the  trajectory  of  a  buoyant  discharge  on  a  slope  a  number  of  variables  may  be 
defined.  The  variables  which  determine  basic  flow  characteristics  include  discharge  velocity  U0  and  depth 
ho,  g',  f,  W  and  rj  In  general,  ambient  cross-flow  velocity  should  also  be  considered  (e  g.,  Chu  and  Jirka. 
1986),  but  the  present  experimental  apparatus  cannot  simulate  this  feature  and  it  is  assumed  zero  for  this 
discussion  There  are  several  important  dimensionless  parameters  which  may  be  formed  from  the  above 
variables.  As  previously  mentioned,  the  Kelvin  number  indicates  the  extent  of  rotational  effects  expected 
within  the  channel  itself,  before  discharge  The  densimctric  Froudc  number,  Fr0  =  Uo/fgho)*^,  controls 
the  extent  of  bottom  attachment  Classic  arrested  wedge  analysis  (e  g  ,  Turner,  1973)  shows  that  Fr0  >  1  is 
a  necessary  condition  for  bottom  attachment  at  the  discharge  point  (i.e  ,  a  "surface-to-bottom"  discharge) 
In  fact,  experiments  on  jets  in  non-rotating  systems  have  shown  that  Fr0  must  be  greater  than  about  2.5  for 
there  to  be  bottom  attachment  on  the  slope  (Safaie,  1979)  Values  for  Fr0  were  9.8  (Test  4)  and  6. 1  (Tests 
12  and  13).  Reynolds  number,  Re  =  U0L/v,  where  L  is  a  horizontal  length  scale  and  v  is  kinematic 
viscosity,  may  be  important  to  describe  turbulent  mixing  effects,  but  according  to  McClimans  and  Sacgrov 
(1982)  the  actual  value  is  not  critical  as  long  as  it  is  well  above  500.  The  only  imposed  horizontal  length 
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scale  is  the  width,  W,  though  rj  is  also  important  for  rotating  tests.  Values  for  Re  are  all  well  above  500 
for  the  tests  reported  here.  The  Rossby  number,  Ro  «=  Uo/fL,  indicates  the  relative  importance  of  rotation 
in  the  equations  of  motion.  Using  L  =  W,  values  for  Ro  were  3.2  for  all  rotating  tests  except  Test  7,  which 
had  Ro  =  2  0.  These  values  arc  of  order  0(1),  signifying  that  rotation  should  be  important,  as  indeed  the 
observations  support. 

A  far-field  flow  may  be  defined  after  the  point  at  which  the  discharge  starts  to  show  significant 
curvature  (L2  in  Fig.  2).  If  a  geostrophic  balance  is  in  place  then  it  can  be  shown  that  Fr^  *  Ro  (Fr  is  the 
local  value  for  Froude  number)  and  since  Fr  should  be  approximately  of  order  0(  1 )  (Atkinson  et  al ,  1 994), 
then  the  far-field  may  be  defined  as  starting  at  the  point  where  the  local  value  of  Ro  approaches  1  The 
length  scale  in  the  definition  for  Ro  then  becomes  equal  to  the  Rossby  radius,  rj  In  other  words,  the  plume 
would  be  expected  to  turn  over  a  distance  rj.  This  interpretation  is  consistent  with  previous  discussions  of 
rj  (Garvine,  1987).  Atkinson  ct  al.  (1994)  also  showed  that  this  conclusion  was  consistent  with 
observations  of  the  Niagara  River  plume  in  Lake  Ontario  Alternatively,  if  a  geostrophic  balance  is  not  in 
place  then  other  factors  must  be  taken  into  consideration.  For  example,  the  present  observations  indicate 
that  L2  is  about  three  times  greater  than  rj,  based  on  initial  discharge  depth  and  relative  buoyancy,  and  also 
that  the  plume  turns  before  it  separates  from  the  bottom.  Therefore,  bottom  friction  should  still  be 
important  and  the  above  analysis  will  not  be  valid 

Conclusions 

Experiments  have  been  performed  to  study  buoyant  discharges  m  a  rotating  system  The  data  set  is 
still  limited  to  a  relatively  small  number  of  tests,  but  the  general  behavior  of  the  flow  in  response  to  changes 
in  rotation,  bottom  conditions  and  buoyancy  has  been  outlined  On-going  experiments  are  using  more 
detailed  instrumentation  to  evaluate  specific  questions,  such  as  the  effect  of  rotation  on  the  bottom 
separation  point  on  a  slope,  and  the  effect  of  larger  Kelvin  numbers  on  the  characteristics  of  the  discharge 
it'clf.  Some  preliminary  scaling  arguments  have  been  presented  which  appear  to  describe  the  genera' 
behavior,  but  these  need  to  be  refined  as  more  data  become  available. 
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The  model  of  a  stratified  fluid  was  shown  [  Nikiforovich,  Madericli  ]  to  have  the  proper 
spatio-temporal  scales  depending  on  the  extent  of  its  thermodynamical  uonequilibrium.  Then 
hi  the  frame  of  this  concept,  the  model  of  a  homogeneous  fluid  is  a  singularly  degenerated  one. 

Physically  it  means  that  bulk  vorticity  sources  appear  in  a  fluid  due  to  available  thermo¬ 
dynamic  noiiequilibrium  (that  is  due  to  stratification),  their  intensity  having  been  proportional 
to  the  value  of  this  nonequilibrium.  In  a  general  case  nonlinear  interaction  between  vorticity 
sources  of  thermodynamical  and  fluid  dynamical  nature  (the  second  one  corresponding  to  the 
homogeneous  fluid  flow)  defines  a  flow  field  in  a  stratified  fluid.  Stratification  degeneration 
results  in  the  degeneration  of  the  bulk  vorticity  sources  which  should  qualitatively  change  the 
How  field  pat  tern 

The  typical  case  of  the  above  mentioned  interaction  represents  the  development  of  a 
temperature  stratified  boundary  layer  (SBL)  over  a  flat  plate.  This  problem  investigation  must 
give  the  most  clear  insight  into  the  mechanisms  controlling  the  behaviour  of  flows  with  various 
types  of  vorticity. 

There  are  two  aspects  of  the  problem  which  were  studied  practically  independent  from 
each  other.  The  first  one  deals  with  the  buoyancy  effect  on  the  2D  boundary  layer  struc¬ 
ture  and  heat  transfer.  The  second  one  concerns  the  boundary  layer  stability,  transition 
to  3D  motion,  its  structure  and  heat  transfer  peculiarities.  Experimental  3D  motion  of 
the  longitudinal  vortical  type  was  found  to  be  certainly  preferable  hi  boundary  layers  over 
heated  surfaces;  space  scales  of  this  structure  and  its  downstream  observed  positions  were  es¬ 
timated  but  not  determined  through  the  basic  flow  parameters.  Numerous  theoretical  works 
[Cl. Wichern. J991;W. Schneider,  1979]  represent  attempts  to  find  a  solution  of  boundary  layer 
equations  in  a  form  of  expansions  of  a  parameter  discounting  buoyancy  using  numerical  meth¬ 
ods  and  the  idea  of  local  self- similarity  or  nousimilarity.  However  the  solutions  were  found  only 
for  a  narrow  range  of  the  expansion  parameter  values.  Besides,  the  expansion  convergence  is 
not  evident. 

Thus  t lie  purpose  of  this  work  is  as  follows 

(i)  to  construct  SBL  equations,  to  analyze  the  nonlinear  interaction  of  bulk  and  surface 
vorticity  sources; 

(ii)  to  study  physical  mechanisms  of  3D  vortex  structures  development  in  SBL, 

(iii)  to  analyze  spatio-temporal  characteristics  of  vortical  structures  arising  due  to  buoy¬ 
ancy;  to  verify  the  developed  approach  using  the  comparison  of  theoretical  estimates  and  ex¬ 
perimental  results. 

PROBLEM  FORMULATION 

Homogeneous,  viscous  and  heat  conducting  flow  with  velocity  and  temperature  over 
a  lionsonatal  (for  simplicity)  flat  plate  with  temperature  T,  is  considered  (fig  1)  Viscosity  : 


and  heat  conductivity  coefficients  are  supposed  to  be  constant.  Navier-Stokes,  continuity  and 
heat,  conductivu.  equations  in  a  coordinate  system  related  to  the  plate  have  a  form  of 


Figur*  1  Schtmitic  vim  e£  th«  bsunduy  l»y«r  it  rue- 
turt  el  the  Ion jitudliuJ  vorticii  type  with  cotrtipond- 
ing  velocity  dixtributiona  end  thown  tpict  iceJei 


dm  1  dp 

—  +  uVtu  - - —  +  1/&U)  + 

C/t  Po  v? 

du  1  dp 

o7  +  uVti  =  —  ~  +  V&U+  Fx, 

dt  Po  ox 

du  ■  .  i  dp 

—  +0Vv  =  +  *.^1/  + 

du  dv  dw 

d^  +  ry+  d7  =  0> 


~  +  uVT  =  vPr-'&T 
dt 


(1) 

(2) 

(3) 

(4) 

(5) 


here  P  =  ={/’*,  Fv<  i*1,}  is  a  gravity  force,  uV  as  +  v-^  +  is  a  convective  operator, 

A  =  Jjx  +  ;|p--  ;j^-isa  Laplasian  operator,  Pr  is  the  Prandtl  number,  g  -  g y,  g  -  gravity 
acceleration. 

The  most  important  role  in  the  stratified  fluid  dynamics  belongs  to  a  form  of  the  state 
equation  which  just  defines  the  stratification.  Here  density  is  accepted  to  be  linearly  dependent 
on  temperature 

P  ~  Po[l  -  0{T  -  To)],  (6) 

p  =  ---  (|^)Tc|  being  the  coefficient  of  volumetric  thermal  expansion.  The  form  of  the  state 
equation  (6)  naturally  defines  the  uondimensiouai  parameter  e  =  /?(T,—  T0)  which  characterizes 
the  degree  of  fluid  thermodynamic  uonequilibrium  (for  defiuitness  T,  >  To)-  It  is  evident  that 
the  case  of  s  =  0  corresponds  to  the  homogeneous  fluid,  for  ordinary  fluids  and  conditions 
f  1  The  gnu  ny  force  has  a  form  of  P  =  ( 1  —  c9)y  =  (0;  —(1  -  t$)g\ 0},  here  9  =  If 

tlie  dynamic  pressure  is  introduced 

Pd  =  p-pQyy  (7) 

then  the  buoyancy  force  takes  a  form  of 


Pb  =  {O,£c/0;P} 


(8) 


and  it  follows  hum  the  eqs.  (1)  -  ('!)  that  in  a  general  case  the  buoyancy  force  (8)  defiues 
the.  bulk  vorticii  y  source  with  the  intensity  proportional  to  the  degree  of  fluid  thermodynamic 
uonequilibrium  Now  in  addition  the  gravity  acceleration  g  should  be  included  in  a  set  of  defin¬ 
ing  parameters  In  its  turn  it  results  in  nonequilibrium  space  scales  of  /i(£)(t,J/g)1/3, 
and  /j(s)t4/(7i'  type,  /,  being  certain  functions  of  parameter  e  degenerating  at  e  — ►  0  Ju  t 
available  noneqmlibrium  scales  define  the  main  difference  between  boundary  layers  in  homoge¬ 
neous  and  stranded  fluid. 


» 
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ON  THE  SELF-SIMILARITY  OF  SBL 

As  mentioned  above,  the  limiting  case  of  £  =  0  corresponds  to  the  flat  plate  boundary 
layer  developing  in  a  homogeneous  fluid  How  which  is  described  by  Praudtl  equations.  The 
influence  of  buoyancy  may  seem  to  be  taken  into  account  by  introducing  disturbances  Into 
solutions  of  Praudtl  equations  which  are  proportional  to  £  parameter.  This  approach  was 
realized  in  [G. Wickeru.lSQliW.Schneider.fSTd]  However  the  situation  appears  to  be  much 
more  complicated.  Solutions  of  Praudtl  equations  are  known  to  be  self-similar.  It  results 
from  the  only  space  scale  equal  to  n/f/o  .  Thermodynamic  uonequiiibriuni  (  £  ^  0)  results  in 
tile  occurence  of  space  scales  explicitly  dependent  on  c  .  Hence  boundary  layer  self-similarity 
should  not  take  place  in  a  general  case,  i.e.  the  degeneration  of  SBL  equations  is  singular 
[Nikiforovich,  1993].  Thus  deriving  SBL  equations,  one  can  naturally  suppose  that  the  velocity 
held  depends  on  the  small  parameter  e  and  that  there  exist  uonequiiibriuni  space  scales  different 
in  streainwisc  and  spauwise  directions. 

Asymptotic  analysis  of  2-D  Navier-Slokes  equations  results  in  two  basic  conclusions: 

(i)  boundary  layer  approximation  always  requires  the  consideration  of  bouyancy; 

(Li)  stratification  degeneration  law  for  the  existanco  of  Elasius  flow  should  have  a  form: 
£  fle1/2  — ♦  0  as  e  — ♦  0  aud  Re  — ♦  oo. 

THREE-DIMENSIONAL  VORTEX  STRUCTURES  IN  SBL 

VorticiLy  generetion  in  a  fluid  body  is  a  consequence  of  the  potential  energy  transition  into 
the  kinetic  one.  This  transition  may  acquire  various  forms  of  vortical  motion.  The  widespread 
form  of  the  vortical  motion  in  boundary  layers  with  body  forces  is  the  3D  motion  of  the 
longitudinal  vortices  kind.  The  experimental  evidence  of  such  flow  structure  development  re¬ 
sults  from  typical  velocity  distributions  in  boundary  layers  over  heated  surfaces  displaying 
periodic  velocity  vari¬ 
ations  along  a  span- 
wise  axis  [eg.,  see 
Akiyama  et  al,  Gilpin 
et  al  ].  In  addition, 
heat  transfer  measure¬ 
ments  along  a  heated 
liorisontal  bottom,  of 
an  air  tube  [Yurcheu- 
ko,  Pedishius]  show¬ 
ed  a  significant  growth 
of  heat  transfer  fac¬ 
tors  beginning  from 
the  downstream  posi¬ 
tions  where  the  devel¬ 
opment  of  longitudi¬ 
nal  vortices  was  ob¬ 
served  (curve  1,  fig. 2), 

This  process  is  in  a  good  agreement  with  the  growing  intensity  of  velocity  fluciualioxu  (curve 
.3).  The  initiation  of  the  development  of  longitudinal  vortices  with  a  certain  space  scale  results 
in  the  augmentation  of  heat  tr-.nsfer  near  the  heated  wall  (curve  5)  even  compared  to  the 
artificially  lurbulized  boundary  la>er  (curve  2). 


* 


Figure  •  H«&t  tr,nil«r  (v.tnri  tor  a  horizontal  flat  plate  hea%«d  from  oilow  and  maxim  am  flue* 
tutting  veiocitiei  along  tv  ;  boundary  layer  thickn-N  dtpend.ng  on  the  length  Reynold#  number 
1,  3  •  respectively  [Re)  and  u/U{IU)  for  the  naturJ  transition  development;  J  ■  (He)  for  the 
tnpp«d  boundary  layer,  A  •  respectively  u jU{Rc)  ard  ( Re)  fur  she  -r.aio  of  |s.n«L4tod  longitudinal 
vrrtice# 
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Thus  the  understanding  ot  mechanisms  and  prediction  of  spacio- temporal  properties  of  3D 
vortical  structure  in  boundary  layers  depending  on  the  defining  flow  parameters  is  important 
both  in  basic,  and  applied  aspects.  The  most  general  approach  and  insight  into  the  problem  is 
provided  by  the  development  of  theoretical  analysis  of  SBL. 


S PATIO-TEMPORAL  PROPERTIES  OF  3D  SBL 

As  was  mentioned  above,  3D  vortical  structures  in  SBL  arise  due  to  buoyancy  forces. 
Therefore  it.  can  be  supposed  that  their  spatio-temporal  characteristics  and  the  equation  so¬ 
lution  depend  explicitly  on  the  small  parameter  t  .  In  other  words,  it  is  supposed  that  tbe 


soluLiou  in  the  domain  of  a  3D  boundary  layer  has  a  form  of 

t/.»f7/l/0  =  (/0*(t‘,  I*.**,**) -t-...  19) 

V.  -  VIV0=tiV-(SlX\y\S)  +  ...  (10) 

W.  =  WfW9  =  e'W0*( f,a*,y\0  +  . ..  (11) 

(12) 

Pd  =  pd/p<>u£  -  t'rl,  (13) 

here  U^,  V',*,  W'/ , p*,,  by  the  definition  are  the  values  of  a  unit  order  and  uondiinensional 
variables  arc  given  by 

*■  -  rmx/l0x,  y*  =  s-ny/lQv>  z*  =  r'z/lo,,  f  =  rktu0/i0l,  (14) 


Vo,  V^o  are  constant  in  value  with  dimensions  corresponding  to  length  and  velocity 
(then  magnitudes  wifi  be  determined  below),  index  of  e  power  is  an  arbitrary  value  which 
shoold  be  found.  Substituting  (9)  -  (12)  expansions  into  the  equation  system  (1)  -  (5)  and 
taking  the  limit  of  t  — *  U  one  can  get 


m  -  -'2/3,  n  =  -1/3,  j  =  1/3,  p  =  1/3.  I  =  -1/3,  k  =  -2/3.  r  =  2/3  (15) 

Vo  -  VF0  =-  l<u  =  L’o(^/<7*)1/!,  (ov  =  lo,  =  (v‘/g)lli  (16) 

Tiie  set  of  f  power  index  and  the  certain  scales  of  V’o,  VV'o,  .'qj,  fov,  Iq,  provide  a  simultaneous 
accouut  of  mertioua,  viscous  and  buoyancy  forces  u  the  equations  of  3D  SBL. 

The  equation  system  for  the  uoudtationary  3D  SBL  at  t»e  zero  approximation  in  5  takes 
a  form  of 

JUo  ,  M'o 


,,  +  r"  4 — -r~  -  0, 

Or  ny  rtc 


dt 


r-t  ()  c  j  H‘L'o 

fW„  =  ~  +  — 

dy-  C’z~ 

Cri* 


$- 1 1 


dV~  4.  fj  \7U  _  ^T*  <^Vo  d2K> 

_r  +  0„v  Vo  =  ±  +*»  T  +  -d?. 


?£  +  l 7„rtv.  =  -^  + 

</t  dr 


<W0 

F 


■  tX0  Vftt}  =  pr-1 


dy- 
~dy-  *  F7 


d~  W'o 
0*a‘* 


117) 

(16) 

(19) 

(20) 

(21) 


here  U0  =  {Uq,  Vq,  Wo}  and  ast.ericks  arc  oinitled  for  convinience  at  nondimension  aJ  values 
The  plus  sign  in  the  bouyancy  force  corresponds  to  the  heated  surface  case  and  the  minus 
corresponds  to  the  cooled  wall. 

Taking  into  account  (14)  -  (16),  spatio-temporal  scales  of  3D  SBL  take  a  form  of 

{U  =  o,  Lyo  =  L,t  =  Lq  =  f~,/:1(i'Vy)l/'’;  T0  =  e-a%/yJ)1/3}.  (22) 

So  far  as  these  scales  appear  due  to  buoyancy  forces  responsible  for  the  bulk  vorticity 
sources,  the  obtained  scales  can  be  easily  interpreted  physically  -  Lx0,  Ly0,  L,q  represent,  char¬ 
acteristic  space  scales  along  the  downstream,  spanwise  and  normal  axes  of  considered  vortical 
structures.  It  means  that  fluid- thermodynamical  structure  of  3D  SBL  is  developing  as  a  result 
of  the  nonlinear  interaction  of  viscous  and  bulk  vorticity  sources.  It  follows  from  (22)  that 
these  developed  vortical  structures  are  elongated  downstream,  the  ratio  between  their  lateral 
and  longitudinal  scales  having  an  order  of  r1/3  Estimation  of  corresponding  velocities  in  SBL 
gives 

Un  ~  0(1),  l/0  ~  Wn  (W) 

Corrections  to  the  zero  approximation  in  £  to  the  3D  SBL  solutions  can  be  shown  to  be  of  the 
order  of  £^3  for  velocities,  of  £4/3  for  pressure,  and  of  eJ/3  for  temperature. 

To  get  more  clear  physical  understanding  of  obtained  scales,  experimental  results  should 
be  considered  dealt  with  the  development  of  3D  boundary  layer  structure  over  a  heated  surface. 

Physically  L0  scale  accurate  to  the  function  of  the  Prandtl  number  corresponds  to  a 
minimum  vortex  scale  arising  due  to  the  buoyancy.  That  is  the  longitudinal  vortex  wave 
number  and  Ln  scale  must  be  related  by  a  universal  dependence  of  the  kind  of 

A,  =  fo(Pr)Lo  ~  r'f\r,  -  V’0r;'VV‘/S.  (24) 

here  fo{Pr)  is  a  universal  function  dependent  only  on  the  Prandtl  number.  Experimental  results 
are  in  a  good  agreement  with  this  relationship. 

Using  the  expression  for  the  lateral  Lq  scale,  one  can  get  the  downstream  distance  Lq 
of  existing  2l)  SBL.  The  2D  SBL  thickness  S2  grows  along  L2  according  to  <52  =  L2H e^11  It 
wan  shown  that  this  thickness  can  not  exceed  Lq  scale  Hence  its  streamwise  extent  (or  the 
downstream  position  where  3D  vortices  appear)  can  be  estimated  depending  on  the  basic  flow 
pai  anu  lcrs  a.i 

L2  =  f2(Pr)L0ReLo  ~  UqH^'W,  -  T0)~Jl3 y-J/V/3  (25) 

here  fi(Pr)  is  the  universal  function  of  the  Prandtl  number  values  of  which  can  be  obtained 
experimentally. 

CONCLUSIONS 


•  Nonpolenual  body  forces  111  a  boundary  layer  result  m  the  development  of  the  flow 
structure  space  scales  characterizing  the  intensity  of  bulk  vorticity  sources.  In  a  general  case 
the  interaction  of  bulk  and  surface  vorticities  does  not  permit  n  self-similar  solution  for  a  2D 
boundary  layer  and  essentially  effects  the  flow  suucure. 

-  Two  types  of  space-lime  scales  for  vortical  structures  in  boundary  layers  effected  by 
buoyancy  were  established  using  the  asymptotic  analysis  of  3D  uonstatiouary  equations 

Theoretical  estimates  were  found  out  to  be  in  a  good  agreement  witli  experimental  results 
related  to  the  boundary  layer  structure  developing  in  a  boundary  layer  over  a  flat  heated  surface 

•  Applied  aspect  of  this  investigation  is  demonstrated  concerning  experimentally  obtained 
xruwili  of  heat  transfer  in  a  boundary  layer  with  embedded  longitudinal  vortices. 
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Abstract 

When  layers  of  salt  and  sugar  solution  are  separated  by  a  diffusive  interface,  in¬ 
terfacial  waves  are  spontaneously  generated  by  the  turbulent  convection  once  the 
system  evolves  to  a  critical  value  of  the  density- anomaly  ratio  R0  =  /3AS/aAT 
(Stamp  et  at. ,  1994).  The  waves  modulate  the  interfacial  fluxes  by  modifying  the 
interface  thickness  and  thereby  organize  the  otherwise  random  convective  motions 
into  coherent  large-scale  circulations.  In  long  rectangular  channels  a  wide  range 
of  conditions  gives  rise  to  a  single  wave  which  propagates  back-and-forth,  resulting 
in  quasi-periodic  reversals  of  tank-scale  circulations.  Here  it  iR  shown  that  in  an 
annulus  this  same  coupling  phenomenon  gives  rise  to  turbulent  convection  cells  of  a 
travelling-wave  nature,  coupled  to  large-amplitude  solitary  waves  on  the  interface. 

1  Introduction 

Double-diffusive  convection  occurs  when  a  fluid  contains  two  or  more  components  which 
diffuse  at  different  rates  and  make  opposing  contributions  to  the  vertical  density  gradient. 
When  the  faster  diffusing  component  is  unstably  stratified,  a  thin  ‘diffusive’  density  inter¬ 
face  forms  and  the  diffusive  buoyancy  flux  through  this  interface  drives  convection  in  the 
adjacent  layers  (Turner,  1965).  Subsequent  studies  have  focused  on  the  interfacial  fluxes 
so  as  to  understand  mixing  in  geophysical  and  industrial  settings  (Turner  1974;  1985). 

An  intriguing  property  of  the  two-layer  convecting  system  is  a  systematic  interfacial 
wavemotion  coupled  to  large-scale  convection  in  the  layers  first  observed  by  Turner  fc 
Chen  (1974)  when  a  diffusive  interface  was  formed  by  placing  salt  solution  above  sugar 
solution.  Although  Linden  &  Shirtcliffe  (1978)  noted  that  the  presence  of  waves  could 
increase  the  fluxes  through  a  diffusive  interface,  little  further  attention  has  been  given  to 
the  generation  of  these  long-lived  waves  and  they  have  gone  unexplained  until  recently. 
Stamp  et  at.  (1994)  studied  the  coupling  of  waves  and  convection  in  this  double-diffusive 
system  as  an  example  of  the  organization  of  coherent  motions  in  turbulent  flows,  and  as  a 
possible  analog  to  the  coupling  across  t.hc  air-sea  interface  of  fluctuations  in  atmospheric 
circulation  with  long  waves  on  the  equatorial  ocean  thermocline. 

Stamp  ct  at.  found  that  the  convection  spontaneously  generates  large-amplitude  waves 
on  the  interface.  The  waves  correspond  to  a  local  thickening  of  the  interface  and  produce 
horizontal  variations  in  the  interfacial  buoyancy  flux,  which  in  turn  force  circulations  on 
the  scale  of  the  distance  between  waves.  For  a  wide  range  of  conditions  a  single  wave 
propagates  back-and-forth  along  the  channel,  organizing  the  convection  into  two  cells 
which  oscillate  in  length  from  zero  to  the  full  length  of  the  channel.  This  oscillation 
begins  when  the  interface  is  thick  enough  to  support  waves  of  sufficient  amplitude  and 
speed  to  match  the  convective  velocities,  and  continues  until  the  property  gradients  have 
run  down  to  a  point  where  the  interfacial  fluxes  and  convective  velocities  are  too  small  to 
match  interfacial  wavespeeds. 

Here  we  report  experiments  which  show  that  coupling  occurs  in  a  narrow  annulur 
gap.  In  this  case,  a  small  number  of  equally-spaced  waves  propagated  in  a  continuous 
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circular  path,  with  each  wave  organizing  the  surrounding  convection  in  each  layer  into 
two  large-scale  travelling  cells.  As  a  rule,  all  waves  (and  convection  cells)  propagated  in 
the  same  direction.  However,  occasionally  one  wave  propagated  in  the  opposite  direction, 
and  during  the  ensuing  head-on  collisions  the  entire  leftward  and  rightward  travelling  flow 
patterns  passed  though  each  other  unchanged. 

2  Rectangular  channels 

The  experiments  in  narrow  channels  carried  out  by  Stamp  et  al.  were  set  up  with  an  aque¬ 
ous  salt-sugar  interface  separating  two  layers  of  depth  H  -■  11.5  cm.  Three  independent 
dimensionless  parameters  govern  the  flow:  the  density-anomaly  ratio  (Rp  =  fiAS/aAT), 
the  total  fractional  density  difference  across  the  interface  (A  p/p0  =  0A  S  ~  a  AT),  and 
the  channel  aspect  ratio  ( L] H ).  Here  L  is  the  channel  length,  AT  and  AS  are  the  con¬ 
centration  differences  of  salt  and  sugar  across  the  interface,  o  and  fl  are  the  expansion 
coefficients  appropriate  for  the  linearized  equation  of  state 

P  =  po(l  +  o>T  +  /J5),  (1) 

and  p0  is  a  reference  density. 

At  the  start  of  each  experiment  the  interfacial  fluxes  and  resulting  convective  veloc¬ 
ities  were  large  because  the  interface  was  thin.  However,  as  salt  moved  from  the  upper 
to  the  lower  layer  and  sugar  moved  from  the  lower  to  the  upper  layer,  the  concentra¬ 
tion  differences  across  the  interface  decreased,  both  Rp  and  A p  increased,  and  the  fluxes 
decreased.  As  a  result,  the  convection  became  weaker  and  the  interface  thickened  by 
diffusion.  This  evolution  began  with  the  convective  motions  becoming  progressively  more 
two-dimensional  and  organizing  the  interface  into  thick  and  thin  regions.  The  thick  re¬ 
gions  propagated  as  mode  2  (varicose)  solitary  waves  but  were  too  small  and  slow  t.o 
couple  with  the  vigorous  convection.  However,  as  the  interface  thickened,  the  waves  be¬ 
came  larger  and  faster,  while  the  buoyancy  flux  and  convective  velocities  decreased.  Once 
the  system  evolved  to  a  critical  value  of  the  density-anomaly  ratio,  which  increased  with 
channel  length,  the  vavespeeds  and  horizontal  convective  velocities  became  comparable, 
strong  coupling  ensued,  and  a  single  thick  region  of  interface  developed.  This  region 
propagated  back-and-forth  aiui.g  *he  channel  as  a  solitary  wave  followed  by  a  region  of 
thickened  interface  which  was  acted  upon  by  gravity  and  the  stress  exerted  by  the  con¬ 
vection.  The  resulting  horizontal  differences  in  buoyancy  flux  organized  the  convection 
into  large-Bcale  circulations  which  reversed  direction  quasi-periodically  (figure  1). 

The  waves  persisted  for  about  4  hours  and  travelled  20  m.  In  contrast,  solitary  waves 
propagating  along  a  density  interface  between  two  deep  motionless  layers  of  constant  den¬ 
sity  persist  only  for  about  2  minutes  and  travel  3  m  (Stamp  k.  Jacka,  1994).  Hence  the 
waves  propagating  along  the  diffusive  interface  gained  energy  from  the  organized  convec¬ 
tion.  Whilst  the  qualitative  behaviour  of  the  flow  remained  unchanged  during  run-down, 
the  average  thickness  of  the  interface  increased  and  the  buoyancy  flux,  convective  veloc¬ 
ities  and  wavespeed  decreased  However,  the  wavespeed  did  not  decrease  monotonically. 
Instead  the  nonlinear  coupling  gave  rise  to  large  deviations  from  average  values  (figure  2). 

The  wavespeed  was  largest  when  the  interfacial  density  difference  (Ap/po)  was  large 
and  the  interface  close  to  static  stability  (/?„  — *  1),  that  is,  when  the  fluxes  were  largest 
(figure  3a).  Stamp  et  al.  argued  that-  the  horizontal  convective  velocities  are  given  by 
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Figure  1:  Waves  in  a  narrow  channel  consist  of  a  long  thin  tail  following  a  short  thick  nose.  Most 
of  the  unstable  fluid  is  produced  in  the  boundary  layers  along  the  thin  interface  ahead  of  the 
wave.  However,  the  organized  convection  swept  much  of  this  fluid  to  near  the  nose,  (a)  As  the 
wave  approached  an  endwall,  the  size  and  strength  of  the  cells  along  the  wave  increased  at  the 
expense  of  the  cells  ahead  of  the  wave,  and  this  accelerated  the  wave,  (h)  After  collision  with  the 
endwall,  the  nose  propagated  back  through  the  tail  against  the  convective  motion.  Convection 
from  the  interface  near  the  nose  then  broke  the  single  cell  in  two,  and  the  cycle  repeated  with 
the  interfacial  fluid  trapped  against  the  endwall  collapsing  under  gravity. 


time,  l  (•) 

Figure  2:  Time  taken  by  the  wave  to  travel  the  length  of  a  15  cm  channel  ns.  time  since 
the  start  of  the  experiment.  The  decrease  in  convective  activity  due  to  run-down  produced  a 
slow  decrease  in  wavespeed,  while  the  nonlinear  coupling  produced  large  fluctuations  between 
successive  transits. 
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Figure  3:  Wavespeeds  for  experiments  in  a  15  x  5  cm  channel,  (n)  c  vs.  Rp.  Larger  initial 
wavespeeds  correspond  to  larger  starting  values  of  A/>//>0.  (b)  c/u  vs.  R„.  The  normalized 
wavespeed  increases  with  Rp  because  the  nature  of  coupling  depends  on  the  structure  of  the 
interface. 

where  B  is  the  interfacial  buoyancy  flux  (units  inls~3).  Using  the  measured  buoyancy 
fluxes  the  normalized  wavespeeds,  c/u ,  collapse  onto  a  single  curve  (figure  3 b) 

C~Wn)u,  (3) 

where  the  additional  dependence  on  R„  suggests  that,  the  exact  nature  of  the  coupling 
depends  on  the  structure  of  the  interface. 

3  Annular  geometry 

Further  experiments  have  been  carried  out  in  an  acrylic  annulus  with  an  inner  diameter 
of  25  cm  and  outer  diameter  of  35  cm.  Each  experiment  was  started  by  placing  the  upper 
(salt)  layer  in  the  annular  gap  and  then  feeding  in  the  denser  lower  (sugar)  layer  through 
inlets  at  the  base  of  the  tank.  For  flow  visualization  a  50  Watt  fluorescent  lamp  was  placed 
on  the  axis  of  the  annulus  and  tracing  paper  attached  to  the  inner  and  outer  sidewalls. 

After  about  an  hour  a  stable  configuration  of  three  or  four  large  thick  regions  of 
interface  formed  These  regions  consisted  of  a  long  thin  tail  attached  to  a  short  thick 
nose,  and  all  propagated  in  a  wavelike  manner  around  the  annulus  in  the  same  direction. 
The  convection  in  each  layer  surrounding  each  wave  was  organized  into  two  large-scale 
counter-rotating  cells  (figure  4).  In  this  manner,  the  interfacial  waves  and  convection 
cells  travelled  in  a  continuous  circular  path  without  reflection.  At  first  the  waves  were 
equally-spaced,  but  with  time  the  waves  of  larger  amplitude  caught  up  with  those  of 
lesser  amplitude.  During  the  ensuing  overtaking  collisions  the  waves  merged  ami  the 
number  of  convection  cells  decreased  As  a  rule,  the  number  of  waves  decreased  to  two 
about  30  minutes  after  waves  first  appeared.  In  the  rare  cases  when  the  system  evolved  to 
support  a  single  wave  (with  two  convection  cells  in  each  layer),  its  tail  and  each  convection 
cell  extended  half  way  around  the  annulus. 
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Figure  4:  Illustration  of  the  flow  in  an  annulus,  (a)  Top  anti  ( b )  side  views  of  the  2-wave  regime. 
The  two  waves  and  four  convection  cells  in  each  layer  travelled  in  a  continuous  circular  path 
without  reflection. 

Sometimes  the  pattern  of  co-rotating  waves  was  disrupted  by  generation  of  a  new 
wave.  This  process  began  with  a  thickening  of  a  small  patch  of  interface  ahead  of  an 
existing  wave.  The  lump  was  swept  towards  the  wave  by  the  large-scale  convective  cir¬ 
culations  and  grew  in  size  as  it  engulfed  other  small  interfacial  lumps  in  its  path.  In 
this  manner,  the  lump  became  large  enough  to  organize  the  surrounding  convection  and 
disrupt  the  existing  convection  pattern.  This  new  interfacial  wave  and  its  associated  cells 
propagated  around  the  annulus  in  the  opposite  direction  to  the  older  waves.  In  general, 
the  entire  leftward  and  rightward  travelling  flow  patterns  passed  through  each  other  un¬ 
changed  during  the  ensuing  head-on  collisions.  However,  when  the  colliding  waves  were 
of  significantly  different  amplitudes,  the  larger  wave  engulfed  the  smaller  wave  and  the 
convection  pattern  changed  accordingly. 

4  Onset  of  coherent  motion  and  wavespeed  measurements 

Measurements  of  the  flow  in  the  annulus  were  made  to  determine  t  he  conditions  for  onset 
of  coherent,  motions  due  to  w.ive-convection  coupling,  and  to  test  the  dependence  of  the 
wavespeed  on  Rp  and  A p/p{t  (table  1).  The  data  indicated  that  strong  coupling  occurred 
when  the  density-anomaly  ratio  exceeded  the  critical  value 

/?;  =  1.17  db  0.01  for  0.0005  <  A p/pu  <  0.0020.  (4) 

This  value  is  close  to  the  critical  value  for  flows  in  a  rectangular  channel  of  horizontal 
cross-section  15  x  5  cm.  The  similarity  occurs  because.'  in  both  cases  the  convection 
cells  were  about  15  cm  long  (three  equally-spared  waves  in  the  annulus  organized  the 
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initial  conditions 

onset  of  coupling 

final  measurements 

run 

symbol 

Ap/po 

RP 

t  (h:m:s) 

Ap/po 

Rp 

t  (hums) 

Ap/po 

R, 

1 

□ 

0.0005 

1.02 

1:10:24 

0.0030 

1.17 

2:22:21 

0.0037 

1.24 

2  a 

X 

0.0014 

1.03 

1:08:24 

0.0058 

1.18 

2:47:01 

0.0074 

1.27 

26 

+ 

0.0014 

1.03 

1:00:39 

0.0056 

1.17 

2:48:38 

0.0075 

1.28 

3 

0 

0.0020 

1.02 

1:04:40 

0.0118 

1.17 

2:51:00 

0.0157 

1.26 

Table  1:  Experimental  parameters  and  results  for  annulus  experiments.  The  final  measurements 
correspond  to  the  time  at  which  waves  and  organized  convection  became  undetectable. 


convection  in  each  layer  into  six  cells  of  length  2nr/2  x  3  »  13  cm,  where  r  is  the  mean 
radius),  and  hence  the  horizontal  convective  velocities  were  similar. 

Wave  position  was  measured  as  a  function  of  time.  However,  it  was  not  possible  to 
obtain  a  complete  record  for  every  wave  because  of  the  complicated  wave- wave  interactions 
and  the  practical  difficulties  associated  with  monitoring  several  waves  at  once. 

The  evolution  of  experiment  2a  is  shown  in  figure  5.  A  stable  configuration  of  three 
waves  formed  about  an  hour  after  the  start  of  the  experiment,  and  20  minutes  later  the 
number  of  waves  decreased  to  two.  These  waves  were  on  opposite  sides  of  the  annulus 
and  propagated  in  the  same  direction.  However,  wave  2a,2  was  larger  and  faster  than 
wave  2a.  1  and,  after  a  further  40  minutes,  the  waves  merged  to  form  wave  2«.3.  This 
wave  and  its  associated  convection  cells  extended  half  way  around  the  annulus.  The 
increase  in  the  horizontal  scale  of  the  convection  resulted  in  larger  horizontal  convective 
velocities  and  a  corresponding  increase  in  the  wavespeed.  Meanwhile,  a  new  wave  formed 
and  propagated  in  the  opposite  direction  to  wave  2a.3,  rapidly  decreasing  in  amplitude 
during  the  ensuing  head-on  collisions. 

As  in  rectangular  channels,  the  wavespeed  in  the  annulus  was  largest  when  the  interfa¬ 
cial  density  difference  Ap/po  was  large  and  t.he  interface  close  to  static  stability  (RP  —*  1). 
That  is,  when  the  buoyancy  flux  was  largest.  For  example,  there  was  a  two-fold  difference 
in  the  fluxes  between  experiments  2 6  and  3,  and  the  wavespeed  in  t  he*  latter  flow  was 
about  25%  faster  than  that  in  26.  in  addition,  for  flows  having  similar  layer  properties 
the  wavespeeds  were  larger  for  a  smaller  number  of  waves  because  the  convection  was  or¬ 
ganized  over  different  horizontal  lengths  and  therefore  the  horizontal  convective  velocities 
were  different. 

Figure  6  shows  the  normalized  wavespeed  for  each  of  the  waves  that  were  monitored 
in  detail.  Because  each  wave  organized  the  surrounding  convection  into  two  large-scale 
convection  cells  the  length  scale  used  in  calculating  the  convective  velocities  from  (2)  was 
taken  as  the  mean  circumference  of  the  annulus  divided  by  twice  the  number  of  waves: 

L  =  2irT/2n.  (5) 

Measurements  for  the  different  experiments  collapse  onto  a  .  uigle  curve,  indicating  that 
the  wavespeed  varied  approximately  as  t.he  horizontal  convective  velocity.  The  collapse  is 
not  perfect,  with  waves  1.1  and  1.2  decaying  more  rapidly  than  the  other  waves.  However, 
this  anomalous  behaviour  was  probably  an  artefact  of  t  he  poorly  constrained  wave  position 
measurements  in  the  case  with  the  weakest  convection, 
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Figure  5:  Evolution  of  experiment  2a.  After  about  80  minutes  the  (low  consisted  of  two  waves 
(2o.l  and  2<i.2)  propagating  around  the  annulus  in  a  counter-clockwise  direction.  Small  differ¬ 
ences  in  the  amplitude  and  speed  of  these  waves  gave  rise  to  an  overtaking  collision  and  merge 
to  form  wave  2a.3.  This  faster  wave  extended  half  way  around  the  annulus.  Meanwhile,  a  new- 
wave  (■)  formed  and  propagated  in  a  clockwise  direction  before  being  destroyed. 


Figure  (j:  Wavespeeds  for  the  annulus  waves  normalized  by  the  horizontal  convective  vdociiv 
calculated  from  (2)  using  the  measured  buoyancy  fluxes.  'I  he  wavespeeds  lor  each  wave  weir 
smoothed  by  differentiating  the  polynomial  that  best  fits  the  displai ement  time  measurements 
The  solid  line  shows  the  results  for  an  experiment  under  similar  conditions  in  a  rcctaiiguiat 
channel. 
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After  i  lie  number  of  waves  in  ihe  annulus  had  decreased  r<>  two  the  waves  peed  s  were 
much  larger  than  tliose  for  flows  with  the  same  layer  properties  m  a  I’  *  r»  cm  re<  tangulai 
channel.  However,  the  ratio  of  wavcspeed  to  convective  velocity  was  similar  (c./u  O.'il 
in  both  cases  because  annulus  convert ioir  was  at  this  stage  characterized  by  a  largei 
horizontal  length  scale.  Similarly,  the  scaling  (2)  and  resonance  assumption  (.1)  inrrccily 
predict  the  changes  of  wavespced  when  there  was  a  change  in  the  numlwr  of  mtctfanal 
waves  and  convert  ion  cells  travelling  aioiind  the  annulus 

S  Summary  and  Conclusion* 

Coupling  of  large  ampin  title  waves  and  luibnlctil  mtim  tmii  driven  bv  the  iMioyatu  i  tins 
through  a  diffusive  interface  is  readily  established  in  the  lal>oiator\  I  be  s|h>i>i ancon* 
generation  of  interfacra)  waves  anti  then  nit  era.  Imui  with  <  omn  ti<>n  gives  n«e  to  •  oheietit 
comer  live  motions  »*n  ihc  scale  of  t  iic  In>s  length  nt  aiinu'u*  |«t  unci -t  |n  A  n  <  1  angular 
channel  a  large  amplitude  inteifaiial  wave  reflcsli  Iwu  k  and  forth  In-tween  the  cixiwalK 
whereas  in  an  annulus  Isith  inteifanal  warn  and  >  mivn  turn  •ell*  travel  ••MitiinxxisU 
eat  h  l>etng  main! allied  by  t  lie  other  I  Ice  •  •Miphltg  of  waves  and  <  hiius  troti  m  lie  ilinililr 
diffusivr  system  at  very  large  Itavlergh  number*  mat  provide  an  ajsptopnatr  lalMwatorv 
analog  hit  oilier  systems  such  a<  almtwphetu  sipiall  lines  alol  cijiistmul  iMrati  atmosphere 
i  literal  tions 
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Convection  from  bounded  body  in  rotating  fluid 


R.  Boubnov 

Institute  of  Atmospheric  Physics,  109017, Moscow, Russia 


For  many  graphs  steal  and  astrophyslcai  objects  the  rotation  together  with  spatial  inhomo- 
gmeity  of  energy  sourscs  distribution  in  the  gravity  field  determines  the  origin  and  character  of 
the  fluid  motion.  Two  main  cates  of  the  convective  motions  in  routing  fluids  are  usually  consid¬ 
ered  the  infinite  plane  layer  with  the  temperature  difference  on  the  horizontal  boundaries  |1.2] 
and  rotating  annuli  with  the  temperature  differences  on  the  vertical  walls  {3]  In  nature  more 
often  the  case  of  simultaneous  non-uniform  horizontally  and  vertically  temperature  gradient, 
which  of  course,  u  much  more  complicated  from  theoretical  and  experimental  point  of  view 
Some  example*  of  tin  mixing  influence  of  the  vertical  and  horizontal  temperature  gradients  in 
totaling  fluid  <«ic  <an  find  in  |4..rij.  where  mostly  the  external  temperature  distributions  define 
thrM-  gradient* 

Coowikwi  from  tiw  bounded  Ixxiv  is  the  another  example  of  simultaneous  influence  both 
tern prfat tut-  gradient  but  in  this  case  these  gradients  usually  are  defined  mostly  hi*  the  gco- 
uu-irv  wl  parameter*  One  temprrature  differences  AT  between  the  temperature  of  body  and 
t  In-  i<iri|wrauirr  fluid  far  from  Inxly  and  additKinal  with  compare  to  tlic  iiifinitr  plane  space 
v  ak-  the  horizontal  si/r  of  the  heating  liody  l)  will  stgnilicant  change  the  motion  of  the  fluid 
a«  in  nonrotating  as  in  rotating  coses 

The  main  determining  non-dimensional  |taramrton  for  localized  convection  m  u  plane  hon/on- 
i«l  infinite  layvr  <»*■  consider  that  horizontal  scale  of  the  fluid  layer  is  much  more  than  D)  in 
non  rotating  fluid  are  lUvleigh.  Hu.  Prandtl,  Pr  numbers  and  aspect  ratio.  6  -  D/h.  where  h 
u  ttw  depth  of  the  dual  layer  Tlie  choice  of  the  proper  length  scale  in  the  determination  of 
i In*  Rayleigh  immla-r  h  or  I).  depends  on  tlie  value*  of  t.  We  define  two  related  values  of  the 
Kavietgh  numb'' 

Hun  =  A3/iua  =•  <a-^— ^ , 

Different  regmx".  of  convection  without  rotation  for  the  different  lia  and  6  from  (6)  are 
i*f-wnt«d  on  Figure  l  There  are  three  main  regime*:  /  -  laminar  toroidal  cell,  which  is  usual 
'■■f  : he  small  II  tlwnna)  plume,  III  -  turbulent  convection  (region  IY  on  Figure  1  - 
ransuion  region  between  tin  main  regimes)  The  main  diference  between  the  regimes  /  and 
1 1  are  m  tin  space  dose  to  the  heated  body;  at  some  distance  from  which  due  to  the  turbulent 
•'turaiuiiM’tit  of  the  thermal  plume  we  could  not  differ  this  regimes. 

ioial  rotation  of  Die  layer  changes  the  flow  patterns  significantly.  Far  from  the  heated  body 
ini*  influence  for  both  regime*  II  and  III  can  be  similar  to  the  influence  of  the  rotation 
'•  a  turbulent  convection  in  the  plane  fluid  layer  In  this  case  the  vortex  structure  origin  and 
m>u»'  vortices  due  to  barorhnic  instability  propagate  away  from  the  upper  worm  (or  down  cold) 
flow  l  i  Near  the  healed  body  in  regime  III  the  influence  of  the  Coriolis  force  to  the 

flow  from  1 1 x*  edge  of  the  disk  will  change  this  How  and  intensive  singular  vortex  (or  number 
oirtnw.  can  tx'  origin  Example  of  two  tipe  of  this  vortices  are  prezented  in  Figure  2.  The 
man.  additional  non-dinensional  parameter  which  usually  is  used  in  -nnvection  with  rotation 
Tax  »or  numfxn  Tti  -  \\Yh*!v2  (  where  SI  -is  the  constant  rotati.  j  not  so  convinient 

ix-  ■  oinii  -non  from  txmndcd  body  Very  important  role  in  this  -ill  play  the  Rossby 

number  Hu  /{«  -  l  '11 1)  wliere  the  velocity  scale  V  can  be  defined  as  characteristic  geostrophic 


velocity,  which  was  obtained  [9]  from  the  assumption  that  all  dissipation  of  the  kinetic  energy 
f  produced  in  the  Fkman  boundary  layer  V  = 

Usual  critjcal  value  of  Rossby  number  Ro  =  1  will  define  the  role  of  rotation.  When  Ro  >>  1 
convection  in  turbulent  regimes  near  the  heated  body  will  not  differ  from  the  non-rotating  case, 
but  far  from  the  body  due  to  the  turbulent  entrainment  horizontal  scale  of  motion  increases  and 
suitable  Rossby  number  (defined  by  this  scale)  can  be  compare  or  less  than  1,  and  influence  of 
rotation  will  be  significant.  The  same  effect  will  be  and  in  regime  II  of  thermal  plume,  where 
near  the  small  heated  body  Rossby  number  usually  is  very  large. 


Figure  1 


When  Ro  «  1  due  to  a  geostrophic  balance  convection  motions  above  the  disk  differ 
slightly  from  the  convection  motion  in  the  infinite  fluid  layer  [1,2),  and  near  the  boundaries  the 
baroclinic  vortices  are  propagated  away  from  the  body  |7|.  The  case  Ro  =e  1  is  morecomlicated. 
and  singular  intensive  vortices  (Fig.2)  can  developed  in  this  case.  These  vortices  are  usual  for 
experiment  ori  tomado-like  motions,  and  the  main  conditions  for  the  origin  of  this  voriccs  is 
updown  flow  and  non-uniform  rotation  of  this  flow.  Review  of  laboratory  experiments  on  this 
problem  one  can  find  in  [10).  Main  differences  of  our  experiments  from  the  previous  one  are, 
from  one  side,  that  this  situation  is  more  closed  to  the  natural  conditions  and,  from  the  other 
side,  that  we  have  a  simple  possibility  to  simulate  not  only  a  origin  of  the  vortex,  but  also  its 
propagation  from  the  place  of  origin.  The  additional  goal  of  these  experiments  -  a  possibility 
to  study  transitions  from  the  different  convective  regimes:  from  the  singular  intensive  vortex 
to  the  system  of  the  less  intens.vc  vortices. 

First  experiments  (C,ll[  were  conducted  in  rotation  or  non-rotational  fluid  with  some  small 
non-gomogeneity  of  the  rotation  (in  spin-down  regime).  Two  type  of  vortices  were  found:  lam- 


inai  and  oscillating  (two  stage  of  this  oscillating  vortex  are  presented  in  Fig.2).  This  situation 
is  usual  and  similar  to  a  case  of  the  convection  from  the  bounded  body  for  non-rotating  cases. 
The  most  important  consequence  of  this  transitions  from  laminar  convection  to  the  turbulent 
one  is  the  change  of  a  heat  flux  which  comes  from  the  heated  body  to  the  fluid.  For  non- 
rotating  case  the  value  of  q  in  the  dependence  of  non-dimensional  heat  flux  -  Nusselt  number 
on  a  Rayleigh  number  Nu  =  CRaq  changes  from  1/5  for  laminar  convect'on  to  the  1/3  for  the 
turbulent  one. 


Figure  2. 

For  oscillating  vortices  two  stage  of  vortex  structure  are  suitable:  spiral  vortex,  when  is 
very  intensive  heat  flux  from  the  body,  and  toroidal  vortex  when  heal  flux  is  much  less.  The 
frequency  of  oscillation  of  a  process  is  appropriated  to  the  Howard  frequency  in  turbulent 
convection,  and  the  process  is  very  similar  to  the  Howard’s  process.  In  Hrst  stage  toroidal 
vortex  keep  a  heat  near  the  body  and  after  some  critical  value  of  Rayleigh  number  due  to 
instability  the  process  come  to  intensive  spiral  vortex,  in  which  a  heat  flux  is  much  more 
intensive  and  after  some  time  when  it  is  not  enough  a  heat  energy  to  supply  the  motion  in 
spiral  vort.ex,  the  system  cornea  to  the  toroidal  vortex  and  process  repeat  again.  Frequency  of 
oscillation  is  very  close  to  the  Howard  frequency  for  non-rotating  fluids,  depends  mostly  from 
the  Kayleight  number  and  change  in  the  limit  of  3- 10  sec.  In  this  stage  of  the  experimental  study 
there  more  questions  than  answers,  but  we  would  like  to  put  attentions  for  questions  which 
is  very  important  for  the  understanding  the  basic  vortex  formation  and  can  have  geophysical 
applications  us  to  the  origin  of  intensive  vortices  as  a  flow  above  the  heating  places  in  the 
regime  of  turbulent  convection  with  the  influence  of  the  flow  from  the  sides  and  rotation. 
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ABSTRACT 

A  destratiflcation  hy  double-diffusive  natural  convection  is  numerically  studied  in  u  2D  cavity  containing  a  fluid  which 
is  initially  stratified  in  temperature  and  in  concentration,  the  upper  surface  of  storage  is  cither  adiabatic  or  with  evaporation 
The  fluid  motion,  linked  to  the  opposite  mass  and  thermal  huoyancy  forces,  are  obtained  hy  resolution  of  the  unsteady 
balance  equations,  written  with  the  stream  funclion-vorticity  formalism  using  the  Boussinesq  approximation.  The  turbulence 
is  introduced  hy  a  k-e  standard  modci  in  LRN  (low  Reynolds  number)  form.  A  finite-difference  technique  using  the  A.D  I 
method  is  implemented  The  convection  term  is  discretized  using  a  hybrid  scheme  bused  on  the  mesh  Reynulds  number  and 
adapted  to  a  non  uniform  grid  The  time  step  is  determined  to  ensure  stability  and  to  optimize  the  computation  lime.  The 
results  arc  obtained  for  Gr^txlO^  and  IGrml£IO**  in  the  case  of  liquefied  natural  gas  (LNG).  The  evolution  of  significant 
problem  variables  4 temperature,  concentration,  velocity,  turbulent  kinetic  energy  and  turbulent  dissipation)  allow  one  to 
follow  the  fluid  destralification. 


I  INTRODUCTION 

The  present  paper  reports  a  study  of  desl ratification  hy  turbulent  natural  convection  of  a  fluid  contained  in  a  2D  canlv 
which  is  initially  stratified  in  temperature  and  in  concentration  The  llow  is  driven  hy  density  variations  caused  hy 
simultaneous  heat  and  mass  transfer  Many  free  convection  Hows  which  occur  in  nature  and  in  industry  originate  from  these 
density  variations:  drying  processes,  solar  energy  storage,  storage  of  LNG,  crystal  growth,  atmospheric  flows  Howover. 
there  is  a  lack  of  literature  concerning  flows  driven  hy  multiple  buoyancy  forces,  because  of  the  complexity  ol  the 
phenomena.  The  problem  ol  combined  temperature  and  concentration  gradient  in  enclosures  has  been  little  studied  iBcian 
198?.  Osirach  1982a.  SCv#Kder  and  Petit  1989a.  Trrvisan  and  Bcjan  1987)  amt  authors  have  tried  to  solve  stradv  problems 
Unsteady  natural  convection  Bows  have  received  considerable  attention  when  density  variations  are  due  only  lo  temperature 
gradients  (Patterson  and  Imhergcr  1980.  Wang  1987)  The  unsteady  state  ol  simultaneous  heal  and  mass  transfer  is  mostly 
studied  in  the  case  ol  differentially  healed  lateral  walls  (Kamakura  and  O/oe  199'.  Lee  and  Hyun  1991 )  The  case  ol  a  fluid 
which  is  simultaneously  stratified  in  concentration  and  in  temperature  whose  the  dcstrutification  is  caused  hy  lateral  inflow 
of  heal  and  bottom  lluxcs.  is  considered  by  Sfvikdcr  and  Petii  1 1989b).  This  study  concerns  only  the  laminar  flow,  wnh 
thermal  and  mass  Grashot  numbers  <  10^  in  absolute  values  The  transfers  at  the  interface  arc  more  particularly  studied  hy 
Bergman  rt  al  1 198?)  hui  the  considered  case  corresponds  to  a  slow  development  of  the  lowei  layer,  the  healing  is  only  at 
the  bottom 

Oui  study  approaches  a  real  case  of  LNG  storage  in  terms  ol  the  (irashof  numbers  (If)'-*),  wall  heat  lluxcs  and  free 
surface  evaporation 


2  MATHEMA  TICAL  FORMULATION 


Consider  j  2D  rectangular  cavity  with  a  height  to  width  ratio  AI»H/I.  The  ,  jsilv  is  closed  oi  with  a  tree  surface 
evaporation  The  initial  and  boundary  conditions  lor  (cmp-ralure  and  concentration  til  ihc  Iasi  case  are  shown  in  Figure  I 
These  conditions  correspond  to  those  which  occur  at  the  time  of  storage  of  LNG  and  although  they  present  u  case  of 
important  practical  interest,  studies  of  this  type  are  very  *are  iMv#Ksfcr  1990)  The  cavity  is  filled  wuh  a  fluid  composed  ol  ,i 
single  diffusing  chemical  species  ltd  small  concentration!  diffusing  in  a  solvent  The  mass  evaporation  is  expressed  as  inflow 
ol  the  solution 


Fig  I  Initial  and  houdars  conditions 


I 


The  fluxes  ip,*,  j  at  the  free  surface  are  computed  by  a  Hashemi  and  Wesson  model  (1971).  adapted  to  the  storage  of 

LNG: 

For  T*  >Tsat:  p,s=ciA.(^V''(T  -TU^4''  where  <.,=  0. 13;  Tsal  being  the  saturation  temperature  (I) 

j*=-tp*is/(hi,p)  (2) 

For  T*  £Tjal:  j*  =  tp*,h  * 0  (?) 

The  dimensionless  equations  of  momentum,  energy,  species,  turbulent  kinetic  energy  and  turhulent  energy  dissipation 
conservation  are  written  with  constant  fluid  physical  properties  and  using  the  Bousstnesq  approximation: 

—  =  £1  +  AH'  (4) 

3t 

Ett  =  ( (Gr,s+lGrJ  )"'♦  ^-)A£1  +  2  —  —  +  2  —  —  +  So  (5) 

D*  dx  dx  dy  dy 

ei = (fflefejl-  ♦  a, AT +i-^,2I+_L^')T  {6, 

Dt  Pr  Pr,  Pr,  dx  Pr,  dy  dy 

DC  =  (<Gr^OrJ)"’  +  V]_)ac  +  -1-  —  —  +  -1_  *£  (7l 

Dt  Sc  Sc,  St,  dx  r)x  Set  dy  dy 

Ei  » «Gr#lGrJ>*' ‘  ♦  » )4k  ♦  -L  *V'  d±  ♦  ±  *1  *  ♦  Sl  <«, 

Dt  Ok  <!»  dx  dx  °s  dy  dy 

Et  -  ((Gr,«*iGrJ)"'  *  -'lit  +  1  ♦  J  ^V|  *!?  *  S,  (9) 

D'  °<  dx  dx  «r  dy  dy 

.  c  ir*  .  ,  I  dT  d(*  _  fVv,  d\  r)u  fi*V,  d'V,  du  «lv 

where  Sji  =  <(ir*+|CirJ  )  <  C»r,», —  ♦  (ir«  \  ♦  2 - < - » *♦*  t - M —  ♦  —  i  1 10) 

fix  dx  dydx  dy  ri\  dx  *  d y*  dy  Ox 

St  =  ♦  2  (——V*  ♦  (*^u  ♦ <K  f  i  •  v.tCir.k+iCrJl  '.^aT  *  S'.*!,  •  r  tilt 

(  Id*  I  iriy  /  Vdv  dx  /  Ft.  dy  Sc,  dv 

S,-C,rv,  r  ♦:[*'  f  ♦(-“  ♦  '*'  fl  CtrVl,<iMkir.,'f,(i,ifl  sS!!(:i  ,12, 

*  l  'dx  /  \dy  /  \r)y  d*  /  j  f  k  P>l  dv  Sc, 

v, « t'jtc'/r  d?i 

In  the  turbulent  kinetic  energy  equation,  the  term  ol  transport  by  diffusion  is  approximated  by  Hie  expression  ol 
Launder  and  Spalding  <  19741,  whereas  the  buoyancy  lores'  effects  in  the  terms  ol  pmduclinn  and  ol  viscous  damping  of  the 
turbulent  dissipation  equation  are  written  introducing  the  approximation  of  Hanjabc  and  Launder  i  I97h)  The  values  taken 
lor  different  coefficients  of  thexe  equations  are  those  generally  recommended  lor  natural  convection  and  l.RN  modeling 
(Ahluwalia  and  Chan  19*9.  Antonia  and  K  m  1991.  O/oc  ti  ,il  19*5,  Palel  n  of  19*5.  Yang  and  Aung  I9*5i 
I’r  =  So  =  III.  «k=  |  O.  o,  «  I  5.  C„  .  I  44.  <  *  I  92.  Cl  a  II 7.  f.  =  009 

Ihe  thermal  and  mass  Clrashol  numbers  (Cir,,,.  C iam ,  are  based  on  the  height  and.  respectively,  on  ihe  mili.il 
temperature  und  concentration  diflcrcnccs  between  two  layers  We  consider  here  only  Ihe  case  ol  a  negative  mass  expansion 
i  ocffirienl.  which  means  that  Ihe  body  lorces  due  in  heal  und  mass  transfer  arc  in  opposite  directions  ,(ir,|,  >  (i.  Cirln  <  in 

>  M  MKRII  AL  SOLUTION 
5  I  Imegraoon 

The  equations  iJ-9)  have  ihe  same  general  tom,  ^  «H  +  AP*A,^  ♦A,1*  ♦  A,,(*  *  c  *  i  iUi 

di  ds  ,l\  d\*  ,,v 
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The  stream  function  T  and  turbulent  kinetic  energy  k  arc  zero  at  the  walls.  Wall  vorticity  U  is  compuicd  by 


considering  a  Taylor  series  expansion  for  the  stream  function  in  the  wall  vicinity.  The  turbulent  energy  dissipation  e  is 
computed  at  a  first  point  in  the  vicinity  of  the  wall  (situated  in  the  turbulent  inertial  sublayer)  supposing  universal 
equilibrium  : 


e  =  -  u  v  — 


Cj}/4k*2 

KAy0 


(15) 


where  k  =  0.42  (Von  Karman  constant).  This  value  is  attributed  to  i  at  the  wall  (Oz.oc  ei  ul  19X5)  At  the  Iree  surface. 


S'  =  OS ‘Id*.  =  0.  with  the  hypothesis  that  the  free  surface  remains  even  and  horizontal,  lor  the  vorticity.  the  boundary 
condition  is  reduced  to  if  =  0  using  the  balance  between  the  surface  shear  stress  and  the  gradient  of  surface  tension  tOsirach 
1982b.  Villers  and  Platten  I9H5)  while  considering  the  case  where  the  horizontal  gradients  of  concentration  and  temperature 
are  small  (Sdvilddcr  1990);  the  surface  tension  gradient  is  expressed  with  the  same  gradients  and  with  the  thermal  and  mass 
Marangom  numbers  (Bcrgmann  1986).  In  a  first  approach,  k  =  0  and  c  is  computed  by  the  method  used  at  the  wall 
The  interior  initial  dimensionless  values  of  the  caviiy  arc 

1*1  =  0.5  ;  T;  =  -0.5  ;  C?  =  0.5  ;  C;  =  -0.5;  S'"  =  fi"  =  0  ;  k"=IO;1;  e"=I0!j  (16) 

A  finile-difference  technique  using  the  A.D.I.  method  (Beam  and  Warming  1979.  Roache  1976)  is  applied  The  grid  is 
non  uniform  and  Cartesian.  The  computational  code  which  evolved  from  this  method  is  an  extension  of  the  code  developed 
for  the  laminar  regime  with  a  semi-implicit  method  and  a  uniform  grid  (Sdvdlddcr  1990).  The  equation  (14).  written  in  the 
form  9F/3i  =  f(F),  has  f(F)  expressed  by; 

f(Fl  =  B  +  (Sx  +  Sy)F  (17) 


where  Sx  E  qA  +  Axr) /dx  +  AXyd‘ /dx'*'  and  Sy  =  tl-q)A  +  Aydfdy  +  AXyd*-  /dy^  (18) 

Equation  (14)  is  discretized  in  lime  and  space  by  A.D.I.  method  using  (17)  and  one  has  thus: 


(I  .^Ls,)F"*i'3=—  B  +  (l+  —  S,)F 
2  2  2 

0  .^Ls,)F*'  =— B  +  (l  +  — S,)F"*'': 
2  2  2 


(19) 

(20) 


) 


where  ( I  -  ^-S.)  and  ( 1  -  ^S,)  arc  the  tridiagonul  matrixes.  The  solution  is  obtained  by  a  Gaussiun  elimination  method  lor  a 
2  2 

vectorial  compulation  or  by  application  ol  Thomas  algorithm  (Roache  1976)  lor  a  scalar  one. 

For  an  optimal  solution,  a  non  uniform  gnd  (71*61)  is  continuously  generated  by  a  function  based  on  tan’1.  The  finest 
mesh  is  obtained  in  the  vicinity  of  the  walls  and  of  the  interface  between  the  two  layers,  the  first  mesh  is  of  the  order  of  five 
thousandths  of  the  cavity  height. 

For  the  discretization  of  diffusive  terms,  a  centered  scheme  is  used,  whereas  convection  lerms  are  discrelizcd  by  a 
hybrid  scheme  based  on  the  mesh  Reynolds  number  <Rex  =  Axmax(Axj,  AXj.|  )/AXy) :  the  centered  scheme  is  used  when 
Rcx(y)S2  and  an  upwind  scheme  when  Rcx(yj>  2,  in  order  lo  have  boih  advantages  of  a  small  numerical  viscosity  of  ihc 
centered  scheme  and  ol  a  less  strict  limitation  of  Ihc  lime  step  of  an  upwind  (SevPKder  199(1) 

.1.2.  Determination  of  At.  q 

As  our  purpose  is  to  simulate  unsteady  phenomena,  the  time  step  has  to  be  very  small  It  is  important  to  choose  an 
optimum  value  of  the  time  step.  This  choice  is  based  on  two  conditions: 

a)  "Pseudo  Courant-Friedrieh  Levy"  condition:  At  1  =  c.minl  .  --"^) 

Umj*  Vina* 

where  c  is  a  security  facinr  that  can  be  taken  equal  to  0.8. 

hi  Diagonal  dominance  condition  which  imposes:  At:  =  mint-*—  . - * - ) 

q  A  ( I  •  q)  A 

where  q  =  0  5  yields  more  possibilities  for  At  This  condition  has  only  to  he  proved  with  the  coefficient  A  ot  equation  (9i 
because  A=()  in  other  equations. 

In  practice,  to  limn  the  accrued  errors,  the  initial  lime  step  is  chosen  very  smull  li  is  Ihus  necessary  lo  raise  Ihc  lime 
slep  in  the  course  of  l>  -  computation  Al”’  =  min  (Ah.  Atj.  5Al") 

where  fi  is  an  evolution  coefficient,  equal  (o  I  002  lor  first  thousand  iterations  and  is  later  adjusted  as  a  function  of  ihc 
evolution  ol  computed  quantities 
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Fig.  1  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Gr^  =  I  O' Grm  *  -I0'5. 
closed  cavity,  t  =  16 

C  T  k 

Max  0.5  2.8  I.8c-3 

Min  -0.5  -0.5  0 

A  0.09  0.30  1.6e-4 


Fig.  3.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Gr^  =  ’o'4.  Grm  =  -10'5, 
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Fig.  4.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Grtf,  =I014.  Grm  - -10*5, 


closed  cavity,  i 
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Fig  5.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy.  Grth  -I0'4,  Grm  =  -10' 5, 
dosed  cavity,  t  =  171 
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Wc  consider  a  rectangular  cavity  with  a  height-to-width  ratio  equal  to  2/3.  filled  hy  the  liquefied  natural  gas  (Pr  =  2  1. 
Sc  =  121.0.  «  3.12  I0'3  K'l.  pm  ■  -1.34  10-3  kg-'  m3).  Both  initial  layers  have  the  same  thickness,  the  lower  layer  is 

hoter  and  more  concentrated  (T|  >  T2*^.  C|*^  >  C2*^).  The  fluxes  at  the  lateral  and  bottom  wallupj  =  10  W/m}. 

tpj,  =  15  W/mJ  .  The  movement  which  is  developed  in  the  cavity  depends  on  the  initial  and  boundary  conditions,  on  the 
thermal  and  mass  Grashof  numbers  and  also  on  their  relative  importance: 

N  or. 

p#,(T*?  -  T*?) 

We  are  interested  only  in  the  negative  values  of  the  N.  this  is  in  the  case  where  the  Archimidc  mass  and  thermal  forces 
are  in  opposite  directions  that  is  the  case  generally  occurred  in  the  LNG  storage  The  Grashof  numbers  values  actually  used, 
considering  the  physical  conditions  of  the  LNG  storage,  correspond  to  the  10m  diameter  tanks  with  a  7m  filling  height.  As 
the  problem  has  an  axis  of  symmetry,  the  isovalues  figures  are  presented  by  a  left  hall  domain  for  C.  k  and  one  right  for  T 
The  Figures  2  to  5  present  the  concentration,  temperature  and  turbulent  energy  (k)  at  the  different  destratification  times 
for  N  =  -10  and  for  a  upper  adiabatic  surface.  The  complete  destratification  has  some  phases  and  is  obtained  after  about  a 
quarter  hour  on  order.  On  the  first  phase,  either  of  two  layers  remains  visible  fFig.  2  and  3).  the  thermal  and  mass  diffusion 
develops  essentially  at  the  interface  level  where  the  temperature  and  concentration  gradients  are  most  important  The 
turbulent  energy  develops  preferentially  at  the  bottom  level  and  invades  afterwards  all  the  cavity,  remaining  always  being 
preponderate  at  the  bottom.  There,  the  thermal  fluxes  are  most  important  Wb^l  *  1-3 ).  The  second  phase  presents  very 
clearly  the  interface  that  bursts  at  the  cavity  center  (Fig.4)  and  that  leads  to  the  complete  destratification:  the  concentration  is 
practically  constant  at  the  all  tank  (Fig.5),  there  is  an  unhomogeneity  in  the  isotherms  by  the  wall  healing 

The  ratio  N  has  a  very  important  role  for  the  destratification:  the  interface  "bursting"  is  driven  when  this  ratio  is  near 
-1.  The  Figures  6  and  7  correspond  to  the  same  case  that  precedes,  but  with  N°  ■  -1.  all  others  conditions  being  idenucal. 
Thus,  one  has:  the  first  phase  is  inexisting.  the  destratification  is  achieved  after  a  extremely  small  time  (about  2  mm.) 


Fig.  6.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Gr||,  =  1014.  Grm  =  -1014, 
dosed  cavity,  t  =  4 

C  T  k 

Max  0.4  24  7.6e-3 

Min  -0.4  -0.4  0. 

A  008  0.26  6.9c-4 


Fig.  7.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Grt(,  =I014.  Grm  =  -I0'4, 


closed  cavity,  t 
C 

=  33 

T 

k 

Max 

4.6e-3 

7.0 

8  8e-2 

Min 

-7.2e-3 

2.0 

0 

A 

l.le-4 

0.45 

8  Oe-3 
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The  Figures  8  to  10  present  the  concentration,  temperature  and  turbulent  energy  at  the  different  times  of  the 
destratification  while  there  is  an  evaporation  at  the  free  surface.  All  others  conditions  are  same  as  the  first  case.  This 
evaporation  is  modeled  hy  the  law  of  Hashemi-Wesson  (1971 )  that  is  modified  for  LNC  because  in  this  case,  there  is  a  pan 
of  the  solvent  being  evaporated,  but  the  solution 


Fig.  8.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Grth  =1014.  Gr,n  =  - 1 0 1  ^ 
evaporation,  t  =  9 
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T 

k 

Max 

0.5 

1.8 

2.3e-3 

Min 

•0.5 

-0.5 

0. 

A 

0.09 

0.21 

2.le-4 

Fig.  9.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 
energy:  Grtp  =I014.  Grm  =  -11)13, 
evaporation,  i  =  24 

C  T  k 

Max  0.9  4,5  9.3e-3 

Min  -0.5  -0.6  0. 

A  0.1  0.46  8.5C-4 


Fig.  10.  Isovalues  of  concentration, 
temperature  and  kinetic  turbulent 


energy:  Gr,h 
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evaporation. 
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The  destratiHcation  is  clearly  faster  (about  4  min.).  Dunng  the  first  phase  when  all  two  layers  persist,  the  thermal  and 
mass  diffusion  at  the  interface  level  is  not  pratically  existing:  the  cooling  of  the  upper  layer  hy  evaporation  is  exactly 
compensated  by  wall  thermal  supply  at  the  upper  layer  level.  The  lower  layer  presents  a  very  important  superheat  The 
interface  vanishing  is  nearly  instantaneous,  freeing  accumulated  energy  in  the  lower  layer  and  producing  a  very  important 
evaporation  peak  (rollover).  In  the  next,  the  concentration  is  homogeneous  in  the  most  of  the  tank  excepting  at  the  free 
surface  level  where  it  subsists  a  small  evaporation. 
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S  CONCLUSION 


A  numerical  method  has  been  developed  to  solve  the  non  linear  parabolic  equations  governing  the  turbulent  motions 
induced  by  double-diffusive  transfer  in  the  rectangular  cavities  of  large  dimensions  "his  numerical  method  is  stable  with  the 
high  Grashof  number  because  the  thermal  and  mass  body  forces  arc  opposed.  The  results  obtained  for  an  initial  stratification 
of  the  LNG  allow  one  lo  follow  the  fluid  dcstratification  until  the  rollover  phenomena 


Acknowledgements :  The  computational  means  used  were  putted  al  our  disposal  by  the  Institut  dc  DCveloppemenl  cl 
des  Resources  cn  Informatique  Scientifique  (IDRIS). 


NOMENCLATURE 

Subscript  I  =  Lower  layer 

2  =  Upper  layer 

Superscript  n  =  Time  step  number 

*  =  Dimensional 
0  m  Initial  condition 

a  =  Thermal  diffusi-ily  (m‘/s) 

C  =  Species  concentration  =  (C*-C«0yAC‘O.  where  C*''=0.5<  C*  i+C*").  AC*1  =C*V-C*!! 

D  =  dinary  diffusion  coefficient  (tr.‘-/s) 
g  =  Acceleration  due  to  gravity  <m/s^ ) 

Grm  =  Mass  Grasohf  number  «■  |i„gH'AC*"/vJ 
Gqh  =  Thermal  Grashof  number  =  p,hgH1AT*"/V 
h|g  =  Enthalpy  of  evaporation  (i/kg) 

H  =  Height  (m) 

j  =  Mass  flux  =  j*H/(DAC*") 

L  *  Width  of  the  cavity  (m) 

k  =  Turbulent  kinetic  energy  =k*(  v/H)  J(Gr,«+|GrJ) 1 

Pr  S  Prandll  number  =  v/a 

<p  =  Heat  flux  =<p*H/(XAT*") 

Sc  »  Schmidt  number  =  v/D 

t  =  Time  =t*(  v/H:)(Gr,!ftlGrJ)ll, 

T  =  Temperature  =  (T*T*'  )/AT*".  where  T*"=0.5(  T*V+T*':).  AT*"=T*','-T*" 
u[v)  =  Velocity  in  x(y|  direction  =  u*  [v*](H/v)(Gr1|rt]Gr,1!)", 
u'.  v'  =  Velocity  fluctuations  (m/s) 
x[y|  =  Cartesian  coordinates  =  x*|y*|/H 

(4m  =  Volumetric  coefficient  of  expansion  with  concentration  =-(l/p)tdp/dC*)v  (kg'^m-1) 

Pth  =  Volumetric  coefficient  of  expansion  with  temperature  =  •(l/p)tdp/dT*)c  IK1 ) 

t  =  Turbulent  energy  dissipation  n  e*HJv '(GraajGris) 1  ' 
h  =  Zeroth  order  coefficient  in  x  dependence  equation  ( I')) 

A  =  Thermal  conductivity  (W/mK) 
v  =  Kinematic  viscosity  of  the  fluid  (m“/s) 

v,  =  Tutbulcnt  viscosity  =  vV'fGridGrJt'1' 

p  =  Fluid  density  (kg/m-^) 

U  =  Vorticiiy  =  it* H  v  '(Gr^GrJ)" ' 

4*  =  Stream  function  =  T*v  '(Gr,nv|Gr,J)"' 
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STRUCTURE  AND  DYNAMICS  OF  FILAMENTS  IN  THE  CANARY  AND  BENGUELA 

UPWELLING  REGIONS 

A.G. Kostianoy  ( P . P . Sh i r shov  Institute  of  Oceanology.  23. 
Krasikova  str.,  Moscow,  Russia). 

Satellite  data  (thermal  and  colour  imagery)  has  changed  our 
view  on  the  mesoscale  structure  of  coastal  upwellings  after  re¬ 
latively  recent  discovery  of  cold,  chlorophyll-rich,  narrow  (<5Q 
km  wide)  offshore  flowing  filaments  off  the  west  coasts  of  North 
America,  North  and  South  Africa.  On  the  base  of  archive  satelli¬ 
te  IR  images  and  oceanographic  data  we  investigated  structure 
and  dynamics  of  surface  filaments  in  the  Canary  (15  25"N)  and 
Benguela  (15"-32“S)  upwelling  regions. 

The  data  used  in  the  study  of  the  Canary  upwelling  region 
has  been  collected  between  1984  and  1987.  Besides  the  system  of 
cold  filaments  (51  jets),  which  extend  off-shore  and  beyond  the 
coastal  zone,  cold  filaments  extending  along  the  Banc  d'Arguin 
border  and  warm  filaments  (9  jets)  spreading  from  the  ocean  to¬ 
wards  the  coast  were  discovered.  Cold  filaments  were  concentra¬ 
ted  near  23",  20"30',  19”  and  18"N.  The  seasonal  variability 
shows  that  30%  of  them  were  observed  in  May- June  and  58%  in  No- 
vember-December .  The  maximal  length  of  cold  filaments  lies  in 
the  range  50-250  km,  the  width  10-75  km,  the  temperature  anomaly 
-0.8. . . - 2 . 4 " C ,  the  maximal  velocity  35-218  cm/s.  Three-dimensio¬ 
nal  velocity  structure  of  filaments  is  shown  on  the  base  of  ADCP 
ship  data.  The  most  striking  is  the  observation  of  large  verti¬ 
cal  velocities  in  filaments. 

The  data  used  in  the  study  of  the  Benguela  upwelling  region 
has  been  collected  during  January- February  1986  and  April-June 
1988.  Besides  the  system  of  cold  filaments,  large  warm  filaments 
(jets)  spreading  from  the  open  ocean  towards  the  coast  were  ob¬ 
served  also.  Cold  filaments  were  concentrated  near  18"-19", 
22 "-23 "30'  and  26"-27"30,S  without  any  correlation  with  bottom 
topography  irregularities.  The  length  of  cold  filaments  lies  in 
the  range  00-370  km,  the  width  10-80  km,  the  temperature  anomaly 
-0.8.  .  .  -2 . 4 "C .  The  estimates  of  the  velocity  of  filaments  deve¬ 
lopment  give  values  up  to  1-2  m/s.  Warm  jets  were  as  long  as 
140-320  km  with  positive  temperature  anomalies  up  to  2.4"C. 

It  was  found  that  seasonal  variability  of  the  filaments  lo¬ 
cation  in  both  upwelling  regions  depends  on  general  upwelling 
intensity  motion  along  the  coast  of  North-West  and  South-West 
Africa  during  a  year.  A  comparison  between  two  system  of  fila¬ 
ments  was  made . 

Estimates  of  cross-frontal  water  exchange  due  to  filamenta- 
tion  show  that  these  coherent  structures  play  a  major  role  in 
the  water  and  particle  exchange  between  coastal  zone  and  the 
open  ocean.  Using  the  statistical  data  on  filaments,  it  is  pos¬ 
sible  to  estimate  the  value  of  the  velocity  of  cross- frontal  wa¬ 
ter  exchange,  which  equals  to  Ue  =  0,5  -  1.5  cm/s.  This  value 
may  underestimate  the  real  one,  because  the  water  transport  due 
eddies,  subsurface  lens-like  eddies,  subsurface  jets  and  some 
other  mesoscale  structures  was  not  taken  into  account  because  of 
the  lack  of  information. 

Recently,  we  introduced  a  new  non-dimensioanl  parameter  P 
in  order  to  estimate  the  "permeability"  of  fronts  to  water  exc¬ 
hange  (Zatsepin,  Kostianoy,  1992).  P  =  Ue/U,  where  Ue  is  the  ve- 


iocity  of  ciosB  frontal  water  exchange.  and  ”  in  »  he  ;  mr.  ve 
looity  of  mesoRoale  «K't  ion  in  the  frontal  :on»  Thin  parametnt 
characterises  toe  relative  pant  of  mesoscal*  Kinetic  energy 
which  produce*  crofi- t rental  water  exchange  The  estimated  valu 
«e  of  Ue  and  P  toi  the  Canary  and  Bengueia  upwelling  region.-  are 
approximately  the  sue.  A  comparison  with  Gulf  Stream  frontal 
zone  was  made,  which  show*  that  it*  permeability  J>  due  to  ring 
exchange  is  lower  than  in  the  upwelling  regions.  It  means  that 
the  Gulf  Stream  front  is  a  more  stronger  barrier  to  water  exc 
liange  than  the  Canary  and  Benguela  upwelling  front. 


A  Study  of  a  Plane  Mixing  Layer  With  Cross  Shear 

Paisan  Atsavaprancc  and  Mory  Gharib,  Graduate  Aeronautical  Laboratories, 
California  Institute  of  Technology,  Pasadena,  CA  91 125 


It  is  widely  recognized  that  stratified  mixing  layers  play  a  major  role  in  both 
natural  and  industrial  flows.  Their  understanding  poses  a  challenging  problem  involving 
vorticity  generation  by  baroclinicity.  set  in  a  complex  coexistence  and  interaction  of  2-D 
and  3-D  structures  on  route  to  turbulence.  The  central  goal  of  our  current  paper  is  to 
understand  the  nature  of  instabilities  and  turbulence  in  a  plane  stratified  mixing  layer 
complicated  by  the  presence  of  cross  shear.  It  is  our  speculation  that  the  interaction  of 
cross  shear  with  plane  mixing  layers  offers  a  unique  turbulence  control  technique  in 
industrial  flows,  and  that  it  is  widespread  in  nature  because  one  important  characteristics 
of  natural  mixing  layers  is  the  freedom  of  the  mean  shear  to  change  direction  in  a  tran¬ 
sient  way  during  the  development  of  the  mixing  layer,  in  a  jet  stream  or  an  oceanic  shear 
layer,  for  example,  the  mean  flow  could  easily  shift  direction  during  the  development  of  a 
mixing  layer.  In  an  estuary  flow,  the  river  channel  could  expand  or  contract  in  a  way  as 
to  introduce  cross  shear.  Such  an  added  complexity  could  change  the  characteristics  of 
the  instabilities  and  turbulence  in  very  profound  ways,  resulting  in  different  routes  to 
transition  and  different  turbulent  states. 

An  apparatus  similar  to  that  used  by  S.  A.  Thorpe  is  constructed  for  the  purpose  of 
this  study.  In  his  1968  paper,  he  describes  how  a  temporally-developing  stratified  mixing 
layer  can  be  generated  without  the  presence  of  a  splitter  plate,  using  an  enclosed  horizon¬ 
tal  tank  filled  with  a  luyer  of  salt  water  und  a  layer  of  fresh  water  of  equal  depths.  The 
tank  is  tilled  off  the  horizon  generating  the  potentials  for  the  two  layers  to  accelerate  in 
opposite  directions,  resulting  in  a  velocity  shear  at  the  interface.  A  similar  tilting  tank  is 
constructed  for  this  study,  but  with  the  allowance  for  the  tank  to  be  rotated  uround  a 
secondary  axis.  The  tank.  5  in.  x  30  in.  x  96  in.  in  dimensions,  is  first  tilted  around  the 
first  axis:  and  a  certain  time  later,  while  the  resulting  shear  layer  is  still  developing,  we 
lilt  the  tank  around  the  second  axis,  generating  the  cross  shear.  The  second  tilt  essentially 
allows  us  io  control  the  overall  mean  shear  by  imposing  cross  shear  on  the  developing 
primary  shear  layer.  This  is  equivalent  to  realistic  situations,  in  which  the  mean  shear  is 
not  fixed  in  one  direction  but  rather  can  change  direction  in  a  way  that  introduces  cross 
shear  to  the  initial  mixing  layer.  The  flow  generated  in  such  an  apparatus  well  represents 
a  generic  temporal  and  complex  turbulent  flow  in  a  non-equilibrium  state,  found  in  nature 
and  industry.  The  novelty  of  our  approach  are  the  control  of  an  added  degree  of  com¬ 
plexity  (cross  shear)  that  other  experiments  have  so  far  ignored  and  the  lack  of  some 
flaws  that  are  inherent  in  another  type  of  apparatus.  Traditionally,  a  shear  tunnel  with  a 
straight  splitter  plate  partitioning  a  low  and  a  high  speed  flow  is  used  (Koop  &  Browand, 
1980),  but  it  falls  short  in  many  ways.  The  presence  of  the  flow-manipulating  screens 
and  the  splitter  plate  can  seriously  alter  the  flow  characteristics  by  introducing  distur¬ 
bances  and  artifacts  into  an  otherwise  clean  and  free  mixing  layer,  The  presence  of  a 
wake  component  is  undesirable.  And  the  flow  generated  in  a  shear  tunnel  exhibits  an 
elliptic  nature  io  a  certain  degree:  downstream  processes  can  create  finite  disturbances 


upstream  in  a  feedback  mechanism,  whereas  a  natural  mixing  layer,  like  ours,  is  temporal 
and  purely  parabolic  in  nature:  dynamics  of  the  flow  obviously  cannot  influence  pro¬ 
cesses  that  have  already  happened.  The  schematics  of  our  experimental  apparatus  is 
presented  in  Fig.  I . 

Preliminary  flow  visualizations  and  experiments  huve  been  carried  out.  using 
laser-induced  fluorescence  (L!F)  technique  and  digital  particle  image  velocimetry  (DPIV. 
Willcrt  &  Gharib.  1991 ).  The  specific  gravities  of  the  top  and  bottom  luyerx  are  0.998 
and  1 .085.  respectively,  giving  a  density  stratification  of  about  8%,  normalized  by  the 
average  density  of  the  two  layers.  Flow  visualization  from  the  top  (Fig.  2  and  3).  using  u 
technique  to  muke  the  bottom  layer  opaque  in  order  to  visualize  the  interface,  reveals 
muny  interesting  features.  Fig.  2  shows  a  plan-view  photograph  of  the  flow  developed 
from  a  two-dimensional  shear.  The  dark  lines  represent  the  edges  of  vortical  structures 
that  form  shadows  when  the  interface  is  illuminated  from  the  top.  Observations  reveal 
that  although  the  flow  is  generated  in  a  very  low-disturbance  environment,  the  resulting 
Kelvin-Helmholtz  instability  is  most  often  time  not  perfectly  two-dimensional.  The 
Kelvin-Helmholtz  instability  tends  to  develop  into  different  regions  of  Kelvin-Helmholtz 
rollers,  and  it  is  possible  to  have  slight  amplitude  and  phase  discrepancies  umong  these 
regions.  Euch  of  these  regions  would  eventually  grow  large  enough  in  amplitude  to 
interact  with  its  neighbors.  The  consequence  of  these  amplitude  variations  and  phase 
shifts  arc  complex  interaction  of  the  rollers  reminiscent  of  patterns  in  desert  sand  dunes. 
The  resulting  rollers  would  generally  be  spanwise  but  exhibit  defects  or  dislocations 
where  (he  end  of  one  roller  can  connect  to  the  midspan  of  another.  This  observation 
seems  to  indicate  that  stratified  mixing  layers  have  finite  spanwise  coherence  scales 
which  are  in  the  order  of  a  few  Kelvin-Helmholtz  wavelengths.  Observations  of  similar 
dislocations  of  Kelvin-Helmholtz  rollers  huve  also  been  recorded  in  u  homogeneous 
mixing  layer  (Browund  &  Trout.  1980). 

Fig.  3  illustrates  the  top  view  of  the  flow  patterns  in  a  shear  layer  to  which  cross 
shear  is  introduced  a  few  seconds  after  the  primary  shear.  As  expected,  the  usual  Kelvin- 
Helmholtz  instabilities  develop  as  u  result  of  the  main  shear,  with  the  muin  rollers  uligned 
ulong  the  spanwise  direction  (z-axis).  In  addition  streamwisc  streaks  which  arc  roughly 
perpendicular  to  the  main  rollers  develop  along  the  braid  (Fig.  3u.).  The  length  sculc  of 
these  streaks,  after  they  first  appear,  is  initially  about  0.3  in.,  an  order  of  magnitude  lower 
than  that  of  the  main  rollers  which  huve  a  wavelength  of  about  3  in.  As  the  mixing  layer 
develops,  the  length  scale  of  the  streamwisc  streaks  increases,  seemingly  going  through 
successive  doublings  in  scale  (Fig.  3b.),  and  eventually,  the  mixing  layer  goes  through 
turbulent  transition.  The  y-z  view  or  a  cross-cut  view  of  these  small  structures  (Fig.  4) 
reveals  that  they  seem  to  be  structures  of  concentrated  slreamwise  vorticity,  und  they  are 
of  the  same  sign  everywhere.  In  fact  they  behave  very  much  like  Kelvin-Helmholtz 
rollers  in  that  they  roll  up  and  pair.  Fig.  5  is  a  sequence  of  pictures  showing  the  pairing 
of  two  slreamwise  vortices.  It  is  normal  for  these  streumwise  vortices  to  pair  twice  or 
three  times,  eventually  making  their  sizes  comparable  to  those  of  the  main  rollers  which 
pair  much  slower.  Fig.  6  shows  a  schematics  of  such  a  situation:  the  sketch  on  the  left  is 
the  overall  view  of  the  mixing  layer,  and  the  sketch  on  the  right  shows  what  an  y-z  view 
would  look  like.  These  streamwisc  vortices  are  co-rotating  and  obviously  of  a  different 
type  of  streumwise  vortices  from  the  counter-rotating  type  as  described  by  Bernul  & 


Roshko  ( 1986),  because  counter-rotating  streamwise  vortices  would  reveal  "mushroom" 
shapes  in  the  y-z  plane,  like  that  depicted  in  Fig.  7. 

It  is  clear  from  these  observations  that  the  streamwise  streaks  are  in  fact  concen¬ 
trated  streamwise  vortical  structures  and  that  they  are  direct  consequences  of  the  cross 
shear.  Deep  understanding  of  the  nature  of  these  streamwise  vortices  is  still  a  long  way 
away,  but  a  rudimentary  picture  of  the  dynamics  can  be  derived  from  the  clues  available. 
The  introduction  of  cross  shear  to  a  developing  plane  mixing  layer  essentially  has  the 
effect  of  imposing  uniform  streamwise  vorticity  everywhere  in  the  mixing  layer.  This 
streamwise  vortex  sheet  feels  the  presence  of  the  flow  field  of  the  main  mixing  layer,  and 
as  a  result  becomes  unstable  giving  rise  to  the  concentrated  streamwise  vortices.  The 
stability  problem  of  the  streamwise  vortices  can  be  qualitatively  explained.  In  the  braid 
region  of  the  main  rollers  around  the  stagnation  point,  the  local  flow  field  looks  like  that 
of  Hiemenz  flow.  This  flow  field  creates  a  strain  field  that  would  magnify  by  stretching 
any  streamwise  vorticity  present.  With  u  uniform  streamwise  vortex  sheet  imposed  upon 
the  mixing  layer,  the  stretching  action  in  the  braid  region  would  magnify  the  streamwise 
vorticity  there  and  make  it  very  likely  for  the  sheet  to  go  unstable  in  a  Kelvin-Helmholtz- 
like  manner.  The  braid  flow  field  would  further  stretch  these  Kelvin-Helmholtz-like 
streamwise  vortices,  which  would  go  through  pairings  similar  to  normal  Kelvin- 
Helmholtz  rollers.  The  fact  that  the  streamwise  vortices  are  so  perpendicular  to  the 
spunwise  ones  are  most  likely  due  to  the  fact  that  the  main  Kclvin-Helmholtz  roll-up 
depletes  the  braid  of  the  spanwise  vorticity  and  concentrates  most  of  it  in  the  rollers.  The 
vorticity  in  the  braid,  after  the  introduction  of  cross  shear,  is  therefore  mainly  in  the 
streamwise  direction.  One  would  expect  the  length  scale  of  the  streamwise  vortices  to 
scale  on  the  thickness  of  the  luyer  in  the  braid  where  they  originate.  Since  the  hraid  is 
continually  being  stretched  thinner  and  thinner,  it  is  expected  and  in  fuct  observed  in  our 
experiments  that  the  length  scale  of  the  streamwise  vortices  would  be  lower  thun  that  of 
the  main  rollers  and  would  depend  on  how  thick  the  braid  is  when  the  cross  shear  is 
introduced. 

We  believe  these  co-rotating  streamwise  vortices  to  have  great  significance  in 
determining  the  nature  of  the  mixing  layer.  Not  only  would  the  characteristics  of  the 
turbulence  be  different  but  also  the  degree  of  mixing  would  be  greater  as  well.  Measure¬ 
ments  of  the  mixing  layer  thickness,  before  and  after  the  tank  tilting,  shows  that  mixing 
layers  with  cross  shear  get  1 .6-2.0  times  as  thick  as  the  mixing  layers  without  cross  shear. 
In  u  simple  two-dimensional  mixing  layer,  it  is  the  main  rollers  that  do  most  of  the  en¬ 
trainment  and  mixing,  with  the  braid  contributing  little  to  the  process.  The  presence  of 
these  streamwise  vortices  in  the  braid,  which  seemingly  behave  much  like  the  main 
rollers  themselves,  would  greatly  enhance  mixing,  not  only  by  entraining  and  mixing 
fluid  themselves  but  also  by  interacting  with  the  main  rollers,  creating  more  small  scale 
turbulence.  Since  the  streamwise  vortices  grow  to  a  size  comparable  to  that  of  the  main 
rollers,  the  interaction  between  the  two  perpendicular  structures  can  be  expected  to  be 
significant,  resulting  in  more  mixing  and  earlier  transition.  The  complete  study  of  the 
interaction  of  a  mixing  layer  with  cross  shear  and  the  resulting  turbulence  characteristics 
is  therefore  of  immense  significance  for  a  better  understanding  of  natural  and  complex 
industrial  turbulence. 
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Fig.  2.  Top  view  of  a  plane  mixing  layer  showing  dislocations  of  the  rollers 
during  curly  rollup. 


Fig.  3  Top  view  of  u  mixing  layer  to  which  a  weak  cross  shear  is  imposed. 
Streamwise  streaks  develop  in  the  braid  and  increase  in  scale  as  they  evolve.  The  times 
of  a)  and  b)  are  3. 1  and  5.3  seconds  after  initiation  of  main  tilt.  Cross  >hear  is  introduced 
at  5  secs,  shortly  ufter  the  onset  of  the  main  Kelvin-Helmholtz  instabilities  (at  3.9  sec.}. 
The  Reynolds  number  of  the  main  shear  is  2800.  The  Richardson  number  is  0.03  for  the 
main  shear  and  0.5  for  the  cross  shear.  The  cross  shear  is  about  209f  of  the  main  shear 


Fig.  4  A  cross-sectional  view  of  the  streamwise  streaks  showing  the  "co-rotating" 
streamwise  vortices.  The  image  is  taken  5.6  seconds  after  the  initiation  of  the  main  tilt. 
Cross  shear  is  introduced  at  4  secs,  about  the  same  time  as  the  onset  of  the  main  Kelvin- 
Helmholtz  instabilities  (at  4. 1  sec.).  The  Reynolds  number  of  the  main  shear  is  1600. 

The  Richardson  number  is  0.07  for  the  main  shear  and  0.15  for  the  cross  shear.  The  cross 
shear  is  approximately  50%  of  the  main  shear. 


a)  b)  c) 


Fig.  5  A  sequence  of  pictures  showing  two  "co-rotating"  streamwise  vortices  in 
the  process  of  pairing.  The  conditions  are  the  same  as  in  Fig.  4.  The  times  of  the  se¬ 
quence  are  5.60,  5.73,  and  5.85  seconds  after  the  inition  of  the  main  tilt. 


cross  shear 


overall  view 


cross-cut  view 


Fig.  6  Schematics  for  structures  in  u  mixing  layer  with  cross  shear. 


overall  view 


cross-cut  view 


Fig.  7  Schematics  for  structures  in  a  mixing  layer  wfe-cross  shear,  as  observed  by 
Bernal  &  Roshko.  1986.  A  mixing  layer  with  cross  shear  does  not  give  rise  to  counter¬ 
rotating  streamwise  vortices  as  illustrated  here. 
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Abstract.  Heat  and  mass  transfer  mechanism  in  strong  stable  thermal- stratification  is 
experimentally  investigated  in  unsheared  water  flows  downstream  of  turbulence-generation 
grids,  where  both  active  scalar  (heat)  and  passive  scalar  (mass)  are  diffused.  Instantaneous 
velocity,  temperature  and  concentration  are  simultaneously  measured  using  a  laser  Doppler 
velocimeter,  a  resistance  thermometer  and  a  laser-induced  fluorescence  technique,  and 
turbulence  quantities  such  as  turbulent  scalar  fluxes,  joint  probability  density  functions  and 
cospectra  are  calculated.  The  results  show  that  the  difference  of  turbulent  diffusion  between 
heat  (active  scar)  and  mass  (passive  scalar)  in  strongly- stratified  water  flows  appears  in  the 
high-frequency  region  and  it  results  in  a  little  larger  turbulent  mass  flux  than  heat  flux.  The 
dissipation  rate  is  rather  different  between  heat  and  mass,  and  therefore  the  temperature 
fluctuation  more  rapidly  decays  than  the  concentration  fluctuation.  The  counter-gradient  scalar 
transfer  occurs  in  strongly  stably-stratified  conditions,  and  the  counter-gradient  transfer 
mechanism  is  explained  from  the  relationship  between  buoyancy  and  turbulent  motions.  The 
counter-gradient  scalar  transfer  is  initiated  by  the  buoyancy-induced  small-scale  finger-like 
motions  and  then  the  contribution  of  the  large-scale  motions  pushed  back  by  buoyancy  to  the 
counter-gradient  scalar  transfer  becomes  dominant.  The  contributions  of  the  small-  and  large- 
scale  motions  in  the  present  thermally-stratified  water  flows  are  quite  contrastive  to  the 
measurements  in  previously  investigated  thermally-stratified  air  flows  where  the  counter- 
gradient  heat  transfer  is  generated  mainly  by  large-scale  motions. 


1.  Introduction 

Thermally-stratified  turbulent  flows  occur  in  the  ocean,  the  atmospheric  boundary  layer, 
and  in  many  industrial  operations,  and  there  turbulent  diffusion  of  scalar  quantities  such  as 
heat  and  mass  is  strongly  affected  by  buoyancy.  It  is,  therefore,  of  great  practical  interest  to 
investigate  the  heat  and  mass  transfer  mechanism  in  stratified  flows  in  modeling  the  turbulent 
diffusion  of  scalar  quantities  in  the  environment  and  in  designing  industrial  equipments  with 
stratified  flows. 

Extensive  studies  on  the  turbulence  structure  and  scalar  transfer  have  been  performed  in 
stably  stratified  flows.  Though  most  of  fundamental  phenomena  appearing  in  stably  stratified 
flows  seem  to  have  been  investigated  up,  several  problems  to  be  experimentally  clarified  still 
remain.  One  of  the  problems  is  the  counter-gradient  scalar  transfer  in  strong  stable 
stratification.  Komori  et  al.  [1]  have  found  the  counter- gradient  heat  and  momentum  transfer 
in  a  thermally-stratified  open-channel  water  flow  with  weak  shear,  and  Rohr  et  al.  [2]  have 
also  investigated  the  counter-gradient  mass  transfer  in  density-stratified  open-channel  flows. 
However,  these  studies  on  stratified  water  flows  have  not  clarified  the  details  of  the  counter¬ 
gradient  scalar  transfer  mechanism.  Especially  the  contribution  of  small-scale  motions  to  the 
counter-gradient  transfer  has  not  been  fully  discussed  [2].  For  stably-stratified  air  flows, 
Lienhard  and  Van  Atta  [3]  and  Yoon  and  Warhaft  [4]  have  observed  the  counter-gradient  heat 
flux  (CGHF).  Their  studies  have  showed  which  scale  motion  contributes  to  the  CGHF,  and 
they  also  have  suggested  that  it  is  of  interest  to  investigate  the  effects  of  the  Prandtl  number  on 
the  CGHF. 

On  the  other  hand,  Deissler  [S]  have  discussed  the  effects  of  the  Prandtl  number  on  the 
CGHF  in  weak  turbulence  by  solving  the  linearized  two-point  correlation  equations,  and  he 
have  predicted  that  the  contributions  of  large-  and  small-scale  motions  to  the  CGHF  are  quite 
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different  between  high  and  low  Prandtl  numbers.  Recently,  Gerz  et  al.[6]  and  Holt  et  al.  (7) 
have  carried  out  direct  numerical  simulations  (DNS)  for  homogeneous  stratified  flows,  and 
they  have  predicted  the  effects  of  the  Prandtl  and  Reynolds  numbers.  However,  the  results  of 
the  DNS  with  high  Prandtl  and  Reynolds  numbers  are  still  controversial,  and  therefore  more 
reliable  measurements  of  the  counter-gradient  scalar  flux  in  stratified  water  flows  with  high 
Prandtl  numbers  are  required. 

Another  problem  is  the  difference  of  turbulent  diffusion  between  active  scalar  (heat)  and 
passive  scaiar  (mass)  in  thermally-stratified  water  flows.  The  difference  may  be  generated  by 
different  molecular  diffusivities  between  heat  and  mass,  and  it  may  be  significant  in  strongly 
stratified  £ ows  where  turbulent  motions  are  much  suppressed  by  buoyancy.  However,  this 
problem  has  not  been  experimentally  investigated  in  stratified  flows  where  both  heat  and  mass 
are  simultaneously  diffused. 

The  purpose  of  this  study  is,  therefore,  to  experimentally  investigate  both  the  counter- 
gradient  scalar  transfer  mechanism  in  unsheared  thermally-stratified  water  flows  and  the 
effects  of  the  Prandtl  number  on  the  counter-gradient  scalar  transfer.  This  study  also  aims  to 
experimentally  clarify  the  difference  of  turbulent  diffusion  between  heat  (active  scalar)  and 
mass  (passive  scalar). 


2.  Experiments 

Figure  1  shows  the  measuring  system  and  test  apparatus.  The  test  apparatus  used  was 
the  water  tunnel  which  was  made  of  polymethylmethacrylate  (PMMA),  lm  in  length  and 
O.lx  0.1m  in  cross  section.  The  waters  with  high  and  low  temperatures  were  pumped  up 
from  two  big  storage  tanks  to  the  head  tanks,  and  they  passed  the  contraction,  which  was 
separated  by  a  splitter  plate  into  upper  and  lower  sections.  The  high-temperature  water  in  the 
upper  stream  was  heated  by  a  boiler  in  a  storage  tank  and  the  temperature  was  regulated  by  an 
electric  heater  connected  to  a  thermometer.  A  turbulence  grid  was  installed  at  the  entrance  of  a 
test  section,  and  it  was  of  round-rod,  square-mesh,  single-biplane  construction.  The  mesh 
size  M  and  the  diameter  of  the  rod  d  were  0.02  andC.003m,  respectively.  Both  mean 


Fig.l.  Measuring  system  and  test  apparatus. 
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velocities  of  upper  high-temperature  and  lower  low-temperature  streams,  U,  were  set  to  the 
same  value  of  0. 125m/s,  so  that  a  shear-free  (unsheared)  mixing  layer  was  developed 
downstream  of  a  turbulence  grid.  The  Reynolds  number  based  on  the  mesh  size  was  2,500 
and  the  turbulence  Reynolds  number  based  on  the  integral  scale  was  estimated  to  be  about  20 
at  x/M=6.  Three  stably-stratified  conditions  were  used  and  the  temperature  difference  between 
upper  and  lower  streams  was  set  to  3K,  7K  and  15K,  respectively.  The  temperature 
difference  corresponded  to  the  Brunt-Vttisflia  frequencies  of  N=  0.67,  1.17  and  1.75Hz  at 
x/M«*6.  The  sodium  fluorescein  dye  ^oHigNajOs)  was  homogeneously  premixed  into  the 
upper  stream  to  investigate  turbulent  diffusion  of  the  mass  (passive  scalar)  which  is  diffused 
with  heat. 

Instantaneous  velocity,  temperature  and  concentration  were  measured  using  a  two- 
component  laser-Doppler  velocimeter,  a  resistance  thermometer  connected  to  a  cold  film  I- 
probe  of  10pm  diameter  and  a  laser-induced  fluorescence  method.  The  details  of  the 
simultaneous  measuring  techniques  for  velocity,  temperature  and  concentration  are  described 
in  Komori  et  al.(l,  8]. 

The  measurements  were  made  on  the  centerline  in  the  region  of  6sx/Ms20.  The 
sampling  interval  and  the  sample  size  were  0.00025  sec  and  240,000,  respectively. 
Statistical  processing  of  the  digitized  data  was  made  by  a  computer  (SONY  NWS-3860). 


3.  Results  and  discussion 

3.1  Mechanism  of  counter-gradient  scalar  transfer 

Figures  2  and  3  show  the  streamwise  variations  of  vertical  heat  and  mass  fluxes,  -ve  and 
_-vy.  Here  the  vertical  heat  and  mass  fluxes  are  normalized  by  the  product  of  the  mean  velocity 
U  and  the  initial  temperature-  or  concentration-difference.  For  all  stratified  conditions,  the 
distributions  of  the  heat  (active  scalar)  flux  are  quite  similar  to  the  mass  (passive  scalar)  flux 
distributions.  Both  heat  and  mass  fluxes  decrease  with  increasing  the  stability  ( the  Brunt- 
vaisala  frequency  N).  In  the  strongest  stratification  case  of  N=1.75Hz,  the  fluxes  change  their 
signs  in  the  region  of  10<x/M<20  though  the  mean  temperature  and  concentration  gradients 
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Fig.2.  Streamwise  variations  of 
vertical  heat  flux  -ve. 


Fig.3.  Streamwise  variations  of 
vertical  mass  flux  -vy. 
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are  always  positive  in  the  upward  direction.  The  counter-gradient  heat  and  mass  fluxes  are 
generated  by  two  combinations  of  positive  v  and  0  and  negative  v  and  0  or  positive  v  and  y 
and  negative  v  and  y.  In  fact,  the  joint  probability  density  function  of  v  and  0  in  Fig,4  shows 
that  in  strong  stratification  of  N= 1.75Hz  the  large  positive  and  negative  v  are  mainly 
associated  with  large  positive  and  negative  0,  respectively,  (Fig.4b)  whereas  the  joint 
probability  function  in  weak  stratification  prevails  into  the  second  and  fourth  quadrants 
(Fig.4a).  The  behavior  of  the  joint  probability  function  of  v  and  y  was  similar  to  that  of  v  and 
6.  Thus,  it  is  found  that  the  counter-gradient  heat  (active  scalar)  and  mass  (passive  scalar) 
transfer  in  strong  stratification  is  generated  by  both  upward  motion  of  hot  eddies  with  high 
concentration  and  downward  motion  of  cold  eddies  with  low  concentration. 


Fig.4.  Joint  probability  density  function  of  v  and  0; 

(a)  in  weak  stratification;  (b)  in  strong  stratification 

Figures  5  and  6  show  the  cospectra  of  v  and  6,  Csve,  ar  three  locations  of  x/M=6,  10  and 
14  under  two  stratified  conditions  of  N=0.67  and  1.75Hz,  and  the  magnified  cospectra  of 
N=1.75Hz  at  x/M=10  and  14  are  shown  in  Fig.7.  The  area  of  the  cospectra  multiplied  by  the 
frequency  f  indicates  the  quantity  of  the  heat  flux,  and  the  negative  and  positive  values  of  Csve 
correspond  to  down-gradient  heat  flux  (DGHF)  and  counter-gradient  heat  flux  (CGHF), 
respectively.  In  weak  stratification  the  cospectra  at  all  locations  are  always  negative  in  the 
whole  frequency  reg;on  (Fig.5).  The  distributions  of  the  cospectra  show  that  all  turbulent 
eddies  contribute  to  the  DGHF  in  weak  stratification.  In  strong  stratification  of  N=1.75Hz, 
the  cospectrum  starts  to  change  the  sign  from  the  higher  frequency  range  and  the  cospectrum 
at  x/M=14  becomes  positive  in  the  whole  frequency  range  (Figs.6  and  7).  This  means  that  in 
strongly  stratified  water  flows  the  small-scale  motions  first  contribute  to  the  CGHF  and  the 
large-scale  motions  follow  the  small-scale  motions.  In  fact  the  flow  visualization  based  on  the 
laser-induced  fluorescence  technique  shows  that  the  buoyancy-induced  upward  and 
downward  small-scale  finger-like  motions  intruding  into  the  original  levels  appear  in  the 
downstream  region  near  x/M=10  and  the  large-scale  eddies  are  pushed  back  by  buoyancy 
toward  the  original  levels  in  the  region  near  x/M=14.  The  contributions  of  the  turbulent  eddies 
to  the  counter-gradient  heat  transfer  are  quite  different  in  air  flows  [3,4].  The  buoyancy- 
induced  small-scale  finger-like  motions  will  never  be  observed  in  stratified  air  flows,  since  the 
relative  molecular  diffusion  of  heat  is  rather  faster  in  air  flows  than  in  water  flows.  The 
difference  between  stratified  water  and  air  flows  supports  the  predictions  by  Deissler  (5),  Gerz 
et  al.[6]  and  Holt  et  al.  [7],  Stronger  buoyancy  effect  on  the  counter-gradient  heat  transfer  in 
water  flows  can  easily  be  seen  when  we  compare  the  correlation  coefficient  between  v  and  0 
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plotted  against  the  dimensionless  time  NxAJ  with  the  previous  measurements  in  air  flows 


[3,4]. 
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.5.  Cospectra  of  v  and  0  at  three 
locations  of  x/M=6, 10  and  14 
in  weak  stratification  of  N-0.67Hz. 
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Fig.6.  Cospectra  of  v  and  9  at  three 
locations  of  x/M=6,  10  and  14 
in  strong  stratification  of  N=1.75Hz. 
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Fig.7.  Magnified  distributions  of  the  cospectra  Fig.8.  Comparison  between  the  cospectra 
of  v  and  9  at  two  locations  of  x/M=10  Csyy  and  CsV0  at  x/M=10  in 

and  14  in  strong  stratification  of  N*1.75Hz.  strong  stratification  of  N=1.75Hz. 
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3.2  Difference  of  turbulent  diffusion  of  heat  (active  scalar)  and  mass  (passive  scalar) 

When  the  heat  flux  (Fig.2)  is  compared  with  the  mass  flux  (Fig. 3),  the  absolute  value  of 
the  mass  flux  is  a  little  larger  than  that  of  the  heat  flux.  Especially  in  strong  stratification  of 
N®l.75Hz  the  difference  reaches  about  10%  of  the  mean  flux  in  the  region  of  10<x/M<20. 
The  difference  between  the  heat  and  mass  fluxes  is  due  to  the  difference  between  the  molecular 
diffusivities  of  heat  and  mass.  As  shown  in  Figs. 8  and  9,  the  comparisons  between  the 
cospectra  Csyyand  Csve  at  two  locations  of  x/M=10  and  14  in  strong  stratification  of 
N=1.75Hz  show  that  the  contribution  of  higher-frequency  motions  to  the  counter-gradient 
mass  flux  is  larger  than  that  to  the  counter-gradient  heat  transfer.  Of  course,  the  effect  of  the 
molecular  diffusivity  on  the  dissipation  rate  becomes  significant,  and  therefore  the  mean 
squared  temperature  fluctuation  more  rapidly  decays  in  the  downstream  region  than  the  mean 
squared  concentration  fluctuation  as  shown  in  Fig.  10.  These  effects  of  the  molecular  diffusion 
on  heat  and  mass  transfer  will  not  be  observed  in  stratified  air  flows  since  the  Prandtl  number 
is  very  close  to  the  Schmidt  number. 

MO'4 


Fig.9.  Comparison  between  the  cospectra 
Csyy  and  Csve  at  x/M=14  in 
strong  stratification  of  N»l,75Hz. 


Fig.  10. 


Streamwise  variations  of  the  mean 
squared  temperature  and  concentration 
fluctuations  in  strong  stratification  of 


N=1.75Hz. 


4.  Conclusions 

Heat  and  mass  transfer  mechanism  in  strong  stable  thermal-stratification  was 
experimentally  investigated  in  unsheared  water  flows  downstream  of  turbulence-generation 
grids.  The  main  results  from  this  study  can  be  summarized  as  follows. 

1.  The  counter-gradient  scalar  transfer  occurs  in  strongly  stably-stratified  conditions.  The 
counter-gradient  scalar  transfer  is  initiated. by  the  buoyancy-induced  small-scale  finger-like 
motions  and  then  the  counter-gradient  transfer  by  the  large-scale  motions  pushed  back  by 
buoyancy  becomes  dominant  in  the  downstream  region.  The  contributions  of  small-  and  large- 
scale  motions  to  the  counter-gradient  scalar  transfer  is  quite  contrastive  to  previously 
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investigated  thermally-stratified  air  flows  where  the  counter- gradient  heat  transfer  is  generated 
mainly  by  large-scale  motions. 

2.  The  difference  of  turbulent  diffusion  between  heat  (active  scalar)  and  mass  (passive 
scalar)  is  induced  by  the  difference  between  the  molecular  diffusivities  of  heat  and  mass  in  the 
higher  frequency  region,  and  the  absolute  value  of  the  mass  flux  is  a  little  larger  than  that  of 
the  heat  flux.  Though  the  effect  of  the  molecular  diffusion  on  the  mean  heat  and  mass  fluxes  is 
not  so  lar  ge,  the  decay  of  the  scalar  fluctuation  in  the  downstream  direction  is  strongly  affected 
by  the  molecular  diffusion. 


References 

1.  Komori,  $.,  Ueda,  H„  Ogino,  F.  and  Mizushina  T„  J.  Fluid  Mech.,  130,  13-26  (1983). 

2.  Rohr,  J.J.,  Itsweire,  E.C..  Helland.  K.N.  and  Van  Atta,  C.W.,  J.  Fluid  Mech.,  155, 
77-111  (1988). 

3.  Lienhard,  V.  and  Van  Atta,  C.W.,  J.  Fluid  Mech.,  210,  57-112  (1990). 

4.  Yoon,  K.  and  Warhaft,  Z.,  J.  Fluid  Mech.,  215,  601-638  (1991) 

5.  Deissler,  R.G.,  J.  Geophys.  Res.,  67,  3049-3062  (1962). 

6.  Gerz,  T.,  Schumann,  U.  and  Elghobashi,  S.E.,  J.  Fluid  Mech.,  200,  563-594  (1989), 

7.  Holt,  S.E.,  Koseff,  J.R.  and  Ferziger,  J.H.,  J.  Fluid  Mech.,  237,  499-539  (1992). 

8.  Komori,  S.,  Nagata,  K,  Kanzaki,  T.  and  Murakami,  Y,,  AlChE  J  ,  39,  1611-1620 
(1993). 


7 


Some  Observations  Related  to  Evolving  Kelvin-Helmholtz  Billows 

De  Silva,  IPD,  Montenegro,  L  and  Fernando,  HJS.  Department  of  Mechanical  & 
Aerospace  Engineering,  Arizona  State  University,  Tempe,  AZ  85287-6106. 

Brandt,  A.  Applied  Physics  Laboratory,  The  Johns  Hopkins  University,  Laurel,  MD 
20723-6099. 

Abstract 

Laboratory  experiments  were  carried  out  to  investigate  the  effects  of  relative 
thicknesses  of  velocity  and  density  profiles  and  their  displacements  with  respect  to  each 
other  on  the  characteristics  of  Kelvin-Helmholtz  (K-H)  billows  that  are  developed  in 
stratified  shear  flows.  Two  experimental  facilities  were  used.  First,  a  two-layer  stably 
stratified  shear  flow  was  employed  to  obtain  a  time  series  of  the  local  Richardson  number, 
Ri  m  AbAz/Au2,  where  Ab  is  the  local  buoyancy  difference,  Au  is  the  local  shear  and  Az  = 
2.7  mm  is  the  scale  over  which  the  measurements  were  made.  Second,  a  tilting  tube  was 
used  to  obtain  standing  K-H  billows  in  an  accelerating  shear  flow.  The  results  illustrated 
the  development  of  local  overturning  motions  (convective  instabilities),  as  K-H  billows 
advect  past  an  Eulerian  measuring  point.  The  results  showed  that  the  local  Richardson 
number  can  be  small  compared  to  the  global  Richardson  number  based  on  bulk  flow 
parameters,  and  hence  suggest  that  inferences  should  not  be  made  solely  based  on  global 
Richardson-number  measurements.  Laser-induced  fluorescence  technique  was  used  to 
obtain  both  quantitative  and  qualitative  results  concerning  the  internal  temporal  and  spatial 
density  structures  within  K-H  billows.  Digitized  images  show  that  mixing  begins  to  appear 
at  the  core  area  of  evolving  billows,  long  before  their  collapse.  Thorpe  displacements 
evaluated  from  the  images  were  used  to  delineate  the  locations  where  convective 
instabilities  occur  within  billows. 

1  Introduction 

Kelvin-Helmholtz  instability  has  been  considered  as  a  possible  cause  of  clear-air 
turbulence  in  the  atmosphere.  The  turbulence  generated  due  to  shear  instabilities  has  been 
identified  in  atmosphere  (Gossard  1962;  Scorer  1969),  in  oceans  (Woods  1968;  Hebert  et 
al  1992;  Marmorino  1987)  and  in  lakes  (Thorpe  A  Hall  1974).  Comprehensive  reports  on 
theoretical  considerations  pertinent  to  stability  of  parallel  shear  flows  are  given,  for 
example,  by  Drazin  &  Howard  (1966)  and  Thorpe  (1969a).  Scorer  (1969,  and  also  in  a 
series  of  preceding  papers)  shows  striking  photographs  of  atmospheric  occurrences  of 
billowing.  K-H  instabilities  may  also  be  responsible  for  much  of  the  vertical  transport  of 
buoyancy  and  heat  in  the  ocean.  Although  the  mixing  events  due  to  K-H  billows  are 
dictated  by  the  local  gradient  Richardson  number,  N2/(dU/dz)2,  not  much  related  field 
measurements  are  available.  According  to  the  measurements  of  Kundu  &  Beardsley 
(1991),  in  oceans,  K-H  type  instabilities  are  more  common  in  coastal  areas  with  stronger 
currents  than  in  the  open  ocean  where  the  instabilities  mostly  occur  due  to  superposition  of 
internal  waves. 

Thorpe  (1971 , 1973)  observed  that  in  a  two-layer  system  the  Richardson  number  at 
the  interface  after  the  evolution  of  billows  is  a  constant,  about  0.33,  regardless  of  the  initial 
Richardson  number;  this  suggests  a  self-adjustment  of  the  flow  field.  On  the  other  hand, 
the  vertical  lengthscales  of  the  mean  velocity  and  density  profiles  were  found  to  depend  on 
the  Richardson  number.  Thorpe  (1968)  reported  the  development  of  small-scale  secondary 
instabilities  on  the  braids  that  connect  adjoining  billows;  nonetheless,  the  three  dimensional 
motions  that  lead  to  turbulence  are  known  to  start  within  the  billows.  The  onset  of  small- 
scale  irregularities  on  the  wave  spirals  is  first  observed  when  the  wave  slope  assumes 
values  between  1.2  and  1.4;  these  instabilities  finally  tend  to  develop  into  turbulence  and 
mixed  regions.  The  mechanism  for  such  a  transition,  although  not  known  precisely,  is 
thought  to  be  due  to  convective  instabilities.  Numerical  simulations  show  that  most 


unstable  disturbances  are  convectively  driven  and,  small-scale  rolls  in  the  billows  are 
oriented  in  the  direction  of  mean  flow.  Increase  of  Prandtl  number  tends  to  destabilize  the 
rolls  (Klaassen  &  Peltier  1985,  1991;  for  experimental  evidence  see  Thorpe  1985).  In  a 
recent  paper,  Lawrence  et  al.  (1991)  studied  tne  stability  of  stratified  shear  flows  when  the 
density  interface  (of  thickness  S)  is  much  thinner  than,  and  is  displaced  by  an  amount  d 
with  respect  to,  the  velocity  interface  (of  thickness  h).  In  practice  both  these  scales  grow 
with  time  (or  with  the  downstream  distance).  The  difference  in  h  and  S  results  in 
preferential  entrainment  of  the  fluid  from  one  layer  to  the  other.  The  ratio  of  h/S  is  an 
important  factor  in  the  stability  of  the  flow  field.  In  general,  when  h/S  -  1,  the  flow  could 
be  stabilized  by  choosing  a  sufficiently  larger  density  step.  On  the  other  hand  when,  h/S 
»  1,  such  stabilization  is  not  always  possible.  It  was  shown  that,  for  h/S  -*  <»,  and 
Re  some  wave  numbers  are  always  unstable  irrespective  of  the  value  of  Ri. 

2  Experiments 

The  experiments  were  conducted  using  two  different  configurations.  The  first  was 
an  annular  closed-circuit  water  channel  and  the  second  was  a  tilting  tank.  A  schematic 
diagram  of  the  water  channel  is  shown  in  Figure  1;  it  is  a  modified  version  of  the  Odell  & 
Kovasznay  (1971)  apparatus  and  a  disk  pump  was  used  to  drive  the  less  dense  upper  fluid 
over  an  almost  stagnant  heavier  salt  solution.  To  minimize  mixine  between  the  two  layers, 
the  fluids  were  physically  separated  by  a  thin  horizontal  sheet  of  Plexiglas,  except  over  a 
test  section  of  about  100  cm  long,  over  which  the  experimental  data  were  taken.  The  top 
fluid  layer  enters  the  test  section  following  its  passage  over  the  splitter  plate,  which  is  an 
integral  part  of  Plexiglas  separation  sheets.  The  stainless  steel  splitter  plate  was  1  mm  thick 
and  has  a  taper  of  20:1  at  the  trailing  edge.  The  initial  Richardson  number,  Ri0  « 

Abh/Alj2,  based  on  the  buoyancy  difference  (Ab),  the  velocity  difference  (AU)  and  the 
thickness  of  the  velocity  interface  h,  was  varied  in  the  range  0.4  to  72. 

The  tilting  tank  has  dimensions  of  0.15  x  0.15  x  4  m.  The  tank  was  initially  filled 
with  the  heavier  (salty)  fluid  and  the  lighter  fluid  was  slowly  added  from  the  top  to  avoid 
mixing.  In  experiments  where  the  laser-induced  fluorescence  (LIF)  technique  was  used, 
the  bottom  heavy  salty  layer  was  seeded  with  Rhodamine-6G  dye,  and  200-proof  Ethyl 
alcohol  was  added  to  the  top  layer  to  match  the  refractive  indices.  The  vertical  mid  plane 
along  the  longest  axis  of  the  tank  was  illuminated  with  a  vertical  sheet  of  Argon-ion  laser  (2 
W).  The  experiments  were  initiated  by  momentarily  tilting  the  tube  from  its  horizontal 
position  to  a  specified  inclination.  The  velocity  shear  generated  at  the  interface  by  the 
ascending  motion  of  the  lighter  layer  and  vice  versa  leads  to  the  development  of  a  well- 
defined  series  of  K-H  instabilities,  as  was  reported  by  Thorpe  (1968,1969b,  1971, 1973). 
The  depths  of  two  fluid  layers  in  the  tilting  tank  were  the  same  and  hence  the  billows  are 
stationary.  A  billow,  near  the  center  of  the  tank,  where  wall  and  end  effects  are  minimal, 
was  selected  and  analyzed  in  detail. 

3  Results 

Figure  2  shows  a  series  of  (LIF)  photographs  of  a  temporally  evolving  K-H  billow 
captured  using  the  LIF  technique,  As  seen  in  tne  Figure  2a,  the  initial  thickness  of  the 
density  interface  due  to  molecular  diffusion  is  thin;  and  it  remains  thin  during  the  initial 
evolution  of  the  billow.  The  latter  observation  suggests  that  not  much  mixing  occurs  at  the 
interface  nor  at  the  braids,  and  most  of  the  mixing  was  found  to  betide  at  the  eye  of  the 
billow.  Figure  2b  shows  the  billow  at  a  later  time  where  well-defined  spiraling  motions 
can  be  seen.  Figure  2c  depicts  the  billow  just  prior  to  its  collapse  and  Figure  2d  shows  a 
highly  turbulent  billow  during  mature  stages  of  the  evolution.  As  a  result,  the  core  of  the 
billow  undergoes  small-scale  mixing.  This  turbulent  mixing  activity  is  further  enhanced  by 
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the  presence  of  gravitationally  unstable  shearing  motions  during  the  roll-up.  However,  the 
billows  are  expected  to  gain  some  stability  and  longevity  by  the  stabilizing  Coriolis  forces 
that  are  induced  due  to  the  vigorous  spin  within  the  "eye".  According  to  a  theory  proposed 
by  Gibson  &  Imberger  (1994),  maximum  dissipation  within  a  billow  occurs  at  the  density 
interface  during  the  initial  growth  of  instabilities;  in  general,  the  interior  of  the  billows  are 
gravitationally  unstable.  A  different  scenario  of  K-H  evolution  has  been  put  forward  by 
Thorpe  (1987)  and  Gregg  (1987);  accordingly  the  maximum  dissipation  occurs  in  small 
viscous-dissipative  scales  that  are  present  in  secondary  convective  rolls  that  appear  during 
the  roll-up  motion. 

The  magnitude  of  the  local  gradient  Richardson  number  Ri  is  of  prime  interest  in 
predicting  the  K-H  billow  occurrences,  but  the  problem  is  to  determine  over  what  scales  the 
Ri  should  be  measured  so  that  the  results  are  of  some  practical  use.  It  is  clear  that,  in  a 
flow  field  with  non-uniform  density  and  velocity  profiles,  the  measured  Ri  depends  on  the 
lengthscale  of  measurement,  and  the  largest  scale  that  can  be  employed  with  some 
consequence  is  of  interest.  A  noteworthy  achievement  of  the  present  work  is  the 
measurement  of  the  local  gradient  Richardson  number  Ri,  via  the  measurement  of  the  local 

velocity  shear  and  the  local  buoyancy  difference  at  a  separation  of  Az  »  0.27  cm.  The 

measurement  locations  were  well  within  the  region  of  maximum  density  and  velocity  shear 

(The  experiments  by  Scotti  &  Corcos  (1972)  on  a  heat-stratified  air  shear-layer  showed  that 

the  minimum  local  Ri  occurs  near  the  center  of  the  shear  layer).  The  results  show  that  the 

local  Ri  tends  to  change  with  time  as  the  waves  pass  by  the  measurement  point.  This  is  due 

to  the  change  of  the  local  velocity  and  density  structure  in  the  vicinity  of  waves.  The 

properties  of  the  waves  are  determined  by  the  initial  vertical  profiles  of  velocity  and  density 

as  well  as  background  disturbances.  Continuous  changes  occurring  in  local  density  and  | 

velocity  profiles,  as  well  as  the  secondary  instabilities  of  three-dimensional  nature,  tend  to  i 

change  Ri  in  an  irregular  manner.  In  the  measurements,  Ri  was  defined  as  the  minimum 

absolute  averaged  Ri  over  a  period  of  half  a  second.  Such  averaging  was  necessary  in  f 

order  to  eliminate  the  possibility  of  having  Au  =>  0,  which  gives  unrealistic  data.  Since  the  | 

time  scale  of  the  instability  waves  is  much  longer  than  the  averaging  time,  the  results  are 
expected  to  give  an  idea  on  the  local  instantaneous  values  (note  that  the  averaging  does  not 

exclude  situations  with  Ri  <  0).  Figure  3(a)  shows  the  variation  of  Ri  with  time  for  Ri0  «  , 

72  and  e«d/h  •  1.8;  here  no  K-H  instabilities  were  observed,  because  of  the  large 

magnitudes  of  Ri.  Figure  3(b)  shows  the  variation  of  Ri  with  Rio  *  10.6,  e  «  1.2.  During 
this  experiment  a  recurrent  sequence  of  K-H  waves  was  observed.  Note  that  the  magnitude 
of  the  instantaneous  local  gradient  Ri  remains  low  compared  to  that  of  the  high  initial  Ri0 
experiment  described  in  Figure  3(a).  Also  note  that  Ri  Becomes  negative,  which  indicates 
overturning  motions. 

4  Conclusions 

The  local  gradient  Richardson  number  was  measured  by  finite  differencing  the  time 
traces  of  velocity  and  density  records  taken  in  a  stably  stratified  two-layer  shear  flow,  at  a 
vertical  separation  of  0.27  cm.  The  measurements  showed  that,  at  a  fixed  point.  Ri 
fluctuates  with  time  as  a  result  of  continuous  distortions  that  occur  in  vertical  density  and 
velocity  profiles  with  the  passage  of  instability  waves.  It  was  found  that  the  averaged  Ri 
depends  on  the  initial  bulk  Ri0,  as  was  pointed  out  by  Sullivan  (1992)  and  Fernando  & 

Stephenson  (1991).  LIF  photographs  clearly  indicate  that  much  of  the  mixing  occurs  in  the 
vicinity  of  the  eye  of  the  billows. 
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Figure  1 


Schematic  diagram  of  the  closed -circuit  water  channel. 


A  scrips  of  LIF  photographs  that  show  the  time  evolution  of  K-H 
billows,  Figures  (a),  (b),  (c)  and  (d)  represent  the  state  of  the  billow 
after  0.7,  1.9,  3.3  and  3.8  seconds,  respectively,  The  densities  of  the 
upper  and  lower  layers  are  0.983  gm/cm*  and  1.015  gm/cm^, 
respectively.  The  tilt  angle  is  4°. 
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Abstract 

Wc  present  a  detailed  analysis  of  the  processes  through  which  throe  dimensional  motions  arise  in  the 
free  stratified  mixing  layer.  Previously  published  Roquet  analyses  of  the  governing  instabilities,  both 
for  stratified  and  unstratified  flows,  have  suggested  a  wide  range  of  mechanisms  to  be  possible 
candidates  for  the  origins  of  the  streamwisc  vortex  streaks  that  are  observed  to  be  precursory  to  fully 
developed  turbulent  flow.  Wc  employ  very  high  resolution  LES  methods  to  reveal  which  of  these 
candidate  mechanisms  is  dominant. 

I:  Introduction 

The  issue  of  the  origin  of  three  dimensional  motions  in  the  free  mixing  layer  is  clearly  central  to  the 
understanding  of  transition  in  such  flows.  Recent  reviews  of  this  problem  have  been  presented  by  Ho 
and  Hucrrc  (1984)  and  Bayly  et  al.  (1988)  for  the  homogeneous  problem  and  by  Thorpe  (1987)  for 
the  stratified  case.  Laboratory  investigations  by  Brcidcnthal  (1981),  Bernal  and  Roshko  (1986). 
Lasheras  et  al.  (1986)  and  Lashcras  and  Choi  (1988)  have  documented,  for  the  unstratified  case,  the 
appearance  of  "mushroom-shaped"  streamwisc  vortices  as  being  precursory  to  turbulent  collapse. 
Metcalfe  et  al.  (1978)  performed  detailed  three  dimensional  numerical  simulations  or  merging  KH 
vortices  and  showed  that  the  initially  realized  three  dimensional  motions  consisted  primarily  of  such 
streamwise  'ribs'  of  vorticity  that  appeared  to  develop  in  the  strained  region  between  the  initially  two 
dimensional  large  vortices.  Metcalfe  et  al.,  however,  assert  that  they  were  unable  to  determine  whether 
the  streamwisc  vortex  ribs  that  appeared  in  their  simulations  were  generated  through  a  flow  transition 
that  originated  in  the  vortex  cores  or  in  the  braids  themselves.  This  is  an  important  point  because 
Corcos  and  Lin  (1984)  and  Lin  and  Corcos  (1984)  have  attributed  the  appearance  of  streamwisc  vortex 
streaks  to  the  so-called  translative  instability  of  Picrrchumbcn  and  Widnall  (1982)  a  mode  that  was 
later  associated  (Pierrehumbcrt  1986;  sec  also  Bayly  1986)  with  a  non-scale  selective  instability  (the 
elliptical  instability)  that  is  supported  by  any  vortex  with  non-zero  clipticity.  The  analyses  to  be 
presented  herein  are  rather  definitive,  wc  believe,  in  demonstrating  that  the  appearance  of  streamwisc 
streaks  in  the  unstratified  mixing  layer  has  nothing  to  do  with  the  elliptical  instability  but  rather  is 
caused  by  an  instability  that  is  energized  locally  in  the  braids  that  was  first  documented  by  Klaassen 
and  Peltier  (1991).  These  analyses  are  therefore  discordant  with  the  recent  numerical  analyses  of 
Rogers  and  Moser  (1992) 

In  the  case  of  the  considerably  more  complicated  stratified  mixing  layer  problem  the 
theoretical  analyses  of  Klaassen  and  Peltier  (1985)  suggested  that  streamwisc  vortex  streaks  should 
also  arise  in  this  case  but  that  they  might  be  expected  to  originate  through  a  shear  aligned  convective 
instability  of  the  kind  first  (apparently)  analysed  by  Kelly  (1977).  The  possible  importance  of  this 
dynamical  mechanism  was  first  suggested  on  physical  grounds  by  Peltier  et  al.  (1978)  and  Davis  and 
Peltier  (1979)  later  demonstrated  that  supercritical  Rayleigh  numbers  were  in  fact  delivered  by  two 
dimensional  KH  billows  in  super-adiabatic  sub-layers  within  (and  especially  surrounding)  the 
overturning  vortex  cores.  The  Floquct  analysis  of  stability  presented  in  KJaasscn  and  Peltier  (1985) 
and  more  fully  elaborated  in  Klaassen  and  Peltier  (1991)  suggested  that  the  cross-stream  scale  of  the 
vortex  streaks  that  wouid  be  generated  by  this  mechanism  would  be  approximately  .1  XKM  where  \KM 
is  the  wavelength  of  the  two-dimensional  Kclvin-Hclmholtz  wave.  Thorpe  (1985)  subsequently 
performed  a  new  sequence  of  tilted  tube  experiments  in  order  to  search  for  the  shear  aligned 
convective  rolls  predicted  by  the  Klaassen  and  Peltier  analyses,  experiments  that  did  in  fact  reveal 
some  evidence  of  the  predicted  mechanism  prior  to  turbulent  collapse.  No  unambiguous  identification 
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of  the  observed  cross-stream  structures  with  the  theoretical  prediction  was  possible,  however,  so  that 
in  the  case  of  the  stratified  frc  .  mixing  layer  the  current  state  of  understanding  is  as  incomplete  as  it 
is  in  the  unstratified  case  previously  discussed. 

In  this  paper  our  goal  will  be  to  summarize  a  new  sequence  of  very  high  resolution  numerical 
i  .pcrimcnLs  that  we  have  recently  performed  in  an  effort  to  provide  definitive  answers  to  the  above 
questions.  Following  a  brief  review  of  the  Floquet  theory  and  its  predictions  in  the  following  section, 
wc  will  proceed  to  discuss  the  new  numerical  simulations  of  mixed  layer  collapse  that  have  been 
performed.  Our  conclusions  arc  presented  in  the  final  section  of  the  paper. 

2:  The  linear  stability  of  two  dimensional  nonlinear  dependent  flows 

It  follows  from  Squire’s  (1933)  theorem  that  the  initial  instability  of  a  stratified  parallel  flow  with 
hotizontal  velocity  u,(/)  and  potential  temperature  (in  the  compressible  case)  0(z)  will  be  two 
dimensional  in  most  circumstances  (e.g.  Smyth  and  Peltier  1990.  A  typical  basic  stale  that  is 
employed  in  the  investigation  of  the  structures  that  develop  from  such  instability  is: 

ut(x,2\  t-o)  =  u0tanh  (( z  -  H/2)/h)  Oa) 

Q(x,z,  t<*o)*@  +  Qatanh((z-H/2)h)  Hb) 


A  numerical  model  is  typically  required  to  investigate  the  evolution  of  the  two  dimensional  time 
dependent  flows  that  develop  from  the  initial  instability  of  such  a  basic  state  (see  me  following  section 
for  a  brief  discussion  of  the  model  that  we  employ).  Since  the  temporal  instability  has  a  well  defined 
streamwisc  scale  determined  by  the  wavelength  of  the  fastest  growing  mode  of  linear  instability  it  is 
natural  to  assume  that  the  flow  remains  spatially  periodic  in  the  streamwise  direction  as  it  evolves  and 
most  previous  analyses  of  the  maturation  of  the  initially  two  dimensional  linear  instability  have  been 
based  upon  this  assumption  (c.g.  Peltier  ct  al.  1978).  Note  that  this  assumption  does  not  preclude 
vortex  pairing  if  the  numerical  domain  is  taken  to  be  at  least  two  wavelengths  long.  Although  wc  v  ill 
not  discuss  vortex  merging  instabilities  here  it  should  be  noted  that  such  process  are  rather  well 
understood  theoretically  (KcUy  1967;  Klaasscn  and  Peltier  1989;  Smyth  and  Peltier  1992). 

Klaassen  and  Peltier  (1985,  1991)  show  that  the  issue  of  the  local  in  time  stability  of  the 
evolving  nonlinear  2-D  Kclvin-Helmholtz  wave  may  be  reduced  using  Galerkin  methods  to  solution 
of  the  following  eigensystem: 

=  (C*-£  *«*„)  =  CAv  ♦*<  (i^)  (2a) 


A,  ^  Cv  «Xv  =  (Cv  -  ^AAv)  A  ♦  Ri  c, 

A,  -  C  *  Cv  K.  ‘  (Cv  -  ^  8.x  5HV)  c,v 


(2b) 


(2c) 


in  which  =  Xa+b,  Dv  =  vrc/H,  A,.v  =  B*  +  DVJ  +  dJ  and  a^,  bw,  are  the  coefficients  in  the 
Galerkin  expansions  for  the  streamwisc  and  vertical  components  of  velocity  and  the  potential 
temperature  respectively.  The  interaction  integrals  I^v  consist  of  projections  of  the  non-linear  two 
dimensional  KH  wave  fields  onto  the  Galerkin  basis.  The  Reynolds  number  in  the  problem  is  Rc  = 
u„  h/v,  the  Prandtl  number  is  Pr  =  v/ic  and  the  bulk  Richardson  number  is  Ri=gh  A0/(8O  u05).  By 
concatenating  the  Galerkin  coefficients  a^,  b.^,  cw,  into  a  single  vector  V  (say)  with  a  single  running 
subscript  vc  may  clearly  re-write  (2)  in  standard  matrix  eigenvalue  form  as  Ey  Vj  =  s  V . 

A  useful  diagnostic  procedure  for  evaluation  of  the  results  that  are  obtained  from  the  solution 
of  this  eigenvalue  problem  is  to  construct  an  energy  budget  for  the  cigcnsolutions  V  following  Laprisc 
and  Peltier  (1989)  as: 
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<3  <K'>  =  <Sh>  *  <St>  *  <H>  -  <D> 


(3) 


in  which  s=c+ito  so  that  o  is  the  real  part  of  the  eigenvalue  (the  growth  rate  of  the  mode)  and  »  is 
it’s  temporal  frequency.  In  (3)  cK'>  is  the  perturbation  kinetic  energy  of  the  instability  averaged  over 
the  domain.  <Sh>  is  (he  integrated  shear  production  of  perturbation  KE,  <St>  is  production  by 
"stretching",  <H>  is  the  production  through  convective  instability  and  <D>  is  the  (negative  definite) 
loss  due  to  viscous  dissipation. 

For  the  purposes  of  the  present  paper  we  will  first  compare  solutions  of  (?.)  via  (3)  for  two 
evolving  Kelvin-Helmholtz  waves  at  comparable  times  in  their  life-cycles.  The  two  wave-states  will 
be  those  for  R,  =  0  and  Ri  =  0.04  respectively  and  in  each  case  wc  shall  assume  PR=1  and  Re=300 
for  the  purpose  of  evolving  the  two  dimensional  non-linear  wave  from  the  initial  instability  of  the 
parallel  flow.  In  Figure  la  wc  show  the  growth  rate  c  andin  Figure  lb  the  wave  frequency  to  as  a 
function  of  the  cross-stream  wave  number  d  for  the  unstratified  case  with  Ri=0  at  the  time  of 
maximum  perturbation  kinetic  energy  in  the  KH  wave.  Figure  2  illustrates  the  main  components  of 
the  budget  in  (8)  for  the  fastest  growing  mode  of  instability  denoted  by  the  diamond  symbol  in  Figure 
la  which  occurs  at  d— 1.8.  Inspection  of  Figure  2  demonstrates  that  this  fastest  growing  mode  is 
located  in  the  braids  of  the  nonlinear  wave.  In  the  more  accurate  version  of  this  stability  analysis  for 
the  unstratified  case  recently  presented  by  Smyth  and  Peltier  (1994)  it  is  demonstrated  that  modes  on 
the  low  side  of  the  inflection  in  the  curve  of  highest  growth  rate  are,  however,  core  centred  and 
"elliptical"  (see  Smyth  and  Peltier  1994,  Figure  2).  Since  the  growth  rate  varies  slowly  as  a  function 
of  wavenumber  from  braid  centred  to  core  centred  it  clearly  is  an  important  issue  as  to  which  would 
be  most  fully  realized  in  nature  and  most  strongly  control  transition. 

In  Figure  3a,b  and  4  we  show  similar  data  to  that  for  the  unstratified  case.  Inspection  of  the 
results  for  this  example  which  differs  from  the  unstratified  case  only  in  that  Ri=0.04  demonstrates  thai 
a  profound  modification  of  the  fastest  growing  instability  has  been  introduced  by  the  stratification. 
Firstly  the  wavenumber  of  the  fastest  growing  mode  has  been  shifted  to  d=2.6  from  d=1.8  while 
secondly  (Figure  4)  the  mode  has  ceased  to  be  braid  centred.  Rather  it  has  come  to  be  quite  strongly 
confined  into  the  outermost  supcradiabatic  sublayer  (visible  in  the  <H>  field).  In  this  case  the  fastest 
growing  elliptical  mode  is  found  at  the  considerably  lower  cross-stream  wavenumber  of  d=l, 
somewhat  higher  than  in  the  unstratified  case  where  il  was  found  near  d=0.7.  In  what  follows  we 
shall  attempt  to  determine  whether  and  which  of  these  predictions  concerning  the  mechanism  of 
transition  are  correct. 

3:  Large  eddy  simulations  of  transition  in  free  shear  layers 

In  support  of  our  experimental  and  theoretical  program  on  free  shear  layer  transition  wc  have 
undertaken  the  investigation,  by  numerical  means,  of  the  competition  between  the  above  described 
modal  instability  mechanisms  that  could  mediate  transition.  In  both  the  unstratified  and  stratified  cases 
there  exist  braid  centred  and  core  centred  mechanisms  while  in  the  stratified  case  the  shear  aligned 
convective  mechanism  may  also  contribute.  Our  numerical  simulations  have  been  performed  with  a 
model  modified  from  the  anelastic  model  described  in  Clark  (1977)  which  solves  the  governing 
equations  in  the  Boussincsq  approximation  as: 

(4a) 

V*  u  (4b) 

(4c) 


is  0‘  =  (0  -  ©)/0.  The  numerical  methods  employed 
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Figure  1.  Growth  rate  a  and  angular  frequency  (u  vs.  spanwise  (y)  wavenumber  d  for  the  maximum- 
amplitude  state  of  a  nonlinear  KH  wave  with  bulk  Richardson  number  Ri»0.  (For  b-0).  The  symbols 
on  each  o  vs.  d  curve  denote  the  fastest  growing  mode,  and  the  same  symbol  is  used  to  label  the 
conesponsing  co  vs.  d  curve.  Note  that  only  the  non-negative  eigenfroquoncics  are  shown. 


Figure  2.  Eigenfunction  correlations  depicting  the  spatial  dependence  of  the  kinetic  energy  and  the  energy 
transfers  for  the  most  unstable  ox,  mode  (labelled  o  in  figure  13)  of  the  maximum-amplitude  KH  wave 
with  Ri  =  0  Here  l  =  26.  b  =  0.  d  =  1.8,  0  =  0.137,  u  *  0.  <Sh>  =  0.145.  <St>  =  0.012,  <H>  «  0, 
<D>  -  -0.020  in  units  of  <K‘>.  The  shearing  conversion  5H(x,z)  and  the  stretching  conversion  St(x,/.) 
are  given  by  the  integrands  Lt  equations  (3.29)-(3.30)  respectively,  while  the  perturbation  kinetic  energy 
density  K'  is  given  by  (3.25).  the  vertical  lines  superimposed  on  the  Sh  field  represent  the  regions  of 
the  nonlinear  KH  wave  where  the  shearing  deformation  exceeds  0.43  of  its  maximum  value.  This 
fracuon  was  chosen  so  as  tu  reveal  the  detailed  structure  of  the  deformation  field  on  the  wave  core.  The 
dot  superimposed  on  the  K'  field  mark  the  position  of  vertical  line  maxima  in  the  vorticity  field,  which 
mark  the  location  of  the  braids  and  the  vorticity  ridges  in  the  core.  The  domain  length  and  height  arc 
respectively  14  and  10  in  units  of  h).  The  top  right-hand  panel  shows  an  overlay  of  strcamfunciion  and 
potential  temperature  for  the  stratified  case  Ri  *  0.04  in  order  to  demonstrate  the  position  of  the  vortex 
core  within  the  frame. 
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Figure  4.  Eigenfunction  conditions  for  the  most  unstiblc  to.  mode  (libelled  o  in  figure  3)  of  the 
maximum  amplitude  KH  w«vc  with  Ri  »  0.04.  Here  t  ■  32,  b  «  0,  d  ■  2.6,  0  =  0.163,  to  »  0.  <Sh> 
o  0.110.  <Sl>  ■  0.010,  <H>  »  0,079,  <D>  ■  0.036  in  units  of  <K'>,  The  verticil  heat  flux  H  (x.x)  is 
given  by  the  integrand  in  (3.31).  The  supendiabatic  region  associated  with  the  overturning  fluid  in  the 
vortex  core  is  marked  with  vertical  lines  superimposed  an  the  H  field.  See  Figure  2  for  further  details. 


consist  of  centred  second  order  accurate  finite  differences  on  a  staggered  mesh  for  the  spatial  dcrivates 
while  the  time  stepping  is  achieved  using  a  leap  frog  scheme  coupled  with  a  Euler  backwards  step 
every  10  At  in  order  to  reduce  splitting  errors,  For  the  iwo  simulation  to  be  described  here  we  have 
employed  100  grid  points  in  the  stream  wise  direction,  100  grid  points  in  the  vertical  direction  and  200 
grid  points  in  the  cross-stream  direction.  In  each  case  the  domain  length  has  been  set  equal  to  2 
wavelengths  of  the  fundamental  mode  of  KH  instability  (A*H)  while  the  width  of  the  box  has  been 
taken  equal  to  40  h.  Since  the  wavelength  of  the  fastest  growing  mode  is  typically  about  14  h  this 
means  that  the  width  of  the  model  in  the  cross-stream  direction  is  just  under  3  The  height  of  the 
model  domain  has  been  taken  to  be  cquul  to  20  h  and  the  shear  layer  to  be  centred  within  the  region. 
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Figure  5.  Tout  perturbation  kinetic  energy  (PKE)  vs.  time  (solid  line)  and  cross-stream  component  of 

PKE  vs.  time  (dashed  line)  for  the  three  dimensional  simulations  with  Ri  =  0.0  and  Ri  •  0,05. 

Figure  5  shows  perturbation  kinetic  energy  time  series  for  both  the  unstratifled  simulation  (a) 
and  the  stratified  simulation  (b).  Both  were  initialized  with  a  purely  modal  fluctuation  in  the  along 
stream  direction  and  a  white  noise  perturbation  of  smaller  amplitude  in  the  cross-stream  direction.  The 
latter  aspect  of  the  initialization  procedure  is  especially  important  as  we  did  not  wish  to  bias  in  any 
way  the  cross  stream  length  scales  that  would  develop  in  the  course  of  transition.  Inspection  of  Figure 
5  demonstrates  that  perturbation  kinetic  energy  grows  exponentially  initially  and  at  a  rate  that  agrees 
quite  closely  with  the  predictions  of  linear  stability  theory.  Eventually  wave  kinetic  energy  saturates 
leading  to  the  development  of  a  slow  quasi-periodic  nutation  thereafter.  The  cross-stream  component 
of  the  perturbation  kinetic  energy  is  shown  separately  on  plates  a  and  b  of  Figure  5  and  inspection 
reveals  that  it  decays  until  after  the  linear  growth  phase  has  ceased,  this  being  an  expected 
consequence  of  the  lack  of  a  timescale  separation  between  the  two  dimensional  wave  and  the  incipient 
instabilities  to  which  it  becomes  subject.  On  both  plates  a  and  b  of  this  Figure  we  have  marked  the 
times  for  which  full  three  dimensional  images  revealing  the  spatial  structure  or  the  instabilities 
controlling  transition  will  be  shown.  These  limes  have  been  chosen  to  be  "comparable"  in  the  sense 
that  <uxJ/2>  is  the  same  fraction  of  total  perturbation  kinetic  energy  for  each. 

Figures  6  and  7  respectively  show  three  dimensional  grey  scie  images  of  stream  wise  vorticity 
for  the  unstratifled  and  stratified  free  mixing  layers  respectively  at  these  model  times.  In  both 
simulations  complete  turbulent  collapse  occurs  within  a  relatively  short  period  following  the 
development  of  the  structures  shown.  Inspection  of  Figure  6  very  clearly  demonstrates  that  the 
streamwise  vortex  streaks  that  appear  as  the  dominant  structures  in  the  unstratifled  case  arc  braid 
centred  and  possess  a  cross-stream  length  scale  that  is  accurately  predicted  by  the  results  of  the 
Floquci  analysis  shown  in  Figure  la.  Therefore  the  streamwise  streaks  are  not  connected  in  any  way 
to  the  translative  instability  of  Picrrehumbcrt  and  Widnall  (1982)  nor,  by  extension,  to  the  elliptical 
instability  of  Picrrehumbcrt  (1986)  and  Bayly  (1986).  They  develop  from  the  insitu  instability 
captured  in  the  Floquct  analysis. 

Similar  inspection  of  Figure  7  shows  that  the  streamwise  vortex  streaks  that  develop  in  the 
stratified  case  have  no  expression  in  the  braids  that  lie  between  distinct  vortex  cores.  Rather  they  arc 
confined  to  a  ring  around  the  dominant  central  vortex  as  predicted  for  the  shear  aligned  convective 
instability  of  Peltier  ct  al.  (1978),  Davis  and  Peltier  (1979)  and  Klaassen  and  Peltier  (1985,  1991). 
That  the  streamwise  streaks  that  appear  in  the  stratified  case  also  have  a  characteristic  length  scale  that 
is  shorter  than  the  braid  centred  mode  of  the  unstratifled  case  is  also  clear  by  inspection  and 
comparison  of  the  two  Figures. 
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Figure  6.  Positive  (dark)  and  negative  (light)  atreamwiae  vorticlty  iaoiurfacei  with  a  tpinwlie  vorticity 
isosurface  that  dilincatca  the  vortex  cores  for  the  unitralified  simulation  with  Ri  »  0.0. 

4:  Discussion  and  conclusions 

Wc  have  described  a  sequence  of  new  analyses  of  transition  in  the  free  stratified  mixing  layer  focused 
upon  the  problem  of  accurately  isolating  the  mechanism  responsible  for  the  generation  of  streamwise 
vortex  streaks.  These  analyses  have  established,  rather  definitively  in  our  view,  that  these  streamwise 
streaks,  which  are  precursory  to  the  onset  of  fully  developed  turbulent  flow,  arc  not  produced  by 
elliptical  instability  of  the  vortex  cores.  Rather  they  arc  caused  by  an  insitu  braid  centred  instability 
when  the  fluid  is  instratified  and  a  shear  aligned  convective  instability  when  the  fluid  is  stratified. 
Both  of  these  fundamental  mechanisms  have  been  well  explained  and  in  fact  were  originally  predicted 
by  the  three  dimensional  non-scparable  stability  analyses  of  Klaassen  and  Peltier  (1991).  In  this  paper 
wc  have  not  addressed  the  issue  of  the  competition  of  vortex  merging  instability  mechanisms,  which 
arc  essentially  two  dimensional,  with  the  three  dimensional  modes  upon  which  we  have  focused  here. 
This  aspect  of  transition  in  the  mixing  layer  will  be  discussed  elsewhere. 
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Abstract 

Two  models  of  stably  stratified,  two-dimensional,  turbulent 
boundary -layer  flow  over  periodic  sinusoidal  topography  are  being 
developed.  One  uses  a  finite-difference  numerical  scheme  and 
integrates  the  time  dependant,  Reynolds  averaged  equations  of 
motion  with  a  specified  initial  state  until  a  steady-state  is 
reached.  The  other  obtains  a  steady  state  solution  directly 
using  a  mixed  spectral  finite  difference  approach.  This  is  based 
on  the  MSFD  and  NLMSFD  models  of  Beljaars  et  al  (1987)  and  Xu  and 
Taylor  (1992)  .  Both  models  are  being  used  with  considerable 
success  to  study  neutrally  stratified  flow  over  topography,  and 
various  levels  of  turbulence  closure  can  be  invoked.  Initial 
work  on  stratified  boundary- layer  flow  over  topography  will  be 
described. 

lntr.aduc.UaQ 

For  neutrally  stratified  flows,  a  number  of  non-linear,  finite 
difference  models  of  turbulent  boundary- layer  flow  over  hills 
have  been  published  (e.g  Taylor,  1977)  while  Jackson  and  Hunt 
(1975  -  JH)  proposed  a  linear  model.  This  proved  very  successful 
and  spawned  a  number  of  developments.  Among  them  were  the  Mixed 
Spectral  Finite  Difference  (MSFD)  model  of  Beljaars  et  al  (1987) 
and  the  generalisation  by  Hunt  et  al  (1988a)  .  Other  authors 
developed  finite  difference  models  with  Becond  order  closures. 

Inviscid  stably  stratified  flow  over  topography  has  been  studied 
for  many  years  and  the  theory,  at  least  for  small  amplitude  waves 
and  especially  for  constant  buoyancy  frequency,  N,  and  background 
velocity,  U0,  are  well  established  for  both  rotating  and  non¬ 
rotating  frames  of  reference.  For  the  relatively  small  scale 
topography  that  we  are  concerned  with  here  (length  scales  of 
order  1km)  rotation  effects  are  secondary,  although  they  may 
cause  directional  shear  in  the  basic  flow.  There  are  a  number  of 
models  of  non-linear,  hydrostatic  and  non-hydrostatic,  stationary 
and  non-stationary  mountain  waves,  with  typical  horizontal  scales 
of  order  10  to  100  km  in  the  literature.  In  general  however  the 
treatment  of  boundary  layer  turbulence  is  highly  simplified  and 
the  models  are  often  run  without  surface  friction  or  heat  flux. 

Hunt  et  al  (1988b)  have  used  developments  of  the  JH  model  to 
study  inversion  capped  and  stably  stratified  flow  over  low  hills. 
The  outer  layer  flow  is  assumed  inviscid  and  approximate, 
analytic  solutions  are  obtained  for  an  inner  layer.  With  our 


1 


numerical  models  we  hope  to  allow  a  more  detailed  representation 
of  the  effects  of  turbulence  and  to  enable  the  study  of  a  broader 
range  of  flows.  The  distinction  between  the  present  work  and 
most  other  studies  of  stratified  flow  over  topography  lies  in  the 
representation  of  turbulent  fluxes  of  heat  and  momentum.  In  the 
atmospheric  flow  context,  we  believe  that  these  will  be  important 
for  topography  with  horizontal  scales  of  order  1km  or  less. 


The  NLMSFD  model  and  results  for  neutrally  stratified  flows 


One  of  the  models  that  we  are  working  with  is  a  Non-Linear 
extension  of  Beljaars  et  al's  (1989)  Mixed  Spectral,  Finite- 
Difference  model.  Within  this  NLMSFD  model  we  assume  that  the 
mean  flow  is  steady  and  that  both  the  CorioliB  force  and 
molecular  diffusion  are  negligible  because  we  are  interested  in 
small  scale  topography  and  aerodynamically  rough  surfaces.  For 
neutral  stratification,  the  momentum  and  continuity  equations  are 


I  3P 
P  ~3x~i 


(1) 


(2) 


where  uppercase  U  and  P  express  mean  velocity  and  pressure 
respectively,  lowercase  u  represents  turbulent  fluctuations  and 
the  overbar  indicates  an  ensemble  average.  Summation  is  implied 
whenever  an  index  repeats  in  the  same  term.  The  Reynolds  stress, 
Turbulent  Kinetic  Energy  (TKE) ,  TKE  dissipation  rate  (e)  or 
turbulence  length  scale  equations  and  the  boundary  conditions  are 
discussed  in  Xu  et  al  (1994) .  Periodic  conditions  are  applied  at 
the  lateral  boundaries.  The  model  is  3D  and  is  implemented  with 
several  different  turbulence  closures  including  LRR  models  1  and 
2  (Launder,  Reece  and  Rodi,  1975).  In  this  paper,  we  shall  limit 
discussion  to  2D  results  with  E-kz  and  LRR  closures  (k  -  0.4  is 
the  von  Karman  constant) .  Details  of  results  with  other  forms  of 
closure  and  3D  results  are  included  in  Xu  et  al  (1994)  . 

Figure  1  shows  some  sample  velocity  perturbation  (AU)  results  for 
flow  over  2D  and  3D  sinusoidal  wavy  surfaces  with  maximum  slopes 
(ak)  of  0.157.  The  surfaces  are  defined  by,  z,  -  -acos  kx  and 
z8  >•  a  coskx  cosky,  where  k  >■  2tt/X  and  X  is  the  wavelenth  of  the 
topography.  Figure  la  shows  profiles  over  the  summits  while 
Figure  lb  shows  velocity  perturbations  as  contours  in  the  (x,() 
plane  for  the  2D  case  [(  ■  In ( (z+z0) /Zq)  is  a  stretched  vertical 
coordinate] ,  The  upper  boundary  condition  used  for  these  runs 
was  AU  •  o  on  z  -  X.  Velocity  perturbations,  pressure  and 
surface  shear  stress  perturbations  for  3D  topography  are  all 
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slightly  lower  than  for  flow  over  2D  terrain. 

In  addition  to  other  applications  the  model  can  be  applied  to 
problems  of  boundary- layer  parameterization  in  regional  and 
global  NWP  and  climate  models.  Moderately  steep  topography  will 
cause  an  additional  pressure  drag  in  a  shear  flow,  even  in 
neutral  stratification.  Fig  2  shows  form  drag  results  (A-  is  the 
x  component  of  form  drag  per  unit  surface  area  normalised  by 
upstream  shear  stress,  pu*0  ,  and  by  the  square  of  the  hill  slope 
(ak)2)  for  modestly  sloped  topography  as  a  function  of  A/z0.  Two 
dimensional  topography  clearly  produces  more  drag  than  three 
dimensional  topography,  Me  also  find  that  the  predicted  form 
drag  coefficients  are  affected  by  dimension  and  by  turbulence 
closure.  In  general  the  discrepancies  between  models  with  lower 
order  closure  and  higher  order  closure  and  between  2D  and  3D 
results  are  both  of  order  100%.  Non-linear  effects  on  form  drag 
are  slope  dependent,  but,  at  moderate  slopes,  appear  to  be  rather 
weak.  The  strong  dependence  of  form  drag  on  turbulence  closure 
indicates  that  accurate  prediction  of  form  drag  by  numerical 
models  may  prove  difficult.  This  is  discussed  in  more  detail  in 
Xu  et  al  (1994)  and  Xu  and  Taylor  (1994) . 


Preliminary  Finite  Difference  Model  Results  for  weakly  stratified 

constant .flux  layer  flows 


The  finite  difference  model  used  is  an  extension,  for  stratified 
flows  and  non -orthogonal  coordinates,  of  the  one  presented  by 
Gent  and  Taylor  (1976) .  Equation  (1)  above  is  modified  to 
include  buoyancy  forces,  making  the  Boussinesq  approximation. 
The  vertical  component  then  becomes, 


dW 

It 


+  C7- 


dw 


1  (  du'w'  dw^ 


(3) 


We  also  solve  the  thermodynamic  equation  and  buoyancy  forces  give 
rise  to  terms  in  the  Reynolds  stress  equations.  The  turbulent 
kinetic  energy  equation,  used  in  the  E-kz  model,  then  becomes, 


dE 

Tt 


;!f  ■ 


,dE 

"Si' 


(4) 


i  si*?*: 


In  addition,  for  models  with  a  turbulence  closure  requiring  them, 
we  must  modify  the  mixing  and  dissipation  length  scales  to 
account  for  stability  effects.  Within  the  E-kz  model  we  use 
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1  «  K  { z  +  Zq ) / ( 1  +  5(z  +  z0)/L) 

(s: 

and 

ld  ■  k(z+z0)/(1  +  4(z+z0)/L) 

(6 

The,  local,  Monin-Obukhov  length,  L  is  given  by, 

L  *u«260/ (xg0.) 

(7 

where  u,  -  ( r/p ) 1/2  and  the  downward  heat  flux, 

-H  -  pc_0,u* 

Additional  adjustments  are  made  to  account  for  the  non -orthogonal 
coordinate  system  (see  Taylor,  1977  for  details) .  The  models 
have  initially  been  tested  for  constant  flux  layers  using  various 
stabilities  and  surface  wave  amplitudes  with  rigid  lid  upper 
boundary  conditions.  These  equations  are  transformed  from  the 
( x , z )  to  a  stretched,  terrain-following  (x,()  coordinate  system, 
where  the  stretching  is  performed  to  reflect  the  near  surface 
logarithmic  and  far  surface  linear  characteristics  of  the 
horizontal  velocity  profile  of  a  stably  stratified  constant  flux 
layer.  A  staggered  grid  is  imposed  on  the  domain  in  (x,{)  space 
and  an  implicit,  forward  in  time,  centered  in  space,  finite- 
difference  numerical  scheme  based  on  the  equations  of  motion  iB 
implemented  to  find  the  steady-state  solution.  Pressures  are 
treated  via  the  method  of  artificial  compressibility. 

In  the  simplest  stratified  case  the  flow  is  assumed  to  be  driven 
by  a  horizontal  shear  stress  and  vertical  heat  flux  applied  at 
the  top  of  the  computational  domain  and  the  stable  stratification 
is  described  by  a  real,  positive  Monin-Obukhov  length  L 
determined  from  these  turbulent  fluxes.  However  this  idealised, 
constant  flux  layer  approach  gives  unrealistic  temperature 
gradients  and  velocity  shears  in  the  upper  part  of  the  domain 
which  trap  upwardly  propagating  waves  and  severely  limit  the 
range  of  atmospheric  flow  situations  that  can  be  modelled. 

In  order  to  provide  realistic,  specified  initial  or  undisturbed 
profiles  of  buoyancy  frequency,  N,  and  mean  velocity,  U,  as  well 
as  permit  steady  state,  spatially  periodic,  boundary-generated 
wave  solutions,  we  are  now  introducing  artificial  Bource 
functions  for  heat  and  momentum.  We  justify  this  on  the  basis  of 
a  separation  between  1/N  and  the  time  scale  for  the  evolution  of 
the  boundary  layer  profiles.  The  appropriate  source  functions 
Sm,  Sh  can  be  found  from  the  equations  of  motion  for  horizontal 
homogenous  flow  with  the  specified  velocity  and  buoyancy 
frequency  profiles.  After  specifying  U(z)  and  N(z),  the  TKE 
equation  is  integrated  in  time  until  a  steady-state  is  achieved. 
The  stress  and  heat  flux  can  then  be  computed  within  the  momentum 
and  heat  equations  to  obtained  the  source  functions  Sm  and  Sh. 
Since  the  near  surface  flow  situation  is  that  of  a  constant  flux 
layer,  U(z)  and  the  mean  potential  temperature,  0(z),  specified 
by  N(z),  should  be  near  logarithmic  sb  z  approaches  0.  The 
source  functions  are  introduced  into  our  two-dimensional  model  by 
substituting  z-zB  for  z  in  the  terrain- following  coordinate 
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system.  Similarly,  the  U,  0  and  E  profiles  are  used  to  specify 
the  initial  flow. 


The  finite-difference  model  has  been  tested  following  the 


constant  flux  layer  approach,  with  S_  -  Sh  -  0 .  The  results  point 
to  the  disadvantages  of  this  approach  as  described  earlier.  The 


model  achieved  steady-state  results  only  for  weak  stratification 
represented  by  relatively  large  Monin-Obukhov  lengths.  As 
expected,  the  steady-state  results  for  weak  stratifications 
reveal  a  total  absence  of  internal  gravity  waves.  The  near 
surface  streamlines  and  the  corresponding  Froude  numbers  are 
shown  for  flow  over  a  sinusoidal  hill  of  amplitude  a-250z0  and 
wavelength  X  -  10000zc  with  L  -  50O0zo  in  Figure  3.  The  Froude 
numbers  are  comparable  to  those  at  similar  heights  calculated 
from  a  constant  flux  layer  flow  over  a  flat  surface  under  the 
same  stratification.  Even  if  the  flow  is  altered  so  that  the 
Froude  number  (F  ■  U/NX)  is  restricted  to  less  than  unity, 
internal  gravity  waves  would  still  be  absent  since  the  numerical 
solution  would  be  distorted  by  waves  reflected  downward  from  the 
rigid  lid  upper  boundary  used  in  these  simulations,  as  indicated 
in  Fig  4a. 


We  therefore  require  upper  boundary  conditions  which  would  allow 
upward  propagating  waves  to  radiate  out  of  the  computational 
domain.  In  order  to  adapt  the  model  for  use  at  strong 
stratification  and  to  satisfy  the  Froude  number  constraint,  the 
initial  velocity  profile  U(z)  is  modified  using  source  functions 
so  that  it  remains  unchanged  from  the  constant  flux  profile  in 
the  lower  portions  and  asymptotically  approaches  a  constant  value 
U0  far  above,  while  the  temperature  profile  is  essentially  the 
same  as  before  (see  Fig  4b!  .  As  a  result  of  the  stable 
stratification  and  reduced  shear  the  flow  far  above  the  surface 
is  now  non- turbulent .  A  wave  transmitting  upper  boundary 
conditions  can  be  found  by  considering  the  steady-state  periodic 
solution  to  the  equations  of  motion  in  this  non-turbulent  region, 
as  in  the  method  proposed  by  Klemp  and  Durran  (1983)  .  At 
present,  a  suitable  set  of  upper  boundary  conditions  has  been 
found,  which  we  are  in  the  process  of  testing. 

It  is  anticipated  that  results  with  specified  U  and  N  profiles 
will  be  available  in  the  near  future. 
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Figure  1  Velocity  perturbations  for  flow  over  2D  and  3D  waveB, 
ak-0.157,  \/z0mlO*.  a)  at  the  summit  from  2D  and  3D  models,  b) 
contours  in  (x, f)  apace  from  the  2D  model. 
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Fig  2  Form  drag  coefficients  {Ap)  for  flovr  over  2D  and  '3D 
sinusoidal  terrain.  E-kz  and  LRR  closures,  ak  -  0.157. 
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Fig  3  Finite  difference  model  results  for  flow  over  sinusoidal 
terrain.  Basic  flow  is  a  constant  flux  boundary- layer .  Froude 
numbers  are  numerical  values  at  selected  gridpoints .  Note  that 
all  lengths  are  scaled  by  the  constant  roughness  length  z0. 
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Fig  4  Schematic  diagram  cf  temperature  and  velocity  profiles  in 
models  with  and  without  source  functions. 


8 


i 


Direct  Numerical  Simulations  and  Experiments 
on  a  Stably  Stratified  Turbulent  Boundary  Layer 

I.R.  COWAN  AND  R.E.  BRITTER 

Department  of  Engineering,  University  of  Cambridge.  Trumpington  Street , 

Cambridge,  CB2  1PZ,  UK. 

Abstract.  Direct  numerical  simulations  (DNS)  and  wind-tunnel  experiments  have  been 
undertaken  on  an  incompressible,  smooth-walled,  low  Reynolds  number  turbulent  boundary 
layer  (Re$  <  900)  over  a  flat  plate,  with  injection  of  fluid  through  a  slot  in  the  upstream  end 
of  the  plate.  The  injection  of  a  mixture  of  ambient  and  dense  gas  served  to  trip  the  boundary 
layer  as  well  as  providing  a  stable  density  stratification.  A  finite  difTerence/volume  code  with 
no  turbulence  model  was  used  for  the  simulations,  and  the  number  of  grid  cells  employed 
(255x96x96)  was  found  to  be  adequate  to  resolve  most  of  the  turbulence  scales.  Experimental 
measurements  were  made  in  a  low-speed  wind-tunnel  of  the  velocity  and  concentration  field. 
Examined  here  are  the  effects  of  a  stable  stratification  upon  the  boundary  layer  entrainment 
and  upon  the  large-scale  turbulence  structure. 

Keywords:  DNS,  experiments,  stable  density  stratification,  boundary  layer 

1  Introduction 

A  number  of  studies  have  been  made  of  stably  stratified  wall  shear  flows,  with 
various  methods  for  introducing  the  buoyancy  into  the  flow  —  see  Cowan  &  Britter 
(1994)  for  a  summary.  A  novel  technique  for  the  buoyancy  injection  was  suggested  by 
Britter  ( 1988),  and  has  been  investigated  by  Cowan  ( 1994).  This  is  drawn  schematically 
in  figure  1.  The  buoyancy  was  introduced  into  the  flow  at  the  start  of  the  turbulent 
boundary  layer  —  a  mixture  of  ambient  and  dense  gas  was  injected  through  a  slot 
in  the  wall,  just  downstream  of  a  boundary  layer  trip.  The  injection  served  to  mix 
the  source  fluid  throughout  the  boundary  layer,  so  that  a  stratified  boundary  layer 
developed  downstream. 


q. 


Figure  1:  Schematic  of  the  injection  of  buoyancy  into  the  boundary  layer  flow. 

This  model  flow  has  two  main  advantages  over  previous  studies:  firstly,  the  stratifi¬ 
cation  effects  can  be  parameterised  by  a  bulk  Richardson  number.  Rij,  dependent  only 
upon  the  source  conditions:  secondly,  the  buoyancy  and  the  boundary  layer  develop 
downstream  under  the  same  turbulence  scales,  in  contrast  to  the  situation  of  a  dense 
plume  growing  inside  a  boundary  layer.  The  bulk  Richardson  number  is  defined  in 
figure  I.  where  r/,  is  the  volume  flow  rate  per  unit  span  of  injected  (source)  fluid,  p  the 
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fluid  density,  g'a  —  g{p,  -  po)/po  the  reduced  gravity  and  f  r«,  t.lie  free-streatn  velocity. 

Tlie  practic  elevance  of  this  study  is  in  meteorology  and  industrial  hazard  assess¬ 
ment,  where  redo.  *d  turbulence  levels  can  have  a  significant  effect  on  the  atmospheric 
conditions,  and  upon  the  rate  of  dilution  of  a  conventional  pollutant  or  accidental 
release. 


2  The  computational  code 

The  finite  volume  code  used  for  the  simulations  was  a  modified  version  of  that  used 
by  Voko  k  Gavrilakis  (1993).  and  integrated  the  instantaneous,  Boussinesq  equations 
for  momentum  and  concentration  (see  Cowan,  1991,  for  further  details): 


ou, 

,  mu  i  dP  { 

PV i 

Ql 

Oij  po  Ox, 

"  0,J 

d  0 

() 

«<*>  +  - 
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/>i> 
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Outflow 


Slot  ir  ction 


Figure  2:  Simulation  domain. 

This  paper  uses  the  notation  V  =  V  +«,  where  the  bar  denotes  a  time-average,  for  the 
Reynolds  decomposition  of  quantities. 

Some  of  the  boundary  conditions  on  the  simulation  domain  (see  figure  2)  were:  a 
Blasins  laminar  velocity  profile  at  inflow;  a  periodic  boundary  on  the  side  walls  (ho¬ 
mogeneity  assumed  in  the  spanwise  direction):  a  fixed  vertical  velocity  distribution  on 
the  top  wall  (to  ensure  a  constant  froe-stream  velocity,  f'.v);  the  “advective”  boundary 
condition  of  Gao  rt  <il.  ( 1991 )  at  outflow.  A  turbulent  boundary  layer  was  formed  from 
the  laminar  inflow  profile  using  a  numerical  "trip",  aided  by  the  slot  injection.  An 
injection  velocity  of  0.05  ms-1,  or  5%  f^-,,  was  used  for  all  the  simulations.  The  slot 
position  (measured  from  the  inflow  plane,  x  =  0)  was  r  =  0.71  — »  0.80m. 

A  stretched  vortical  mesh  was  employed,  giving  improved  resolution  near  the  wall, 
whilst  the  spanwise  and  longitudinal  meshes  were  uniform.  The  domain  size  was 
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(3.0m, 0.3m. 0.3m),  with  (255.96,96)  gridcells  in  thp  (.r.j/.r)  directions,  giving  mesh 
resolutions  of  (39(+,  10f+-*39f+,  I0f+),  where  t+  —  u/u.  is  one  viscous  unit.  Profiles 
of  mean  velocity  r/c.  were  taken  at  a  distance  of  ,rm  =  2.59m  downstream  of  the  in¬ 
flow  plane.  Table  1  lists  the  Reynolds  numbers,  based  upon  momentum  thickness,  at 
this  position  (Re*?)  and  the  bulk  Richardson  numbers  (Rii,)  for  the  three  simulations 
performed.  The  runs  each  required  210Mb  of  memory,  and  were  performed  on  the 
Cray  YMP8  at  the  Rutherford  Applpton  Laboratories.  UK.  Full  resolution  of  all  the 
turbulent  scales  proved  not  to  be  possible  with  the  available  resources,  and  the  minor 
effects  this  had  on  the  velocity  field  are  discussed  in  Cowan  ( 1994). 


Ladei, 

Rib 

(Res)  m 

Rln 

0 

870 

R2b 

0.025 

800 

R3S 

0.035 

790 

Table  I;  Simulation  details. 


3  Simulation  data 

A  stable  stratification  generally  damps  vertical  motions  since  IIicro  require  work 
against  gravity.  These  vertical  motions,  however,  are  highly  important  to  the  entrain¬ 
ment  and  mixing  of  the  boundary  layer,  and  both  these  aspects  will  be  shown  to  have 
bpcn  significantly  affected  by  stability  in  this  study.  A  full  consideration  of  all  the 
simulation  data  is  not.  possible  here,  and  so  focus  is  restricted  to  this  one  aspect,  of  the 
effect  of  stability. 

Figures  3a  and  3b  plot,  two  boundary  layer  integral  parameters  against  downstream 
distance:  t he  skin  friction  coefficient,  cj  =  r„./  and  the  "entrainment"  thickness. 

A,  ss  fi  ~  fi‘,  which  is  defined  as  the  difference  between  the  boundary  layer  thickness, 
(i.  and  tiie  displacement  thickness,  fi'  =  (l  —  F/7'..y.)  dy.  An  entrainment  velocity, 
representing  the  rate  of  increase  of  volume  flow  rate  in  the  boundary  layer,  can  be 
derived  as:  i =  d6,/tl. r. 

Reductions  in  the  downstream  growth  rale  of  the  entrainment  thickness  (figure  3b) 
demonstrate  that  entrainment  of  tree-stream  fluid  into  the  boundary  layer  is  inhib¬ 
ited  by  stable  stratification  is  reduced).  and  suggest  that  large-sea1'*  turbulent 

mixing  is  suppressed.  This  reduces  the  ability  of  the  boundary  layer  to  transport  mo¬ 
mentum  from  the  free-stream  to  the  wall  region,  causing  a  reduction  in  mean  velocity 
shear  at  the  wall,  anil  thus  in  e /  (figure  3a), 

Figure  3e  plots  the  downstream  development  of  the  maximum  mean  concentration 
of  the  injected  fluid.  normalised  by  the  source  concentration.  ( Note  that  for 
this  type  of  flow,  occurs  at  the  wall:  =  (('),, i«>  =  C|,,=<n  After  the  initial 

mixing  and  rapid  dilution  near  the  sourer  (,r  <  1.5).  tin*  rates  of  decrease  in 
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x  (m)  X  (m) 


Figure  ;J:  Integral  parameters:  (a)  skin  friction  coefficient,  rf\  (l>)  entrainment  thick¬ 
ness,  6r\  (c)  normalised  ground  level  concentration,  Cm/r,;  (d)  concentration  thickness, 
It.  Key:  Rlnf — );  R2s(  — );  R3S(- • 

become  small  and  thus  difficult  to  compare.  Figure  lid  improves  on  this  by  plotting 
the  “concentration  thickness’',  defined  as  h  =  J'*..  Concentration  profiles 

are  roughly  similar,  hence  the  downstream  decrease  in  C„  is  due  to  entrainment  of 
ambient,  free-stream  fluid  into  the  boundary  layer.  The  observed  large  reductions  in 
dh/d. r  thus  imply  large  reductions  in  the  entrainment  for  the  stable  cases. 

These  changes  in  the  integral  parameters  are  symptoms  of  changes  in  the  turbu¬ 
lence  structure.  This  is  evident  in  figure  4,  which  plots  profiles  of  the  vertical  turbulent 
intensity  and  the  turbulent  shear  stress:  both  are  significantly  reduced  by  stable  strat¬ 
ification.  Vertical  fluxes  of  concentration.  TO,  are  similarly  affected. 

The  suppression  of  turbulent  shear  stress  may  be  linked  to  the  inhibition  of  large- 
scale  vertical  motions,  since  most  of  the  shear  stress  production  arises  from  the  near¬ 
wall  bursting  process  —  an  event  that  is  associated  with  large  vertical  ejections  of 
fluid  from  the  near-wall  region.  Reductions  in  the  shear  stress  cause  a  decrease  in  the 
turbulent  kinetic  energy,  and  lead  to  a  relaminarisation  of  the  boundary  layer  at  high 
levels  of  stratification.  An  analysis  of  the  terms  in  the  shear  stress  and  the  kinetic 
energy  budgets  found  that  this  collapse  in  turbulence  energy  was  due  to  an  inability 
to  maintain  a  shear  stress,  rather  than  due  to  an  inability  to  supply  (potential)  energy 
to  the  buoyancy  sink  term  in  the  kinetic  energy  budget.  This  is  in  agreement  with  the 
hypothesis  of  Arya  (1975). 
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Figure  4:  Simu'ation  data,  (a)  vertical  turbulent  intensity,  v'/U^\  (b)  turbulent  shear 
stress,  -EF/U^.  Key:  Rln(— );  R2s(-  -  -);  R3SC  •  ■) 

4  Experimental  data 

Flow  visualisation  was  undertaken  initially,  injecting  smoke  into  the  boundary  layer 
and  using  a  laser  sheet  to  illuminate  either  a  longitudinal  or  a  spanwjsc  slice  of  the 
flow  (see  Cowan,  1994).  For  neutral  conditions,  this  demonstrated  the  high  degree  of 
intermittency  in  the  outer  part  of  the  boundary  layer,  and  confirmed  the  presence  of 
large-scale  vertical  motions.  The  effects  of  stability  upon  these  motions  and  upon  the 
turbulence  levels  were  obvious  and  in  accordance  with  the  comments  of  the  previous 
section. 

Experimental  velocity  and  concentration  data  were  taken  with  a  single  hot-wire 
anemometer  and  a  flame-ionising  detector  (FID).  The  hot-wire  was  run  at  high  tem¬ 
perature,  rendering  it  insensitive  to  fluctuations  in  the  concentration  of  the  secondary 
gas,  carbon  dioxide  (after  McQuaid  &  Wright.  197.1).  Trace  quantities  of  propane  weir 
pre-mixed  with  the  injected  source  fluid,  allowing  the  FID  to  indirectly  measure  the 
source  fluid  concentration. 

The  experimental  data  was  broadly  in  agreement  with  the  extensive  results  from 
the  simulations  (see  Cowan,  1994).  Hence,  instead  of  repeating  the  above  analysis, 
we  present  here  time  series  of  instantaneous  concentration  at  three  positions  in  the 
boundary  layer,  for  neutrally  and  stably  stratified  cases  —  figure  5.  These  are  similar  to 
those  recorded  by  Stretch  ( 1986).  and  demonstrate  the  large  changes  in  the  probability 
distribution  of  the  concentration  with  height  in  the  boundary  layer  (see  figure  6).  Note 
that  this  data  can  also  be  extracted  from  the  DNS  simulations. 

Consider  the  neutral  data  first:  it  is  interesting  to  note  that  the  maximum  instan¬ 
taneous  concentration  is  roughly  constant  throughout  the  boundary  layer,  at  a  value 
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Figure  5:  Time  series  of  experimentally  recorded  instantaneous  concentration,  neutrally 
(a.c.e)  and  stably  (b,d,f)  stratified.  Heights  in  the  boundary  layer:  (a.b)  -  y/6  as 
1.0;  (c.d)  —  ,r//6  ss  0.6;  (e.f)  -  y/f>  s;  0.05. 


of  C'rn  (where  Cm  is  the  local  maximum  mean,  and  occurs  at  ground-level).  The  signal 
C{t.)  becomes  increasingly  intermittent  with  distance  from  the  wall,  so  that  the  proba¬ 
bility  density  function  (p.d.f.)  becomes  less  Gaussian  in  shape  —  at  y/6  =  0.6  (figure 
6c).  the  p.d.f.  has  a  second  peak  at  C  ~  0,  At  the  boundary  layer  edge,  the  p.d.f.  is 
near  exponential  in  shape  with  a  laige  peak  at  (’  —  0,  reflecting  the  high  intermittcncy 
of  the  signal. 

For  the  stable  data,  two  observations  may  be  made:  firstly,  the  maximum  instan¬ 
taneous  concentrations  are  attenuated  away  from  the  wall;  secondly,  the  intermittenry 
is  less  pronounced.  These  effects  cause  the  concentration  p.d.f.  to  be  less  skewed  and 
more  Gaussian  throughout  most  of  t  he  boundary  layer.  This  is  most  noticeable  when 
figures  5c  ,G.  5d  and  Cc  6d  are  compared.  Near  the  boundary  layer  edge,  however, 
the  signal  remains  intermittent  as  expected. 

An  explanation  for  the  changes  in  the  concentration  p.d.f.  may  lie  gained  by  assum¬ 
ing  t hat  the  inherent  intermittent  nature  of  the  nrutrnl  C{l)  data  is  due  to  large-scale 
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Figure  6:  Probability  density  functions,  of  experiment  ally  recorded  instantaneous 
concentration,  neutrally  (a.c.e)  and  stably  (b.d.f)  stratified,  Heights  in  the  boundary 
Inver:  (a,b)  -  y/6  ss  1.0;  (c,d)  -  y/fi  as  0.6:  (e.f)  u/b  as  0.0,r). 

vertical  motions,  so  that  the  FID  probe  samples  either  entrained  free-st renin  fluid 
(('  =  0)  or  rising  fluid  from  the  near-wall  region  (C  as  Small-scale  mixing  will 
give  intermediate  values  of  (\  smearing  the  p.d.f.  peaks  at  f  =  0  and  ('  =  f',„,  How¬ 
ever,  the  time-scale  of  the  large-scale  motions  is  assumed  short  enough  for  these  effects 
to  lie  generally  secondary  in  importance.  This  seems  to  be  substantiated  by  the  flow 
visualisation. 

As  we  have  seen  from  the  previous  section,  n  stable  stratification  suppresses  large- 
scale  vertical  motions,  so  that  in  the  middle  of  the  boundary  layer  rising  fluid  parcels 
will  not,  in  general,  have  come  from  the  near-wall  region,  but  from  somewhere  more 
local.  The  increased  importance  of  small-scale  mixing  means  that  these  parcels  will 
have  had  time  to  mix  locally,  thus  decreasing,  on  the  whole,  their  concent  rat  ion.  This 
leads  to  a  better  mixed,  more  (Jaussiaii  concentration  field,  with  less  interniittency 
over  most  of  the  boundary  layer,  in  agreement  with  measured  stratified  data. 
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5  Conclusions 

A  stably  stratified  turbulent  boundary  layer  lias  been  studied,  using  DNS  and  wind- 
tunnel  experiments.  Significant  changes  were  observed  in  the  entrainment  into  the 
boundary  layer,  and  in  the  profdes  of  the  vertical  turbulent  intensity  and  the  turbulent 
shear  stress,  This  was  attributed  to  a  suppression  of  large-scale  vertical  motions  by 
the  stable  stratification. 

Time  series  of  instantaneous  concentration  were  analysed,  and  remarks  made  on  the 
variations  in  the  concentration  p.d.f,  with  both  position  in  the  boundary  layer  the  level 
of  stratification.  These  changes  were  also  linked  with  the  suppression  of  large-scale 
vertical  motions. 

Wo  arc  grateful  to  Dr.  Peter  Vokc  for  his  help  in  sett  ing  up  the  simulations,  and  to 
C'ambustion  Ltd.  for  loan  of  the  FID  equipment. 
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Wijesekera  and  Dillon  (1991)  hypothesized  that  internal 
gravity  waves  could  be  generated  just  below  the  upper  ocean  mixed 
layer  as  a  result  of  convective  plumes  in  the  mixed  layer. 
Furthermore  they  demonstrated  that  these  waves  aould  propagate 
downward  and  generate  the  secondary  mixing  events  that  are  seen 
in  the  equatorial  thermocline.  We  have  designed  a  series  of  Large 
Eddy  Simulations  to  test  this  hypothesis. 

The  domain  for  the  Large  Eddy  Simulations  consists  of  a 
surface  turbulent  boundary  layer  overlying  a  stably  stratified 
region  in  the  upper  ocean.  The  boundary  layer  is  forced  by 
surface  cooling  with  no  wind  stress.  The  surface  cooling  has  a 
maximum  value  of  500  W/mJ  and  the  form  of  a  double  Gaussian  with 
a  half  width  of  27  m  in  the  x  direction  and  is  uniform  in  the  y 
direction.  We  impose  a  large-scale  mean  horizontal  velocity  field 
in  the  ocean  by  continually  nudging  the  velocity  field  toward  a 
prescribed  vertical  profile.  The  velocity  profile  varies  in  the 
vertical  and  allows  for  the  possibility  of  critical  layer 
absorption  of  the  downward  propagating  gravity  waves.  The  Cor¬ 
iolis  force  is  set  to  zero  to  simulate  equatorial  conditions. 

The  model  domain  is  200  meters  square  in  the  horizontal  and 
100  meters  deep.  The  numerical  grid  consists  of  75J  points  with 
uniform  spacing.  The  incompressible,  Navier-Stokes  equations  are 
solved  spectrally  in  the  horizontal  and  a  finite  difference 
scheme  is  employed  in  the  vertical.  The  diffusivity  is  variable 
and  depends  on  the  magnitude  of  the  subgrid  scale  energy,  A 
prognostic  equation  is  solved  for  the  subgrid  scale  energy.  The 
horizontal  boundary  conditions  are  periodic.  The  vertical  bound¬ 
ary  conditions  at  the  top  of  the  model  domain  are  the  imposed 
fluxes  of  heat  and  momentum,  at  the  bottom  the  boundary  condi¬ 
tions  radiate  gravity  waves  out  of  the  domain.  The  code  is  based 
on  the  atmospheric  Large  Eddy  Simulation  code  of  Moeng  (1984), 

The  imposed  surface  cooling  generates  convection  in  the 
initially  isothermal  surface  layer  significantly  increasing  the 


1 


level  of  resolved  scale  turbulent  kinetic  energy.  The  energy  is 
distributed  among  the  normal  Reynolds  stresses  as  predicted  by 
theory,  the  vertical  component  is  the  largest  and  the  maximum 
value  occurs  at  about  mid-depth  in  the  turbulent  layer.  The 
turbulent  boundary  layer  deepens  with  time.  The  frequency  spectra 
of  the  resolved  scale  fields  have  approximate  *5/3  slopes  in  the 
boundary  layer. 

Below  the  boundary  layer  the  results  display  a  high  fre¬ 
quency  Internal  gravity  wave  field  in  the  stratified  region  only 
when  the  mean  shear  is  imposed  on  the  flow.  The  wavelengths  in 
the  direction  of  mean  shear  are  approximately  2-3  times  larger 
than  the  wavelengths  in  the  direction  of  no  mean  shear.  The 
frequency  spectra  of  the  resolved  scale  fields  peak  near  the 
buoyancy  frequency  in  the  stratified  layer.  There  is  a  maximum  in 
the  resolved  scale  turbulent  kinetic  energy  at  the  critical 
layer. 

The  resolved  scale  kinetic  energy  budget,  heat- flux  budget, 
and  coherence  and  phase  relations  are  calculated  directly  from 
the  model  data  and  will  be  used  to  further  describe  the  physics 
of  the  wave  field  and  the  turbulent  boundary  layer. 
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TURBULENT  WAKES  IN  STRATIFIED  FLUIDS:  RESULTS 
OF  NUMERICAL  EXPERIMENTS 

Chernykh  G.G..  Moshkin  N.P.,  Voropayeva  O.F. 
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A  hierarchy  of  second-order  semi-empirical  models  of  turbulence  including  modified 
r  -  <  models  and  the  model  with  differential  equations  of  transformation  of  a  set  of 
Reynolds  stresses  was  used  for  the  numerical  simulation  of  turbulent  wakes  behind 
axisymmetrical  bodies  and  generated  by  the  wakes  of  internal  waves  in  stratified 
fluids.  In  order  to  simulate  above  flow  the  three-dimensional  parabolized  systems 
of  equations  were  used.  The  employed  finite-difference  algorithms  are  based  on  the 
method  of  splitting  into  physical  processes  and  spare  variables.  The  numerical  mod¬ 
els  of  the  far  turbulent  wakes  were  based  on  the  assumption  of  independence  wave 
motions  and  diffusion  processes  under  large  decay  time.  The  agreement  between 
the  calculated  characteristics  of  turbulent  wakes  and  well-known  experimental  data 
obtained  by  Lin  and  Pao  is  sufficiently  good.  Simplified  models  of  flow  have  been 
constructed.  The  calculation  results  for  turbulent  wake  characteristics  and  internal 
waves  generated  by  it  in  pvcnorline  are  presented. 

Turbulent  wakes  behind  the  axisymmetrical  bodies  in  stratified  fluids  have  been  stud 
iod  hy  several  authors  (for  details  see  references).  Shooley  and  Stewart  [1]  experimentally 
analyzed  the  turbulent  wake  behind  a  self-propelled  body  and  demonstrated  its  collapse 
and  wake-generated  internal  waves,  The  collapse  of  the  moment, umless  wake  in  linearly 
stratified  media  was  investigated  by  Merritt  [2],  Lin  and  Pao  carried  out  a  detailed  study 
of  turbulence  characteristics  in  turbulent,  wakes  behind  the  bodies  moving  in  a  linearly 
stratified  media  [3,4].  Experimental  analysis  of  internal  waves  generated  by  bodies  moving 
in  stratified  fluids  was  performed  by  Gilreath  and  Brandt  [.*>].  They  also  presented  their 
theoretical  estimates  of  internal  waves  including  a  case  of  the  wake  collapse  in  pyrnodine. 
A  series  of  st  udies  carried  out.  late  [6- 1 0]  was  concerned  with  the  flow  generated  by  a  sphere 
moving  in  the  stratified  fluid.  Different  flow  regimes  have  been  studied  versus  Reynolds 
and  Fronde  numbers  in  both  near  and  far  wakes.  Honneton,  Chomaz  and  Hoptinger  [1(1] 
experimentally  and  theoretically  studied  internal  waves  generated  by  a  sphere  moving  in 
linearly  stratified  fluid  in  great-  detail.  The  wake  wave  component  was  considered  as¬ 
sociated  with  coherent  wake  structures.  Voisin  [11]  carried  out  detailed  analysis  of  the 
experimental  dat  a  on  turbulent  wakes  decay  in  stratified  fluids  and  theoretically  estimated 
the  internal  waves  parameters. 

Onufriev  [12]  theoretically  studied  the  initial  stage  of  the  wake  development.  Donald¬ 
son,  Lewellon  and  I'eske  [13]  numerically  modelled  a  turbulent  wake  behind  a  self-propelled 
body  in  a  linearly  stratified  medium  and  the  wake  of  collapse-generated  internal  waves. 
Hassid  [4]  numerically  simulated  the  dynamics  of  turbulent  wakes  behind  self-propelled 
and  towed  bodies.  The  obtained  data  on  the  changes  in  the  characteristic  sizes  of  the 
wakes  and  changes  in  velocity  defect,  and  turbulence  energy  on  the  wake  axis  versus  the 
distance  hum  the  body  proved  to  be  in  good  agreement  with  the*  Lin's  and  Pan's  exper 
i mental  data.  Danilenku  and  Tolstykh  [14]  have  considered  the  turbulent  wake  behind  a 


sel  f- propel  It'll  body  as  an  example  of  the  application  of  the  stratified  flows  computation 
method.  The  construction  of  simplified  mathematical  models  of  the  far  turbulent  wakes 
(and  internal  waves  generated  by  it)  behind  the  body  in  a  linearly  stratified  fluid  was 
discussed  in  [15]. 

Our  analysis  of  the  results  obtained  by  the  known  to  us  researchers  of  the  numerical 
modelling  of  turbulent  wakes  in  stratified  fluid,  allowed  us  to  conclude  that  the  numerical 
models  are  not  sufficiently  complete.  In  particular,  there  are  no  numerical  modelling 
results  on  anisotropic  decay  of  the  intensities  of  turbulent  fluctuations  of  the  vertical  and 
horizontal  velocity  components  in  a  far  momentumless  turbulent  wake  in  linearly  stratified 
medium  experimentally  obtained  in  [3].  We  attempted  to  fill  those  gaps  in  this  problem. 

I.BHsic  equations.  In  order  to  describe  the  flow  in  the  far  turbulent  wake  behind 
an  ax i, symmetric  body  in  a  stratified  medium  we  used  the  following  system  of  averaged 
equations  of  motion,  continuity  and  incompressibility  (in  Boussinesq  approach) 
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In  equations  ( I  )-(5)  =  f/0  —  V  stands  for  the  defect  of  the  averaged  streamwise  velocity 

component;  (■.  V,  14  designate  the  velocity  components  of  the  averaged  motion  along  the 
axes  J\y,z\ p,  is  the  pressure  deviation  from  the  hydrostatic  state  due  to  the  stratification 
p,(r);  /  ’n  is  the  velocity  of  the  incident  nonperturbed  flow;  ij  is  the  acceleration  due  to 
gravity,  (/»,)  is  the  averaged  density  defect  p^  =  p  -  p,,pa  =  p,(z)  is  the  density  of 
unperturbed  fluid;  p0  =  p,(0);  primed  symbols  denote  the  fluctuating  components.  (  )is 
tlu*  averaging  sign.  I  lie  flow  density  is  assumed  a  linear  function  of  the  temperature: 
stratification  is  assumed  to  be  weak  and  stable,  In  the  right-hand  sides  of  Kqs.  (I) 
(!)  the  terms  containing  the  derivative  with  respect  to  ;r  have  been  omitted  under  the 
assumption  of  their  smallness  as  well  as  co-factors  in  the  form  of  the  coefficient,  of  the 
laminar  viscosity  or  diffusion. 

I  lie  system  of  equations  (l)-(5)  is  lion-closed,  here  3  dosed  mathematical  models  of 
flow  are  considered.  Ill  the  first  of  them  (Model  1)  in  addition  to  equations  (!)-(*>)  the 
equation  of  turbulence  energy  <  balance  are  invoked  as  well  as  the  equation  of  rate  of 
energy  dissipation  s  into  heat.  1  he  values  of  the  tensor  components  of  Reynolds  stresses 
(“>')  rtll<*  *3ic  vector  of  density  fluxes  (u\p')  were  determined  making  use  of  the  model 
of  loeally-equilibrium  approximation  similar  to  that  employed  [4],  In  Model  2  the  tensor 
components  of  Reynolds  stresses  were  found  by  employing  approximations  [Hi] 
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Tin1  components  of  the  vector  (u'p')  were  sought  in  the  same  way  as  in  Model  1 .  In  Model 
If  the  following  approximations  were  employed  for  the  values  (u'e'),  (u' «>') 
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dy 


dz 
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The  quantities  (i/2),  (u/2),  (u'u/)  were  determined  by  solving  ihe  corresponding 

differeni ial  transport  equations  [17,  Iff).  The  values  <■  and  e  in  Models  2,3  were  obtained 
from  the  equations  similar  to  those  of  Model  3  allowing  for  (ft),  (7).  In  all  the  mod¬ 
els  the  quantity  (p  2)  was  obtained  from  the  algebraic  relation  of  the  local-equilibrium 
approximation 
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J. Statement  the  problem.  Numerical  algorithms.  Marching  variable  x  in  the 
considered  problem  plays  the  role  of  time.  Initial  conditions  for  the  Models  1,2  at  some 
.i  -  .I-,,  wer<'  assigned  in  accordance  with  experimental  data  of  Lin  and  Pao  [3. 4]  similar  to 
those  taken  in  [4],  As  for  Model  3,  it  was  applied  only  for  the  calculation  of  momenturnless 
wake  characteristics  and  as  initial  data  it  employed  self-similar  solution  corresponding 
to  the  homogeneous  fluid  and  in  agreement  with  experimental  data  [3],  Por  the  sake 
of  symmetry,  the  problem  solution  was  sought  only  in  the  first  quadrant  of  the  plane 
Y  x  Z  with  the  corresponding  symmetry  conditions  laid  down  on  coordinate  axes.  The 
problem  solution  was  sought  in  the  sufficiently  large  rectangular  area  0  <  y  <  V,  0  < 
:  <  Z.  At  the  boundaries  of  the  rectangular  y  =  Y:s  =  Z  laid  down  zero  boundary 
condition-  of  the  value  of  velocity  and  density  defects,  turbulence  energy,  dissipation 
and  tensor  components  of  Reynolds  stresses.  Variables  of  the  problem  can  be  rendered 
dimensionless  on  making  use  of  the  length  scale  D  i.e.  body  diameter  and  the  scale  /’„ 
he  the  velocity  of  unperturbed  flow.  Let  us  also  introduce  (/q)  =  {p\)/aDp0.  As  a 
result  in  equations  rendered  dimensionless  g  will  be  substituted  by  the  quantity  4 ir/Fr'1 
where  Fr  =  Fn  -  l\)T/D  is  the  density  Froude  number,  T  -  2n  /  ^/ug  is  Vaisala-Brutit 
period,  a  -  — (1  / po)dpa/d;  if  ;  =  0.  In  numerical  modelling  of  the  flow  in  the  wake 
two  finite  difference  algorithms  were  employed.  Algorithm  1  is  based  on  explicit  splitting 
into  space  variables  for  the  equations  (1),  (4)  and  other  similar  equations  and  on  the 
application  of  an  implicit  splitting  into  physical  processes  to  the  system  of  equations  (2), 
(•,}).  (;>).  The  calculations  showed  the  possibility  to  use  a  two-dimensional  analogue  of 
incompressibility  equation  (5)  with  the  zero  right-hand  side.  In  this  case,  the  stream 
function  t,-  can  be  introduced  and  the  vortic.ity  u.'.  The  Tabulation  algorithm  using  these 
variables  (algorithm  2)  is  based  on  the  methods  of  splitting  into  space  variables.  The 
stream  function  was  obtained  through  the  solution  of  the  respective  Poisson  equation  by 
means  oi  ati  iterative  scheme  of  stabilizing  corrections.  Both  uniform  and  non-uniform 
grids  were  employed  condensing  towards  the  origin  of  coordinates.  The  algorithms  were 
tested  by  calculations  on  a  sequence  of  grids, 

.{.Calculation  results.  Figs.  1-3  show  the  Model  1  calculation  results  versus  experi¬ 
mental  data  obtained  by  Liu  and  Pao  on  the  drag  wake.  The  agreement  with  experimental 
data  and  Hassid  s  calculation  results  [-11  can  he  'onsidered  satisfactory.  Fig.  I  shows  the 
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litu-s  ( pi)/uDpo  ■—  const  for  the  time  value  t /T  =  x/UqT  —  1.5.  The  lines  are  represented 
by  the  following  levels  1  -  -.38  -10-',  2  -  -.25-10-',  3  -  0.0,  A  -  .2M0-2,  5  -  .90- IP-2.  6  - 
oil- HP1.  The  data  of  numerically  modelled  decay  of  the  momentumless  wake  in  linearly 
stratified  medium  are  shown  on  Figs.  5-13.  Calculation  results  on  Fig.  5  are  in  sufficiently 
good  agreement  with  experimental  data.  The  better  agreement  can  he  achieved  making 
use  of  Model  2.  Fig.  7  shows  the  time  variation  of  the  values  of  total  turbulence  energy 
F.  and  the  wave  energy  in  the  wake  P  (Fr  =  120,  Model  3) 


F  =  J  J tdi/iU.  P  =  J /(  — -7— - F  <  =  f/U,2,  1/  =  ij/l).  i  =  ;/!). 


It  is  clear  that  as  the  total  turbulence  energy  monotonously  decreases,  the  quantity  Pit  /T) 
become;7  actually  constant  at  t/T  >  1.5.  Such  behaviour  of  F,  P  is  the  evidence  of 
independence,  as  in  the  problem  of  dynamics  of  the  turbulent  fluid  region  [18],  diffusion 
and  wave  processes.  In  this  connection,  in  order  to  calculate  the  characteristics  of  the 
t  urbulent  wake  itself  diffusion  model  can  be  used  where  V'  =  W  =  0,  g  ^  0.  The  internal 
waves  can  be  calculated  by  Euler  equations.  Making  use  of  diffusion  m<  del  significantly 
reduces  the  size  of  the  grid  region.  In  the  case  of  pycnocline  the  simH,ified  models  can 
be  employed  at  large  l  values.  The  numerically  modelled  turbulent  wake  characteristics 
for  value  Fp  -  120  are  compared  with  laboratory  results  obtained  by  Lin  and  Pao  [3]  on 
Figs,  8-12.  Model  3  yields  the  satisfactory  agreement  of  fluctuations  intensities  dynamics 
of  the  horizontal  and  vertical  components.  In  Models  1,2  these  values  were  obtained  from 
the  respective  algebraic  representations.  It  is  possible  that  the  deviations  at  t/T  >  5 
on  Figs.  10.11  are  caused  by  noil-universal  initial  mathematical  models  with  respect  to 
turbulent  numbers  Rc  and  Pc. 

The  dynamics  of  the  turbulent  wake  in  the  fluid  with  non-linear  distribution  p, (;)  = 
Pd  —  ad  tanh  zj ,d,  R  —  0.3  is  illustrated  by  Figs.  13  -  15.  Figs.  13  -  1-1  show  the  stream 
function  lines  y>/U{)D  —  const  for  t/T  —  1,3  represented  by  the  following  levels  1  - 

-.483fi-IO-\  2  -  +.125II0-3.  3  -  +.255M0“a,  4  -  +.3851 -10-3,  5  -  +.515 M0“3,  (i 
+  .(>45M0-\  7  -  +  .7751  - 1 0-3,  8  -  +.9050  10-3.  9  -  +.1035  lO"2,  10  -  0.0.  Fig.  15  shows 
the  lines  of  equal  energy  e/e(/,  0,0)  =  const  characterized  by  the  following  levels:  1  -  0.01. 
2  0,01.  3  0.2.  1  -  0.3.  5  -  0.4,  0  -  0.5,  7  -  0.(i,  8  -  0.7.  9  -  0.8,  10  -  0.9.  Fig.  Mi-17 

for  the  sake  of  comparison  show  the  stream  function  lines  distributions  and  turbulence 
energy  for  linear  stratification  with  the  same  levels  as  Figs.  13-15.  It  can  he  seen  that 
both  t  he  towed  and  self-propelled  body  the  behaviour  of  internal  waves  in  linear  stratified 
fluid  is  in  qualitative  agreement  with  the  behaviour  of  internal  waves  generated  by  local 
perturbation  of  the  density  field  in  stratified  medium  [19], 

T  herefore.  the  developed  numerical  models  provide  the  satisfactory  description  of  tar 
Indent,  wakes  dynamics  in  stratified  medium.  Turbulent  diffusion  processes  are  fairly 
interesting  for  the  investigations  of  stratified  Hows.  The  experimental  data  of  Lin  and 
Pao  can  be  considered  a  good  test,  of  mathematical  models. 

1  his  study  has  been  supported  by  the  Russian  Foundation  of  Fundamental  Studies. 
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Abstract 

To  model  deep  convective  processes  in  a  stratified  ocean,  a  laboratory  experiment  was 
constructed  in  which,  for  convenience,  the  problem  was  inverted  and  a  convective  mixed 
layer  generated  by  a  localised  source  of  bottom  heating  in  a  rotating,  thermally  stratified 
fluid.  Following  the  initiation  of  the  heating,  a  column  of  heated  and  well-mixed  fluid 
forms  over  the  heated  plate  and  steadily  erodes  the  overlying  ambient  stratification.  Ro¬ 
tation  initially  confines  the  heated  fluid  above  the  central  plate  but,  as  time  progresses, 
the  front  separating  the  well-mixed  heated  fluid  and  the  surrounding  ambient  stratified 
fluid  becomes  unstable,  eventually  generating  a  field  of  baroclinic  vortices.  While  the 
heat  transport  process  is  complex,  temperature  and  velocity  measurements  are  used  to 
describe  the  evolution  of  the  flow  field,  and  the  development  of  the  flow  instabilities  and 
heat  transport. 

1.  Introduction 

The  mechanisms  of  deep  water  formation  are  a  subject  of  considerable  interest  due  to 
ckeir  important  role  in  affecting  deep  ocean  overturning  rates  and  residence  times,  the 
oceanic,  heat  transport  and  the  rate  of  oceanic  uptake  of  COj  (e.g.  Maier-Reimer  et  al. 
1993).  The  formation  of  deep  water  occurs  primarily  in  a  few  high  latitude  locations 
(e.g.  Gascard  1991)  in  which  intense  localized  surface  cooling  generates  fluid  which  is 
sufficiently  dense  to  penetrate  the  underlying  stable  density  stratification  associated  with 
the  seasonal  thermochne.  Early  work  on  deep  convection  has  been  reviewed  by  Killworth 
(1983),  and  more  recently  field  studies  in  locations  such  as  the  Greenland  Sea  (e.g.  Schott 
et  al.  1993a)  and  the  Golfe  du  Lion  (e.g.  Schott  and  Leamann  1991)  have  reported  direct 
observations  of  deep  ocean  convection  events.  Such  observations  are  difficult  to  make, 
however,  and  the  available  data  remain  sparse. 

Recently  Jones  and  Marshall  (1993)  have  used  a  nonhydroRtatic  numerical  model  to 
study  deep  convection  in  a  homogeneous  ocean.  In  general,  their  numerical  experiments 
supported  the  concurrent  laboratory  studies  of  Maxworthy  and  Narimousa  (1994)  in  ho¬ 
mogeneous  fluids  in  showing  the  formation  of  a  series  of  rotationally  controlled  plumes 
within  the  convective  chimney  which  eventually  go  baroclinically  unstable.  Maxworthy 
and  Narimousa  (1994)  extended  the  earlier  work  of  Fernando  et  al.  (1991)  by  exam¬ 
ining  the  dynamics  of  convection  in  a  rotating  homogeneous  fluid  when  the  source  of 
de-stabilizing  buoyancy  was  applied  over  a  finite  circular  portion  of  the  ur.  <er  horizontal 
boundary  in  a  circular  tank  with  salt  as  the  de-stratifying  medium.  They  confirmed  the 
observations  of  Fernando  et  al.  (1991)  on  the  transition  depth  hc  when  the  flow  field  made 
a  transition  from  fully  3D  turbulence  close  to  the  source  to  a  rotationally  controlled  turbu¬ 
lence  field  where  quasi-2D  vortex  structures  formed  and  characterised  the  flow  for  greater 
distances  from  the  source  of  buoyancy.  In  applying  their  results  to  the  field  observations. 
Maxworthy  and  Narimousa  (1994)  noted  that  the  transition  depth  he  was  usually  large 
compared  to  the  depth  at  which  convective  motions  have  been  observed  and.  indeed,  often 

t  Current  address:  Department  of  Physics,  Australian  Defence  Force  Academy.  Uni¬ 
versity  of  N.S.W.,  Canberra,  Australian  Capital  Territory. 
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large  when  compared  to  the  depth  of  the  ocean.  The  implication  for  the  homogeneous 
case  is  that  rotation  may  more  directly  affect  the  outflow  of  convectively  mixed  fluid  from 
a  convection  event  rather  than  directly  affect  the  small  scale  3D  turbulence  itself. 

Given  these  observations,  we  have  designed  an  experimental  program  in  which  the 
experiments  are  conducted  in  a  parameter  range  where  rotation  affects  but  does  not 
control  the  turbulence  {see  below)  and,  given  that  field  observations  indicate  that  a  stable 
background  density  stratification  is  typically  present  (e.g.  Gascard  1991),  our  experiments 
focus  on  the  case  of  a  stably  stratified  environment. 

2.  Experiments 

The  experiments  were  conducted  in  a  lm  diameter  by  0.5m  deep  circular  perspex  tank, 
double  walled  to  reduce  the  heat  losses.  The  outer  wall  was  octagonal  to  allow  undistorted 
horizontal  views  through  the  inner  circular  sidewall  of  the  tank.  To  model  the  surface 
cooling  observed  in  the  field,  we  heat  from  below  in  the  laboratory  accomplished  by 
centrally  mounting  on  the  base  of  the  circular  cavity  a  0.4m  diameter  copper  plate  whicn 
formed  the  upper  surface  of  a  heat  exchanger.  Thus  the  plate  could  be  heated  from  below 
by  pumping  hot  fluid  through  the  heat  exchanger.  Measurements  of  the  flow  rates  and 
temperature  drop  of  the  heat  exchanger  fluid  allowed  the  heat  flux  into  the  working  fluid 
to  be  determined.  A  false  bottom  in  the  tank  could  also  be  rotated  to  simulate  the  effect 
of  pre-conditioning  of  the  stratification.  The  entire  assembly  was  mounted  on  a  rotating 
turntable  revolving  at  a  constant  rate. 

The  temperature  changes  induced  by  the  heating  were  measured  with  a  rack  of  six  fast 
response  thermistors  which  could  be  vertically  traversed,  enabling  vertical  temperature 
profiles  to  be  obtained  at  a  1mm  resolution.  The  thermistors  were  fixed  in  the  rack  at 
the  six  different  radii  of  0,  0.1,  0.15,  0.2,  0.3,  and  0.4  m. 

The  velocity  fields  were  obtained  by  the  use  of  particle  image  velocimetry  (PIV)  as 
implemented  by  Stevens  and  Coates  (1994).  Here,  the  flow  was  seeded  with  finely  ground 
Pliolite  particles,  and  the  tank  was  illuminated  by  a  horizontal  laser  light  sheet.  From  a 
laser  mounted  external  to  the  rotating  table,  the  light  beam  was  passed  through  an  optical 
slip  ring  and  onto  a  pair  of  orthogonal  X-Y  scanning  mirrors  mounted  at  the  edge  of  the 
rotating  table.  The  sheet  produced  by  the  scanning  mirrors  waB  collimated  by  a  Fresnel 
lens  and  deflected  into  the  tank  by  a  large  45°  mirror.  The  scanning  mirrors  allowed  the 
sheet  to  be  located  at  any  depth  and  for  these  experiments  the  horizontal  5mm  thick  light 
sheet  was  regularly  traversed  through  the  mixed  layer.  The  experiments  were  recorded 
from  a  CCD  camera  onto  video  tape,  and  from  this  recording  image  pairs  were  extracted 
at  the  times  for  which  velocities  were  required.  The  velocities  were  then  determined  by 
a  cross  correlation  between  the  two  images  of  the  pair  obtained  a  short  time  A t  apart, 
typically  At  =  0.32s.  The  necessity  of  being  able  to  resolve  the  Pliolite  particles  limited 
the  field  of  view  of  the  CCD  camera  to  approximately  210  mm  x  300  inm. 

3.  Description  of  the  experiments 

We  focus  here  on  three  runs,  summarized  in  table  1,  covering  a  range  of  buoyancy  fluxes 
B  and  rotation  rates  /  =  4ir/T,  where  T  is  the  rotational  period.  All  experiments  had 
similar  initial  linear  stratifications.  We  describe  a  typical  run  (run  48)  to  demonstrate 
the  sequence  of  events  which  occurs  following  the  initiation  of  the  buoyancy  flux. 


Table  1:  A  summary  of  the  experimental  runs.  The  symbols  are  defined  in  the  text. 
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Figure  1:  The  tempera ture  structure  for  run  48  at  (a)  1.57" ,  (b)  3.5 T  and  (c)  4.07’, 
where  T  is  the  rotational  period.  The  centre  of  the  tank  is  located  at  R  =  0.0  m  and  the 
outermost  thermistor  is  at  R  =  0.4  m.  The  solid  thick  line  from  R  =  0.0  m  to  R  =  0.2  m 
marks  the  position  of  the  heated  plate.  From  the  temperature  data,  the  height  of  the 
mixed  layer  can  be  plotted  (d)  against  time,  where  the  solid  line  is  from  equation  (II). 


After  the  commencement  of  the  heating,  convective  plumes  began  to  rise  above  the 
copper  plate,  eroding  the  overlying  ambient  stratification,  and  by  1.5T  (fig.  la)  a  mixed 
layer  with  thickness  5  cm  has  developed  over  the  heated  plate  (the  thick  line  on  fig. 
1).  Initially,  rotation  therefore  has  the  effect  of  confining  the  convective  motions  to 
the  region  directly  above  the  heated  plate.  By  3.571,  the  mixed  layer  has  thickened  to 
approximately  8  cm  (fig.  lb),  but  there  has  also  been  a  partial  incursion  of  ambient  fluid 
over  the  heated  plate  and  these  lateral  adjustments  are  driven  by  the  lateral  temperature 
gradients  established  between  the  mixed  layer  and  the  stably  stratified  ambient  fluid.  By 
4. 07  (fig.  lc),  the  mixed  layer  has  reached  its  near  maximum  value. 

The  mixed  layer  height  can  be  estimated  by  taking  the  average  of  the  heights  as  mea¬ 
sured  by  the  three  innermost  profiling  thermistors  above  the  plate.  The  data  for  run  48 
are  plotted  in  fig.  Id,  and  show  the  steady  increase  of  the  mixed  layer  height  with  time 
with  a  maximum  value  at  t  w  5 T.  For  longer  times,  the  depth  measurements  arc  irregular 
due  to  the  inhomogeneous  nature  of  the  layer  as  a  consequence  of  strong  radial  motions 
and  the  identification  of  a  mixed  layer  becomes  difficult. 

Fig.  2  shows  the  development  of  the  horizontal  flow’  field  at  four  different  times  and 
heights  over  a  120°  quadrant  of  the  tank.  The  rim  of  the  heated  plate  is  marked  by  the 
dashed  line.  Three  main  regions  of  the  flow  ran  be  seen  in  fig.  2.  The  first  is  a  turbulent 


i 


I 


\ 


Figure  2:  The  flow  velocities  at  the  times  a  rid  heights  of  (a)  1.427',  9  mm;  (b)  3.477', 
10  mm;  (c)  3.627',  30  mm;  and  (d)  3.9 HT,  70  mrn  for  run  48.  Onlv  a  120°  quadrant  of 
the  tank  is  shown,  with  the  rim  of  the  heated  plate  marked  as  the  dashed  line.  The  table 
rotation  is  anticlockwise  (cyclonic). 


region  over  the  heated  plate,  where  the  small  scale  turbulent  motion  characteristic  of  the 
convective  plumes  can  be  seen.  Well  beyond  the  plate  there  is  a  quiescent  far  field,  and 
between  these  two  regions,  there  is  a  developing  azimuthal  flow  or  rim  current.  This 
current  was  rapidly  established  just  above  and  at  the  edge  of  the  heated  plate  by  1.4271 
(fig.  2a},  flowing  in  a  cyclonic  direction  (the  same  sense  as  the  table  rotation).  By 
3.477'  (fig.  2b)  tne  current  has  increased  in  strength  and  is  already  highly  distorted  by 
a  relatively  large  scale  wavelike  instability  in  the  current.  Conversely,  at  mid-height  of 
the  mixed  layer  and  only  slightly  later  (fig.  2c  at  3.62 T),  no  rim  current  can  be  seen  and 
only  the  turbulent  convective  motions  above  the  plate  are  visible.  Near  the  top  of  the 
mixed  layer  at  3.95T  (fig.  2d),  on  the  other  hand,  a  well  defined  rim  current  is  again 
visible,  now  flowing  in  the  opposite  (anticyclonic)  direction,  but  distorted  by  a  growing 
instability,  with  eddies  beginning  to  form.  For  longer  times  the  instability  continues  to 
grow  in  amplitude,  eventually  generating  six  eddies  around  the  periphery  of  the  heated 
plate. 

4.  Results 

Rotation  controls  the  turbulence  when  the  Rossby  number,  based  on  velocity  and  length 
scales  characterizing  the  turbulent  scales  of  motion,  is  small.  The  available  experimental 


I 


r, 

evidence  (llopfinger  et  al.  1983,  Floury  el  a!.  1991,  Fernando  ot  &1.  1991,  Max  worthy  and 
Narimousa  1994,  Coates  et  al.  1994)  suggests  the  critical  llossby  number  lies  in  the  range 
0.20  <  ltoc  <  0.44  and  the  corresponding  critical  length  at  which  turbulence  properties 
will  deviate  from  their  non-rotating  values  is  in  the  range 

mV13  (1  A1/a 

13(f)  <*.<«  (f)  •  (1) 

As  in  the  ocean,  he  is  large  compared  to  the  depth  of  the  stratified  fluid  in  the  present 
experiments  and  this  is  consistent  with  the  observations  of  Coates  et  al.  (1994)  who 
showed  the  vertical  and  horizontal  turbulent  velocity  scales  and  the  integral  scales  of  the 
turbulence  in  the  mixed  layer  were  independent  of  the  rotation  rate  and  given  by 

w  =  0.5(M)l/3,  u  =  0.3  and  /  =  0.25/».  (2) 

In  the  absence  of  rotational  effects,  when  a  constant  de-stabilizing  buoyancy  flux  B  is 
applied  at  the  horizontal  boundary  t  =  0  of  a  fluid  which  has  a  constant  density  gradient 
A' ,  a  well  mixed  layer  of  thickness  h  will  grow  according  to  (e.g.  Turner  1973) 

h  -  2 l/2BU3tl/3/N  (3) 

Ivey  et  al.  (1993)  demonstrated  that  the  deepening  law  in  (3)  is  valid,  and  the  prediction 

in  (3)  is  plotted  in  fig.  Id  for  comparison. 

Consider  now  the  case  where  the  buoyancy  flux  B  is  applied  over  only  a  finite  circular 
portion  L  of  the  horizontal  boundary.  The  mixed  layer  will  develop  only  over  the  segment 
/,  and  its  thickness  ft  will  grow  according  to  (3).  As  the  mixed  layer  deepens,  a  horizontal 
buoyancy  anomaly  is  now  developed  between  the  mixed  fluid  and  the  ambient  fluid  of 
strength 

g'  ~  N2h.  (4) 

The  fluid  will  attempt  to  adjust  horizontally  under  the  action  of  the  buoyancy  forces  in  a 
timescale  A'-1  but  rotation  will  limit  the  lateral  adjustment  scale  to 

Lr  ~  A h/f  (5) 

i.e.  the  Rossby  radius  of  deformation  based  on  mixed  layer  height  and  the  above  will  be 
valid  provided  Lr  <  L. 

Assuming  turbulent  effects  are  unimportant  in  the  mean  momentum  balance,  a  thermal 
wind  balance  prevails  due  to  the  maintained  horizontal  density  gradient  across  the  outer 
boundary  of  the  convective  region  of  the  form 


du  dg 

Th 


where  u  is  the  azimuthal  or  rim  current  that  must  develop  around  the  periphery  of  the 
convective  region,  and  r  is  the  radial  co-ordinate.  Substituting  (4)  and  (5)  into  (6)  yields 


or 


u  dg'  N'lh 
fTi  ~  dr  ~  Nk/f 


(7) 


(8) 
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Figure  3:  (a)  The  peak  non-dimensional  rim  current  plotted  against  the  height  r*  =  z/h 
for  the  two  runs  44  (V)  and  48  (□).  Also  shown  is  the  line  of  best  fit  computed  from  the 
data  within  the  mixed  layer  (0  <  <  1 ).  ( b)  The  instability  wavelength  plotted  against 

the  Hossby  radius  for  runs  42  (0),  44  (V)  and  48  (O).  Also  shown  are  the  data  for  runs 
50  (O),  51  (+)  and  56  (A)  from  Coates  et  a I.  (1994),  The  solid  line  A  =  2.!)Ln  is  the 
minimum  instability  wavelength  from  the  analysis  of  Samelsort  (1993)  while  the  dashed 
line  is  the  estimated  final  value  for  the  instability  wavelength,  given  by  A/  =  3.31/j. 


Thus  the  magnitude  of  the  rim  current  is  simply  the  local  buoyancy  velocity  scale,  and 
substituting  for  h  from  (3)  yields 

\  (9) 

A  Gaussian  curve  was  fitted  to  the  azimuthal  velocity  components  from  runs  44  and 
48,  and  the  position  and  magnitude  of  the  peak  in  the  rim  current  were  extracted  (see 
Coates  et  al.  1994).  These  maximum  velocity  data,  non-dimensionalized  using  (9),  are 
plotted  against  the  non-dimensional  height  z'  =  z/h  in  fig.  3a.  The  error  bars  for  the 
peak  velocities  in  fig.  3a  were  determined  as  the  rms  value  of  the  deviation  between  the 
fitted  Gaussian  curve  and  the  measured  values.  We  did  not  attempt  to  compute  rim 
velocities  by  the  above  procedures  beyond  about  t  ss  2.5 T  due  to  the  distortion  of  the 
azimuthal  swirl  of  the  rim  current  caused  by  the  growing  long-wave  instability  for  these 
runs.  The  standard  deviation  oyy  of  the  Gaussian  fit  also  allows  an  estimation  of  the 
width  of  the  rim  current  to  be  made.  Defining  the  rim  current  width  as  4<tw,  the  rim 
width  is  consistent  with  eq.  (5)  and  is  estimated  to  be  W  =s  (1.7  ±  0.7 )Ln- 
As  fig.  3a  shows,  the  predicted  magnitude  of  the  rim  current  from  equation  (9)  is  in 
good  agreement  with  the  observations,  especially  considering  that  the  velocity  data  are 
obtained  over  a  wide  range  of  depths  h  and  times.  If  the  radial  density  gradient  in  (6)  is 
constant  with  height,  then  from  (6)  the  rim  current  magnitude  in  fact  varies  linearly  with 
height,  as  is  the  case  shown  in  fig,  3a.  The  line  of  best  fit  to  the  data  within  the  mixed 
layer  (0  <  z‘  <  1)  is  in  dimensional  terms 

uP«k  =  -0.85/J1^1^  0  -  0  (10) 


where  h  is  given  by  equation  (3). 

The  other  feature  clearly  evident  in  fig.  3a  is  the  apparent  slow  decay  of  the  rim  current 
velocity  with  height  above  the  mixed  layer,  where  the  signature  of  the  rim  current  ran 


in  fact  be  detected  up  to  2h  before  it  has  decayed  to  2ero.  The  momentum  transport 
coefficient  applicable  above  the  mixed  layer  will  not  be  simply  the  laminar  viscosity,  since 
firstly  it  is  clear  there  are  periodic  incursions  of  mixed  layer  fluid  above  the  mean  height 
of  the  mixed  layer  and,  secondly,  there  is  very  likely  a  radiation  of  inertial-gravity  waves 
above  the  mixed  layer  into  the  overlying  fluid  which  will  effectively  transport  momentum 
into  the  stratified  ambient  at  rates  above  molecular  values. 

The  long  wave  instability  can  be  readily  identified  as  a  growing  along-front  perturbation 
in  the  rim  current.  The  scale  of  these  instabilities  was  determined  from  the  Tadial  velocity 
components  as,  once  the  instability  had  reached  a  finite  amplitude,  the  maximum  excur¬ 
sion  of  the  oscillation  corresponded  to  the  position  where  tne  radial  velocity  component 
went  to  zero.  Measuring  the  distance  between  these  zero  crossings  of  the  radial  velocity 
data  gave  a  measure  of  the  wavelength  of  the  instability.  In  each  run  the  observed  wave¬ 
length  increases  slowly  with  time,  a  result  also  observed  by  Nariinousa  and  Maxworthy 
(1987)  in  a  two  layer  model  of  the  instability  of  upwelling  fronts,  and  after  about  four 
periods  the  instability  wavelength  reached  a  maximum  value.  After  this  time,  the  excur¬ 
sions  due  to  the  instability  became  large  enough  to  break  off  into  independent  eddies, 
and  the  general  flow  structure  became  very  complex.  The  final  value  of  the  instability 
wavelength  A/  at  long  times  for  the  experiments  is  (Coates  et  al.  1994) 

A,  =  (3.3±0  .(i)LR  (11) 

where  the  Rossby  radius  Lr  is  defined  in  (5)  and  h  is  given  by  (3)  evaluated  at  time 
An/ f  when  the  base  geostrophic  flow  is  established.  This  estimate  of  the  final  wavelength 
is  shown  on  fig.  3b  as  the  dashed  line. 

The  stability  analysis  of  Samelson  (1993)  predicts  that  the  flow  should  be  unstable  to 
wavelengths  Ay  >  2.9  Lr.  shown  as  the  solid  line  in  fig.  3b,  with  the  fastest  growing 
wavelength  A /  =  5 Lr.  The  observed  wavelengths  are  thus  in  the  unstable  range  out  are 
smaller  than  the  wavelength  of  the  fastest  growing  mode  predicted  by  the  linear  instabil¬ 
ity  theory.  There  are  differences  between  tne  present  configuration  and  the  assumptions 
of  linear  stability  theory.  For  example,  linear  stability  theory  assumes  the  initial  distur¬ 
bance  is  composed  of  a  synthesis  of  waves  each  possessing  the  same  initial  (infinitesimal) 
amplitude  and  covering  all  possible  wavenumbers.  Conversely,  the  unsteady  base  flow  in 
the  experiments  is  perturbed  by  the  small  scale  convective  turbulence  in  the  mixed  layer 
which  has  a  preferred  length  scale,  the  integral  lengthscale  of  the  3D  convective  turbu¬ 
lence,  and  the  amplitude  of  the  perturbations  is  both  finite  and  effectively  distributed 
over  a  rather  narrow  band  of  wavelengths  centred  around  this  integral  lengthscale. 

In  summary,  while  linear  instability  theory  is  not  directly  applicable,  it  is  dear  that 
theory  and  experiment  are  consistent  in  showing  a  similar  dependence  of  the  unstable 
wavelengths  on  the  local  Rossby  radius.  Considering  the  overall  dynamics  of  deep  con¬ 
vection,  the  most  important  point  is  that  the  rim  current  becomes  unstable  to  baroclinic 
disturbances  and  this  subsequently  disrupts  the  convective  deepening. 

5.  Discussion 

Schott  et  al.  (1993a)  reported  results  from  a  current  meter  array  moored  in  the  central 
Greenland  Sea  in  the  winter  of  1988/89.  Vertical  velocities  of  up  to  3  ems" 1  associated 
with  plumes  estimated  to  be  of  350  m  in  horizontal  extent  and  extending  down  to  depths 
of  1400  m  were  reported  during  this  deep  convection  event.  I  he  surface  buoyancy  flux 
B  was  estimated  as  B  =  6  x  10-#tn2s-3  and  with  /  =  1.4  x  equation  (1) 

indicates  the  critical  depth  lies  in  the  range  1.9km  <  hc  <  ti.2km.  We  conclude  that 
the  observations  down  to  depths  of  1400  m  arc  thus  not  controlled  by  rotation  and  the 
observed  vertical  velocities  are  given  by  equation  (2)  yielding 

w  as  0.5 =  2.2cms“l,  l  as  0.25 h  350m 

in  agreement  with  the  observations.  Maximum  rim  current  velocities  after  5  days  would 
be  Tetris-1  (from  10)  at  the  top  and  bottom  of  the  converting  region  and.  while  Uv 
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event  lasts  longer,  the  current  is  likely  to  be  baroclinically  unstable  after  this  time.  As  in 
the  case  of  the  laboratory  experiments,  the  difficultly  arises  in  choosing  the  appropriate 
vertical  length  scale  to  use  in  equation  (3).  Consistent  with  the  methodology  above,  we 
estimate  the  appropriate  mixed  layer  depth  to  be  the  sum  of  the  initial  depth  of  350  m 
plus  the  deepening  from  equation  (3)  (using  N  =  4.2  x  10-4  s-1  from  Gascard  1991)  after 
i  =  4j r//,  yielding  a  scale  measured  from  the  free  surface  of  h  fcs  600m.  The  implied 
Rossby  radius  is  1.8km,  and  the  predicted  eddy  scale  is  then  6km  (from  11),  which 
seems  plausible  although  no  direct  estimates  were  reported  for  comparison.  Finally,  it 
is  important  to  note  (e.g.  Schott  et  al.  1993b)  that  the  velocities  in  (2)  are  turbulent 
velocity  scales  and  there  is  no  mean  vertical  velocity  associated  with  the  deep  convection. 

Acknowledgements:  This  work  was  supported  by  the  Australian  Research  Council. 
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1  Introduction 

1.1  Penetrative  convection 

When  a  convective  mixed  layer  forced  by  a  surface  buoyancy  flux  is  bounded  by  a  stably 
stratified  region,  convective  elements  may  overshoot  the  level  of  neutral  stability  and 
penetrate  into  the  region  of  stable  stratification.  The  region  into  which  this  overshoot 
occurs,  the  penetration  zone  or  entrainment  layer,  is  characterised  by  a  reverse  buoyancy 
flux.  In  the  atmospheric  planetary  boundary  layer  it  is  known  that  the  ratio  between 
the  negative  buoyancy  flux  and  the  surface  buoyancy  flux  is  typically  -0.2  (Deardorff  et 
ai  (60)).  Penetrative  convection  typically  results  in  a  steepening  of  the  density  gradient 
the  penetration  zone,  resulting  in  a  strong  pycnocline  bounding  the  mixed  layer.  In 
parameterising  convective  mixing  in  both  the  atmosphere  and  the  ocean,  it  is  important 
to  correctly  represent  the  penetration  zone,  since  it  is  through  this  region  that  properties 
are  communicated  between  the  surface  mixed  layer  and  the  stably  stratified  region. 

1.2  Influence  of  rotation  on  convection 

If  we  deiitr-'  the  convective  Rossby  number  as  the  ratio  of  advective  to  inertial  timescales: 
j to  =  w*/(fh )  where  w'  is  the  convective  velocity  scale,  h  is  the  mixed  layer  depth,  and 
/  is  the  coriolis  parameter,  and  w‘  ~  (Bh){lf3]  where  B  is  the  surface  buoyancy  flux,  we 
would  expect  rotation  *o  strongly  influence  the  convection  when  Ro  <  1  (Fernando  et  al 
(91)).  In  the  ocean  the  surface  buoyancy  flux  is  usually  significantly  less  than  that  in  the 
atmosphere,  so  th-'t  unlike  atmospheric  convection,  ocean  convection  may  be  significantly 
influenced  by  rotation.  Numerous  studies  of  non-rotating  penetrative  convection  have 
been  uade,  but  penetrative  det  pening  of  the  mixed  layer  in  the  presence  of  rotation  has 
received  little  attention,  although  there  have  been  some  recent  studies  of  the  entrainment 
cf  a  mechanically  forced  turbulent  mixed  layer  with  strong  rotation  (Fleury  et  al  (91)). 
Hence  the  following  simulations  will  examine  penetrative  convection  in  the  small  Rosr.by 
number  limit. 


1.3  Experimental  design 


W°  present  results  cf  several  simulations  of  convection  into  an  initially  uniformly  stably 
strat;fied  fluid.  The  simulations  are  distinguished  by  varying  rotation.  Our  model  docs 
not  incl  ude  the  '-fleets  of  salinity,  and  density  is  linearly  proportional  to  temperature.  The 
flux  Rayleigh  number  applied  at  the  upper  surface  is  held  constant  at  Raj  —  1.4  x  108 
and  is  defined  by 
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Figure  1:  (a)  Horizontally  averaged  temperature  <  T  >  (b)  Horizontally  averaged  tem¬ 
perature  gradient  d  <  T  >  / dz ,  at  t  =  0.05.  (i)  No  rotation,  (ii)  j  =  2500.0,  (Hi)  f  = 
8000.0  (non-dimensionalised).  Raj  =  1.4  x  108  and  initial  stratification  (dT/dz) o  =  0.1. 

where  g  is  the  gravitational  acceleration,  a  is  the  coefficient  of  thermal  expansion,  L  is 
the  length  scale,  v  is  the  viscosity,  k  is  the  thermal  diffusion  and  dT/dz  is  the  tempera¬ 
ture  gradient  at  the  upper  surface.  The  initial  stratification,  non-dimensionalised  by  the 
magnitude  of  the  temperature  gradient  at  the  upper  surface,  is  (dT /dz) o  =  0.1,  for  all  the 
simulations.  The  integration  domain  is  a  cuboid  volume  of  aspect  ratio  4x4x1,  spanning 
a  depth  of  z  -  -1.0,  to  z  =  1.0  non-dimensional  length  scales,  and  integrations  are  car¬ 
ried  out  at  a  resolution  of  128x128x65.  Boundary  conditions  are  stress-free  at  upper  and 
lower  surfaces  and  periodic  at  side  walls,  while  flux  boundary  conditions  are  applied  for 
temperature  at  the  top  and  bottom  ((dT/dz),-- j.o  =  (dT/dz) 0  and  (dT/dz),=y0  =  -1.0) 
(non-dimensionalised).  Results  of  these  simulations  are  examined  after  initial  transients 
associated  with  the  onset  of  convection  have  decayed  away,  and  the  mixed  layer  is  deep¬ 
ening  steadily. 


2  Influence  of  rotation  on  statistics 

2.1  Mean  temperature  profile 

Figure  1  shows  the  instantaneous  vertical  profiles  of  (a)  the  horizontally  averaged  tem¬ 
perature  and  (b)  its  gradient,  for  the  three  simulations  carried  out  at  varying  rotation. 
The  control  run,  having  no  rotation,  demonstrates  many  of  the  well-known  features  of 
penetrative  convection.  A  negative  temperature  gradient  is  confined  to  a  small  boundary 
layer  near  the  upper  surface,  while  the  mixed  layer  has  a  uniform  temperature.  Below 
the  mixed  layer  is  a  region  of  enhanced  temperature  gradient.  The  two  runs  with  strong 
rotation  show  significant  differences  from  this  control  simulation.  As  the  Coriolis  param¬ 
eter  increases,  an  increasingly  large  negative  temperature  gradient  is  maintained  in  the 
convectively  mixed  layer.  A  similar  negative  temperature  gradient  has  been  observed  in 
simuiati  .,s  of  Rayleigh- Benard  convection  (Julien  et  al  (94))  and  laboratory  experiments 
(Boubnov  and  Golitsyn  (91)).  Strong  lateral  mixing  generated  by  the  cyclonic  vortices 
associated  with  convective  plumes  in  rotating  convection  appears  to  inhibit  the  vertical 
mixing  process  The  enhancement  of  the  stable  stratification  in  the  penetration  zone 
observed  in  the  non-rotating  case  is  considerably  reduced  for  strong  rotation. 
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Figure  2:  Horizontally  averaged  convective  buoyancy  flux  <  w'T'  >,  at  t  =  0.05.  (i)  no 
rotation,  (li)  f  =  2500.0,  (Hi)  f  =  8000.0.  Parameters  as  in  figure  1. 

2.2  Negative  buoyancy  flux  in  penetration  zone 

Figure  2  9hows  the  instantaneous  buoyancy  flux  as  a  function  of  height  for  all  three 
simulations.  The  positive  buoyancy  flux  associated  with  the  convectively  mixed  region  is 
slightly  reduced  as  rotation  is  increased,  as  is  the  depth  at  which  this  buoyancy  flux  tends 
to  zero.  However,  much  more  significant  changes  are  observed  in  the  penetration  zone, 
where  significantly  less  negative  buoyancy  flux  is  observed  for  strong  rotation.  The  width 
of  the  region  of  negative  buoyancy  flux  is  also  considerably  reduced  at  high  rotation.  The 
two  rotating  cases  lo  not  show  much  difference  between  them.  It  is  to  be  noted  that 
the  magnitude  of  negative  buoyancy  flux  in  the  non-rotating  case  is  only  about  50%  of 
that  observed  in  atmospheric  convection,  an  indication  that  the  Peclet  number  of  these 
experiments  is  relatively  low,  where  Pe  =  w'h/n.  The  relatively  low  resolution  of  these 
simulations  means  that  k  is  large.  Higher  Peclet  numbers  will  require  higher  resolution 
simulations  and  are  the  focus  of  current  work  by  the  authors. 


3  Time-dependance  of  mixed  layer  parameters. 

3.1  Temperature  gradient  in  the  mixed  layer 

Figure  (3)  shows  the  temperature  gradient  in  the  center  of  the  muted  layer  as  a  function 
of  time.  For  the  non-rotating  case,  as  an  efficient  turbulent  convection  is  established, 
this  temperature  gradient  quickly  equilibrates  near  zero.  Both  the  rotating  cases  are 
significantly  non-zero,  with  the  magnitude  decreasing  as  mixed  layer  depth  increases  with 
time. 


3.2  Vertical  velocity  scale 

Figure  (4)  shows  the  maximum  value  of  rms  vertical  velocity  as  a  function  of  time,  indi¬ 
cating  that  rotation  significantly  reduces  the  vertical  velocity.  The  rotating  cases  show 
significantly  smaller  fluctuations  than  the  non-rotating  case,  probably  due  to  the  greater 
number  of  plumes  contained  within  the  volume,  over  which  the  horizontal  .average  is  taken. 
In  addition,  the  slope  of  the  curve  appears  to  be  different  for  the  two  rotating  experiments 
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Figure  3:  Horizontally  averaged  temperature  gradient  in  the  centre  of  the  mixed  layer,  as  a 
function  of  time,  (i)  No  rotation,  (ii)  f=  2500.0,  (Hi)  f=8000.0.  Parameters  as  in  figure 
1. 


Figure  4:  Maximum  value  of  rms  vertical  velocity  as  a  function  of  time,  (i)  No  rotation , 
(H)  f=  2500.0,  (lit)  f -8000.0.  Parameters  as  in  figure  1. 

as  compared  with  the  nonrotating  experiment. 

3.3  Mixed  layer  and  penetration  layer  depths 

We  may  define  the  mixed  laye;  as  either  the  depth  at  which  the  temperature  gradient  tends 
to  a  moderately  stable  value  (one  tenth  of  the  initial  stratification  was  chosen)  or  as  the 
depth  at  which  the  convective  buoyancy  flux  first  passes  through  zero.  Measurements  of 
the  mixed  layer  depth  defined  by  both  the  above  criteria  are  shown  in  figures  (5a)  and  (5b) 
respectively.  Also  shown  is  the  mixed  layer  depth  calculated  by  assuming  non-penetrative 
convection,  in  which  h  =  <J(2t(dT/dz)t=i  Q/(dT /dz)o  (after  non-dimensionalisation).  We 
see  that  the  depth  at  which  the  buoyancy  flux  passes  through  zero  shows  little  variation 
with  /,  while  the  mixed  layer  depth  predicted  from  the  temperature  gradient  is  slightly 
deeper  for  the  non-rotating  case.  All  are  less  than  the  non-penetrative  prediction,  but  of 
similar  tendency  with  time.  The  maximum  depth  of  the  penetration  zone,  defined  either 
by  the  depth  at  which  the  temperature  gradient  tends  to  the  background  value  (figure 
(6a)),  or  the  depth  at  which  the  buoyancy  flux  and  its  gradient  tend  to  zero  (figure  (6b)), 
is  significantly  less  for  the  two  rotating  cases  than  for  the  non-rotating  calculation.  Hence 
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Figure  5:  The  mixed  layer  depth  as  a  function  of  time,  (a)  The  depth  at  which  the 
temperature  gradient  tends  to  0.1  of  its  initial  value,  (b)  The  depth  at  which  the  convec¬ 
tive  buoyancy  flux  <  w'T'  >  passes  through  zero,  (i)  No  rotation,  (ii)  f=  2500.0,  (in) 
f=8000.0,  (iv)  non-penetrative  prediction.  Parameters  as  in  figure  1. 


Figure  6:  The  maximum  depth  of  the  penetration  zone,  as  a  function  of  time,  (a)  The 
depth  at  which  the  temperature  gradient  is  within  10 %  of  the  initial  value,  (b)  The  depth 
at  which  the  buoyancy  flux  is  less  than  10%  of  its  maximum  negative  amplitude,  (i)  No 
rotation,  (ii)  f=  2500.0,  (Hi)  f-8000.0.  Parameters  as  in  figure  1. 

the  width  of  the  penetration  zone,  defined  by  the  difference  between  the  maximum  depth 
of  penetration  and  the  mixed  layer  depth  is  significantly  reduced  at  strong  rotation. 

4  Discussion 

The  principle  differences  introduced  by  rotation  in  penetrative  convection  appear  to  be 
a  reduction  ir.  the  magnitude  of  the  negative  buoyancy  flux  and  in  the  width  of  the  pen¬ 
etration  zone,  a  reduction  in  the  velocity  scale,  and  a  significant  negative  temperature 
gradient  in  the  mixed  layer.  All  imply  a  less  efficient  transport  of  properties  in  the  vertical. 
The  reduction  in  the  magnitude  of  the  vertical  velocity  is  reminiscent  of  experiments  on 
unsteady  convection  into  an  intially  homogenous  fluid  performed  by  Jones  and  Marshall 
(93).  They  suggest  that  the  velocity  scale  for  rotating  convection  is  reduced  compared  to 
non-rotating  convection  because  the  horizontal  expansion  of  the  convecting  cells  as  they 


deepen  is  suppressed  in  accordance  with  the  Taylor-Proudman  theorem.  It  is  possible 
that  the  reduction  of  the  magnitude  of  the  negative  buoyancy  flux  is  due  to  the  lower 
Peclet  numbers  in  the  rotating  cases,  caused  by  the  lower  vertical  velocities.  However, 
the  magnitude  of  the  negative  buoyancy  flux  is  reduced  by  a  much  greater  proportion  than 
the  vertical  velocity  scale.  It  is  also  possible  that  reductions  in  the  horizontal  scales  of  the 
convecting  elements  by  rotation  (as  observed  by  Jones  and  Marshall  (93)  and  Julien  et  al 
(94)  for  example)  reduce  the  penetration  depth  of  the  elements,  if  the  depth  to  which  the 
plumes  penetrate  is  a  function  of  the  length  scale  of  the  vortical  circulation  associated 
with  the  plume  (eg  Breidenthal  (92)).  The  reduction  in  the  efficiency  of  vertical  transport 
of  properties  indicated  by  the  temperature  gradient  would  also  imply  less  efficient  vertical 
transport  into  the  stably  stratified  region,  and  hence,  reduced  penetration.  While  further 
analysis  and  simulations  will  be  necessary  to  resolve  these  questions,  these  preliminary 
experiments  make  it  clear  that  rotation  can  significantly  alter  the  mean  properties  of  the 
convective  mixed  layer,  and  its  effects  should  therefore  be  considered  in  ocean  mixed  layer 
models. 
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Abstract 

The  instability  and  weakly  nonlinear  dynamics  of  convective  motion  in  a  horizontal 
layer  heated  from  below  is  studied  when  the  upper  boundary  is  deformable  and  sup¬ 
portive  of  internal  gravity  waves.  The  linear  stability  is  defined  and  weakly  nonlinear 
evolution  systems  for  specific  modes  are  obtained.  It  is  found  that  a  strong  coupling 
between  a  long  gravity  wave  and  convective  motions  exists  leading  to  episodic  mixing 
events. 

1  Introduction 

The  phenomenon  of  thermal  convection  occurring  in  a  horizontal  layer  heated  from  below  has 
been  studied  extensively,  both  because  of  its  relevance  in  physical  contexts  and  its  utility  as 
a  model  for  pattern-forming  instabilities  and  transition  to  turbulence.  In  the  present  study 
the  coupling  between  convection  occurring  as  a  result  of  thermal  instability  and  wave  motion 
ir.  a  contiguous  layer  is  considered.  This  is  motivated  by  the  role  of  convective  transport  in 
mixing  processes  in  the  upper  ocean  or  in  the  troposphere.  In  either  case,  the  convective 
dynamics  occurs  in  a  layer  adjoining  a  stably  stratified  medium.  As  a  consequence,  convective 
motions  may  “resonate”  with  internal  waves  leading  to  enhanced  transport  and  even  wave 
breaking.  On  the  other  hand,  the  action  of  waves  in  a  region  next  to  a  convective  layer  may 
modulate  the  local  Rayleigh  number  and,  thereby,  effectively  inhibit  convective  activity,  at 
least  when  the  modulation  time  scale  is  sufficiently  short.  It  appears,  therefore,  that  off¬ 
setting  effects  exist  and  the  nonlinear  coupling  between  convection  and  internal  waves  can 
lead  to  some  non-trivial  dynamics  which  may  have  important  practical  implications,  it  is 
the  understanding  of  thes«  dynamics  that  is  addressed  here. 

2  Problem  Definition 

In  the  present  discussion  we  seek  to  clarify  the  basic  features  of  the  interaction  of  convection 
and  internal  waves  and  to  assess  the  significance  of  the  interaction  in  practical  contexts.  For 
this  purpose,  the  prototypical  model  shown  in  Figure  1  containing  the  minimum  structure  is 
employed.  It  consists  of  a  convecting  mixed  layer  bounded  frorr  below  by  a  non-deformable, 
stress-free,  plane  isothermal  surface  which  is  heated.  Above  the  convecting  layer  is  an  un¬ 
bounded  domain  of  homogeneous  fluid.  The  ambient  medium  is  immiscible  and  separated 
from  the  convecting  layer  by  a  deformable  interface  across  which  a  stable  density  change 


Sp  exists,  To  simplify  the  analysis,  we  invoke  the  Boussinesq  approximation  and,  for  con¬ 
sistency,  assume  the  density  anomaly  6p  across  the  interfacial  thermocline  is  small.  An 
important  dimensionless  parameter  6,  the  ratio  of  the  density  anomaly  to  the  magnitude 
of  the  (unstable)  density  change  across  the  convecting  layer,  emerges  which  measures  the 
deformability  of  the  free  interface.  When  6  is  order  one,  the  time-scale  for  convective  mo¬ 
tions  is  commensurate  with  the  period  of  long  gravity  waves  and  a  dynamical  coupling  is 
possible.  When  6  becomes  large,  the  time  scales  are  disparate  and  the  deformability  of  the 
interface  becomes  negligible.  This  is  the  case,  for  example,  at  the  air-water  interface  at  the 
ocean  surface.  The  formulation  of  this  problem  with  specification  of  the  interface  matching 
conditions  is  provided  by  Pavithran  &  Redekopp  [1994). 

To  isolate  the  essential  aspects  of  the  problem  we  focus  on  the  special  case  where  the  ambi¬ 
ent  fluid  continguous  with  the  convecting  layer  is  perfect  (i.e.,  inviscid  and  non-conducting). 
In  this  limit  the  ambient  fluid  is  “passive”,  but  the  capacity  to  support  an  internal  wave  at 
the  deformable  interface  exists.  The  parameter  6  defined  above  then  enters  via  the  normal 
stress  condition  which,  for  motion  in  the  (x,  z)  plane  with  respective  velocity  components 
(u,te),  can  be  expressed  as 

RaC  (s  +  4  P  +  “  Cr(u,  -f  Ulr)  +  Ci^r)  =0,  (1) 

where  subscripts  denote  partial  derivative  with  respect  to  the  indicated  variable.  In  writing 
this  expression,  where  the  Rayleigh  number  Ra  appears  in  addition  to  d,  wc  have  used 
dimensionless  variables  based  on  a  length  scale  equal  to  the  layer  depth  d  and  a  time  scale 
equal  to  the  vertical  diffusion  time  <P/k.  The  temperature  anomaly  0  is  scaled  by 
where  a  is  the  coefficient  of  thermal  expansion,  and  the  perturbation  pressure  p  is  scaled 
by  £)pr,  where  pt  is  a  reference  density  equal  to  the  static  value  at  the  lower,  isothermal 
boundary.  The  x  coordinate  is  in  the  plane  of  the  lower,  non-deformable  boundary  and  z 
points  upward  from  this  boundary.  The  condition  (i)  is  applied  at  the  disturbed  interface 
position  z  =  1  +  C(x,f).  A  mixed  thermal  boundary  condition  is  specified  at  the  interface 
which  allows  for  an  interracial  (convective  or  radiative)  heat  flux  so  that  an  equilibrium, 
hydrostatic  state  attained  by  heading  from  below  is  possible.  The  thermal  condition  which 
is  also  applied  at  the  defoimable  interface  located  at  1  +  £(x,<),  *s  g>v«n  by 

et  -  CA  =  ~B(*  -  ROv/f+cI  -  Ra  (/iTc?  -  l)  .  (2) 

The  dimensionless  parameter  B  appearing  in  this  relation  is  the  Biot  number  baeed  on  the 
heat  transier  coefficient  at  the  free  interface,  Tiie  left  hand  side  is  the  conductive  heat  flux 
in  the  convecting  !tyer  evaluated  at  the  position  of  the  deformed  interface.  Th?  right  hand 
side  gives  the  (convective  or  radiative)  heat  flur  from  the  interface  from  above  minus  the 
equilibrium  fiux  evaluated  at.  the  loeatien  of  the  oeformed  interface.  As  the  Biot  number 
becomes  large,  corresponding  to  very  efficient  heat  transfer  from  the  interface,  the  condition 
for  an  isothermal  surface  is  approached.  As  the  Biot  number  tends  to  vanish,  the  condition 
of  an  insulated  boundary  is  approached.  The  uue  of  the  Biot  number  in  this  single-laver 
model  is  helpful  for  distinguishing  the  different  modes  of  convective  instability  and  clarifying 
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different  limits.  The  remaining  boundary  conditions  at  the  interface  z  =  1  +  ((z,<)  are  the 
kinematic  condition 

w  =  (t  +  (3) 

and  the  vanishing  of  the  tangential  stress 

5(1  “  0(w«  +  “«)  +  <*(“>.  -  «x)  =  0.  (4) 

The  conditions  at  the  lower  non-deformable  boundary  correspond  to  those  for  an  imperme¬ 
able,  stress-free,  isothermal  surface. 


3  Summary  of  Linear  Stability  Results 


The  linearized  problem  for  the  convection  model  defined  above  admits  two  modes  of  instabil¬ 
ity  for  order-one  values  of  8  and  B.  There  is  a  short-wave  mode  which  exhibits  a  stationary 
bifurcation  at  onset.  There  is  also  a  long-wave  mode  with  an  oscillatory  instability.  The  co¬ 
existence  of  these  two  modes  was  found  by  Benguria  k  Depassier  [1987]  who  considered  the 
linear  problem  of  convection  in  a  horizontal  layer  with  an  order  one  density  change  across 
the  free  surface.  The  critical  Rayleigh  numbers  for  these  modes  also  vary  with  8  and  B, 
and  conditions  exist  where  the  short-wave  mode  can  dominate  over  the  long-wave  mode  and 
vice-versa.  For  example,  the  critical  Rayleigh  number  for  the  long-wave  mode  is  given  by 


Rae  =  180 


(B  +  l)2 

B  +  6  ' 


(5} 


One  observes  that  the  critical  Rayleigh  number  for  this  mode  is  independent  of  the  interface 
parameter  8  and  approaches  a  value  of  Ra«  =  30  when  the  interface  is  an  insulated  boundary 
(i.e. ,  B  =  0).  As  the  Biot  number  becomes  large  and  the  interface  approaches  an  isother¬ 
mal  boundary,  the  critical  Rayleigh  number  for  this  mode  tends  to  infinity  and  the  role  of 
this  oscillatory,  long-wave  mode  of  convection  vanishes.  At  intermediate  values  of  the  Biot 
number  a  mode  competition  can  occur. 

On  the  other  hand,  the  critical  condition  for  the  stationary  short-wave  mode  depends 
strongly  on  6.  For  asymptotically  large  values  of  6  and  B  — ♦  00,  the  critical  Rayleigh  number 
approaches  the  well-known  value  27ir4/4  for  convection  between  non-deformable,  isothermal, 
stress-free  boundaries  computed  first  by  Rayleigh  (cf.,  Chandrasekhar  [1961]).  Pavithran  k 
Redekopp  [1994]  derived  the  asymptotic  results  for  convection  with  these  boundary  condi 
tions 


Rac  ~ 


As  6  decreases,  the  critical  condition  for  this  mode  moves  to  lower  Rayleigh  numbers  and 
lower  wave  numbers.  This  is  indicated  by  the  bold  arrow  in  Figure  2.  The  variation  of  the 
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critical  Rayleigh  number  Ra<  and  associated  wave  number  kt  for  the  special  case  B  — *  oo  is 
shown  in  Figure  3.  One  observes  from  this  figure  that  the  critical  condition  for  this  mode 
moves  to  the  origin  of  the  Ra -k  plane  at  a  finite,  critical  value  of  6  =  6C.  The  critical  value 
of  6  for  arbitrary  Biot  number  is  given  by 


6c  3{B  +  1)' 


(7) 


With  isothermal  boundary  conditions  (i.e.,  B  — ►  oo),  6e  —  1/3,  the  value  indicated  by  the 
numerical  results  shown  in  Figure  3.  For  small  values  of  B,  the  critical  value  approaches 
6C  =  B/3. 


4  Nonlinear  Evolution  Equations 

Application  of  &  consistent  asymptotic  approximation  for  the  dynamics  in  the  vicinity  of  the 
critical  Rayleigh  number  for  the  onset  of  convective  motion  via  a  stationary  bifurcation  at 
finite  wave  number,  assuming  the  Biot  number  is  large  so  the  long- wave  mode  is  damped, 
leads  to  the  scaled  evolution  system 


At  — 

—ikcUA  +  nA  —  */HA  +  Axx  —  |j4|M, 

(8) 

Ht  = 

‘-Uz  +  aHxx-  v(\A\2)xx, 

(9) 

u,  = 

-0Hx  +  <t(\A\%  +  \Uxx. 

(10) 

In  this  system  A(x,t)  is  the  modulation  amplitude  of,  say,  the  vertical  velocity  cf  local, 
convective  motions  with  spatial  periodicity  2ir/ke.  H(x,  t)  is  the  slowly-varying  or  long-wave 
component  of  the  interface  deformation  which  has  a  corresponding,  horizontal  drift  velocity 
U{x,  t).  The  first  equation  is  consistent  with  that  obtained  by  Newell  &  Whitehead  [1969]  in 
the  case  where  U  »  H  =  0.  The  Doppler-shift  effect,  under  the  condition  f/  =  0  so  that  both 
boundaries  are  non- deformable,  was  shown  by  Zippelius  &  Siggia  [1983]  and  by  Coullet  k. 
Huerre  [1986]  to  have  an  important  dynamical  role  in  the  case  of  convective  patterns.  They 
demonstrated  that  the  marginal,  vertical- vorticity  mode  in  cases  with  stress-free  boundaries 
couples  effectively  via  the  Doppler  term  in  the  first  equation.  In  the  present  case,  a  strong 
dynamical  coupling  occurs  even  for  convection  in  the  plane  where  the  vertical  vorticity  mode 
is  not  active.  When  convection  is  absent  (i.e.,  A  —  0),  the  last  two  equations  describe 
the  linear,  non-dispersive  propagation  of  an  interfacial  gravity  wave  which  is  damped.  The 
degree  of  freedom  asociated  with  the  height  field  (or  compressional  mode)  gives  rise  to  a 
non-trivial  coupling  between  convection  and  waves  even  for  motion  in  a  plane. 

The  system  (8-10)  describes  convective  rolls  coupled  with  waves  whose  wave  number  is 
oriented  in  the  same  direction  as  that  for  the  rolls.  Strictly  speaking,  the  vertical  asym¬ 
metry  of  the  present  model  implies  that  the  planform  of  convective  motion  near  onset  is 
hexagonal  (see,  for  example,  Schluter,  Lortz  &i  Busse  [1965]).  However,  at  higher  values  of 
the  supercriticiality  measured  by  the  growth-rate  parameter  p,  rolls  can  become  the  stable 
configuration  of  convection.  This  has  been  confirmed  in  this  case  by  Pavithran  &  Redekopp 
[1991],  Hence,  it  is  believed  that  the  above  system  has  general  validity.  This  can,  ir.  "act, 
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be  established  by  appealing  directly  to  the  invariance  properties  of  the  underlying  equations 
for  the  problem.  The  principal  features  of  the  coupling  described  by  the  above  system  are 
the  generation  of  a  drift  current  (for  a  ^  0)  by  spatial  inhomogeneities  in  the  amplitude  of 
convection,  the  Doppler  shift  effect  of  the  drift  current  on  the  phase  of  the  roll  amplitude 
A(x,t ),  and  the  modulation  of  the  linear  growth  rate  (for  7^0)  through  the  variablity 
of  the  convective  layer  thickness  associated  with  the  concomitant  wave  field.  Self-nonlinear 
and  dispersive  effects  of  the  long-wave  drift  field  would  enter  the  latter  two  equations  at 
higher  approximations  in  the  asymptotic  sequence.  Preliminary  numerical  simulations  of 
the  system  (8-10)  reveal  that  the  convective  activity  can  be  uite  episodic.  As  convection 
ensues  at  super-critical  conditions,  energy  is  transferred  to  long  waves  which  both  modulate 
the  local  Rayleigh  number  and  radiate  away.  As  a  consequence,  the  convection  amplitude 
declines  until  a  quasi-steady,  super-critical  state  is  re-established  and  a  new  burst  of  con¬ 
vection  occurs.  The  nonlinear  dynamics  of  this  process,  as  well  as  the  efficiency  of  internal 
wave  generation,  are  under  study. 

A  phase  dynamics  study  of  spatiaily-periodic,  finite-amplitude  roll  solutions  of  (8)  for 
U  =  H  =  0  has  been  performed  (cf.,  Redekopp  [1994])  for  the  evolution  system  (8-10).  The 
phase  dynamics  is  third-order  in  time  for  the  general  system.  The  linear  equation  for  the 
phase  f)  in  the  long-wave  limit  is 

4>tu  =  o4>xxt  +  b<i>zxtt  4-  ctj)ztzz.  (11) 

The  third-order  dynamics  arises  through  the  simultaneous  breaking  of  the  Galilean  invariance 
and  the  release  of  the  large-scale  compressional  mode.  When  the  parameters  0  =  7  *  a  ~  0 
in  (8-10),  both  of  these  broken  invariances  are  suppressed  and  a  =  c  =  0  in  (11).  In 
this  case  (11 )  reduces  to  the  diffusive  phase  equation  familiar  to  the  Eckhaus  criterion  (cf., 
Pomeau  &  Manneville  [1979]).  When  0  -  7  =  0  in  (8-10),  the  compressional  mode  is 
suppressed,  but  the  Galilean  invariance  is  preserved.  In  this  case  b  =  c  =  0  in  (11)  and  one 
obtains  a  propagative  phase  dynamics  discussed  by  Coullet  &  Fauve  [1985]  and  by  Coullet 
&  Huerre  [1986]  in  the  case  of  convection  between  non-deformable,  stress-free  boundaries  at 
low  Prandtl  numbers. 

m  4 

Over  a  range  of  the  parameters  B  and  <5  the  onset  of  convection  occurs  through  an 
oscillatory,  long-wave  mode.  Considering  only  the  nonlinear  evolution  of  this  mode,  and 
after  some  scaling  to  balance  the  leading-order  nonlinear  and  dispersive  effects,  one  obtains 
a  perturbed  Korteweg-de Vries  equation  which  can  be  expressed  as 

hT  +  nhh(  +  =  — y(Afi<{  —  h (,■«).  (12) 

The  parameter  A  measures  the  criticality  of  the  mode  (i.e.,  A  >  0  for  Ra  >  Ra,.).  In 
this  case  one  can  find  equilibrium,  propagating  states  which  are  driven  by  the  release  of 
potential  energy  through  convection  and  damped  by  the  dissipative  processes.  This  equation 
is  applicable  when  6  >  6C  defined  by  (7)  and  is  written  in  a  coordinate  system  (£,  r)  which  is 
moving  along  a  characteristic  of  the  linear,  non-dispersive  system.  This  analysis  reveals  that 
propagating  cells  of  convective  motion  are  possible  which  are  associated  with  finite-amplitude 
displacements  of  the  interface, 
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Another  long-wave  limit  exists  for  6  a  Se.  In  this  case  the  critical  condition  for  the 
short-wave  mode  approaches  Jfc  =  0  and  has  a  critical  Rayleigh  number  below  the  minimum 
value  for  the  long-wave  mode.  The  dynamical  evolution  under  these  conditions  can  also  be 
defined.  It  is  described  by  a  “damped”  Boussinesq  equation 


Htt  -  Shxx  -  rj(A3)jrx  -  Fthxxxx  =  hxxr-  (13) 

We  have  not  examined  this  limit  in  much  detail  as  yet.  However,  based  on  earlier  work  on 
the  Boussinesq  equation  by  Hickernell  [1983ab],  who  showed  that  a  class  of  solutions  exists 
which  become  singular  in  finite  time,  there  may  be  conditions  where  the  coupling  between 
convection  and  waves  can  become  quite  violent. 
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Figure  2.  Neutral  curve*  for  o«  dilatory  and  etatiosary  mode*. 
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Abstract 

As  has  recently  been  uncovered  by  Tsitverblit  &  Kit  ( 1993),  the  laterally  heated 
thermosolutal  systems  are  characterized  by  a  great  variety  of  the  multiple  steady 
flows.  In  this  paper,  the  attention  is  focused  on  the  the  structure  of  steady  solu¬ 
tions  at  a  value  of  Ra $  larger  than  that,  broached  in  the  above  work.  This  structure 
is  characterized  by  a  number  of  additional  limit  points  and  symmetry-breaking  )>• 
ifurcation  points,  and  apart  from  one-,  two-,  three-,  and  four-cell  (lows  incident 
to  the  smaller  Rag-  ftvo-cell  symmetric  and  asymmetric  flow  patterns  are  also  ob¬ 
served.  Qualitative  characteristics  and  stability  of  the  multiple  steady  solutions  are 
discussed  from  the  standpoint  of  their  possible  relevance  to  the  nature  of  the  flow 
patterns  observed  in  previous  studies,  performed  at  the  very  large  Rag. 


1  Introduction 

Since  the  classical  works  by  Thorpe,  Hutt  Soulsby  (1969)  and  Hart  (1971).  where  the 
double-diffusive  instability  was  established  as  the  key  mechanism  causing  the  emergence 
of  convective  layers  in  an  infinite  laterally  heated  slot  containing  stably  stratified  brine, 
the  behavior  of  the  layers  has  been  extensively  studied  in  application  to  finite  enclosures 
(see  ('hen.  Briggs,  and  Wirtz  1971.  bee.  Hyun  &:  Kang  1990.  bee  &■  Hyun  1991.  and  the 
references  therein).  Both  the  temporal  evolution  of  the  system  of  convective  layers  and 
the  developed  states  were  found  to  depend  essentially  on  the  ratio  between  the  solut.e  con¬ 
centration  and  temperature  gradients  (the  buoyancy  ratio).  In  particular,  when  the  value 
of  this  parameter  was  varied,  the  convective  layers  were  found  to  form  either  successively 
from  top  and  bottom  of  an  enclosure  towards  its  center  or  simultaneously  throughout 
the  entire  cavity,  flows  possessing  different  numbers  of  cells  with  and  without  regions  of 
almost  motionless  fluid  between  them  were  found,  symmetric  and  asymmetric  transient 
and  steady,  or  quasi  steady,  flow  patterns  were  observed. 

Recently,  Tsitverblit.  Kit.  (1993)  (subsequently  TK)  have  emphasized  the  role  of 
steady  bifurcation  phenomena  in  the  formation  of  the  convective  layers.  The  multiplici¬ 
ty  of  the  steady  flows  was  then  demonstrated  by  Tsitverblit  (1994)  (subsequent 'v  T)  to 
fieri ve  from  non-degenerate  hysteresis  points  and  isolas  of  asymmetric  solutions,  arising 
as  the  salinity  Rayleigh  number  is  increased  from  its  critical  value  designating  the  com 
mencemcnt  of  the  double-diffusive  region  (Hart  1971).  Based  on  the  results  of  TK  ami  1 , 
one  can  claim  that  the  bifurcat  ion  phenomena  at  the  laige  values  of  Hms,  relevant  to  must 
previous  studies,  is  expected  to  he  so  increasingly  complex  that  the  computational  costs 


needed  for  its  exploration  would  probably  be  prohibit ive.  In  view  of  this,  the  purpose  of 
the  present,  work  has  been  to  examine  the  types  of  steady  flows  and  their  stability  at  as 
large  Ras  as  is  allowed  by  reasonable  computational  costs.  Such  data  would  enable  one 
to  establish  regularities  in  the  traits  of  the  steady  solutions  that,  could  give  an  insight  into 
the  nature  of  various  flow  regimes  observed  in  the  previous  studies,  performed  at  the  very 
large  Ras. 


2  Formulation  of  the  problem 

The  problem  considered  is  essentially  the  same  as  that  described  in  TK.  In  particular,  the 
aspect  ratio  *)  =  H/d  (//  is  the  height  of  an  enclosure,  d  its  width)  was  set  to  ->  =  1  The 
salt  concentration  Rayleigh  number,  however,  was  specified  to  he  larger  than  that  used 
in  TK,  Ras  —  gfid4(%ft)/ksv  =  (>0000  (in  TK.  Ras  =  30000  wa.  considered).  g  being 
the  gravitational  acceleration,  il  the  coefficient  of  solutal  expansion,  i'-yf)  the  imposts! 
solute  concentration  gradient,  ks  the  difTusivity  of  salt,  v  the  kinematic  viscosity.  The 
Prandtl  number  Pr  =  v / kr  =  6.7;  the  Schmidt  number  Sch  -  u j -  677.  Here.  kt 
is  the  difTusivity  of  heat.  The  Boussinesq  approximation  of  the  steady  two-dimensional 
Navier-Stokes  equation  in  the  conventional  vorticity-stream  function  formulation,  together 
with  the  energy  and  salinity  diffusion  equations  have  been  discretized  by  central  finite 
differences  to  obtain  a  finite-dimensional  system  of  equations.  'The  boundary  conditions 
incorporated  into  these  equations  were  as  follows.  The  horizontal  walls  were  assumed 
to  have  constant  concentrations  of  salt  and  to  be  adiabatic.  At  the  vertical  walls,  a 
temperature  difference  was  specified  at  each  step,  and  these  boundaries  were  taken  to  be 
insulating  to  salt.  All  the  walls  were  assumed  no-slip. 

The  Euler-Newton  continuation  method  was  applied  to  trace  out  the  solution  of  the 
finite-dimensional  system  of  equations  as  thermal  Rayleigh  number  Raj  =  goATd'/kri' 
is  varied.  Here,  a  is  the  coefficient  of  thermal  expansion,  AT  is  the  temperature  differ 
ence  between  the  vertical  walls.  During  this  procedure,  the  presence  of  limit  points  was 
detected  by  noticing  the  failure  of  convergence  of  the  Newton  method.  Limit  points  wen- 
rounded  using  the  Keller  (1977)  arclength  continuation  algorithm.  Asymmetric  solutions 
were  reached  as  follows.  First,  a  small  asymmetry  was  introduced  into  the  governing 
equations  in  the  vicinity  of  a  Jacobian  sign  alteration  observed  during  continuation  of 
the  corresponding  symmetric  branch.  Thereby,  the  unfolding  of  the  symmetry-breaking 
bifurcation  point  associated  with  this  sign  change  was  achieved.  Then,  the  solution  of  the 
asymmetric  equations,  continued  through  the  unfolded  bifurcation  point  away  from  it, 
was  used  as  the  initial  approximation  for  the  Newton-method  iterations  to  arrive  at  the 
nearby  asymmetric  solution  of  the  symmetric  problem.  Once  such  a  solution  was  reached, 
it  was  continued  away  from  the  bifurcation  point  by  the  above  continuation  methods. 


3  Results 

The  results  of  T  are  indicative  of  the  presence  of  three  qualitatively  different  scenarios 
of  promotion  of  the  solution  multiplicity  when  the  salinity  Rayleigh  number  is  increased. 
The  first  two  of  them  are  associated  with  the  bending  of  a  single  branch  and  emergence 
either  of  a  pair  of  limit  points,  via  the  formation  of  the  corresponding  non-degenerate 
hysteresis  point  (this  mechanism  is  illustrated  in  fig  1  a),  or  a  single  limit  point  on  an 
asymmetric  branch,  changing  the  criticality  of  one  of  the  associated  bifurcation  points  in 
thequartic  symmetry-breaking  bifurcation  (lig.  1  l>).  The  third  one  is  essentially  due  to 
the  formation  of  the  isolas  of  asymmetric  solutions  at  the  symmetric  branches,  from  each 
of  which,  a  pair  of  symmetry -breaking  bifurcations  is  born  (this  is  illustrated  in  fig.  I 
c).  Due  to  t hr*  action  of  these  mechanisms,  the  structure  of  steady  solutions  eveutualb 
becomes  extremely  complex.  In  particular,  the  bifurcation  diagram  for  W<iv  -  60000 . 
computed  in  this  work,  is  represented  in  fig.  'J.  For  comparison,  the  full  version  of  the 


bifurcation  diagram  at  Wa*-  —  30000  (fig.  3)  is  also  presented.  pari  of  which  was  already 
discussed  in  TK.  Here.  tj>(x)  stands  for  a  functional  rapturing  the  variation  of  a  mea.-nre 
of  the  -  vinmetric  component  of  solution  vecti>r  X.  and  so.  two  asymmetric  branches  (I lie 
(lashed  lines),  being  the  result  of  a  symmetry- breaking  bifurcation  point,  are  depicted  as 
one.  For  the  clarity  of  the  figures.  t$(x)  was  intentionally  made  to  increase  whenevet  a 
limit  point  is  passed  irres|»ective  of  the  real  hohavioi  of  the  functional  chosen.  In  what 
follows,  we  will  focus  our  attention  primarily  on  the  singularities  and  types  of  Hows  not 
having  their  analogues  in  the  bifurcation  diagram  for  Wa,  =  3IMKH) 

The  symmetric  solutions  are  represented  in  fig  4  I. ike  in  the  ilows  at  the  smallet 
value’s  of  Weis,  convective  motion  is  seen  to  have  almost  no  effect  on  the  temperature 
held,  which  remains  very  close  to  conductive  due*  to  the  low  intensity  of  convection  at  the 
small  Rayleigh  numbers.  The  changes  in  the  salinity  field,  however,  are  a  kit  more  tangihle 
owing  to  the  much  smaller  diffusivity  of  salt.  As  the  steady  solution  is  continued  in  the 

t  henna  I  Rayleigh  number  from  zero  along  branches  >| . {see  fig.  2).  two  end  ceils 

gradually  take  up  the  entire  enclosure  (fig.  4  a),  as  is  the  rase  also  at  Wu,  -  MtMMt  (see 
fig  2  a.b.c  in  TK)  The  intensity  of  the  rolls  at  Wa*  =  (KMKM).  however.  is  slight l\  higliei 
than  that  of  theii  analogues  at  Was  -  UMXNt  (fig  2  <  in  TK).  which  is  exhibited  Ixitii  by 
the  more  significant  distort k>iis  in  tin*  constant  salinitv  hues  and  the  target  undid*  lions 
in  the  isotherms.  Over  branch  SA.  the  two  cells  becnnir  cuddled  logethei  near  the  ceioei 
of  an  enclosure,  and  as  limit  {mint  l.A  is  jiassed.  the  formation  of  two  additional  cells  is 
observed  at  the  end  walls  (fig.  4  b|  A*  W117  is  increased  akmg  branch  ST».  the  (onr-teil 
array  is  gradually  built  (fig.  4  c)  With  further  mcieaM*  of  Wnj.  the  intensity  of  each 
cell  grows,  which  is  reflected  in  the  lines  of  constant  salinity  (fig  4  d)  The  existence  of 
limit  point  /.5.  however,  brings  a  number  of  changes  in  the  development  of  the  lout  cell 
flow  with  respect  to  Was  =  30000  In  jxarlicular .  after  this  limit  |Miint  has  been  passed, 
two  central  ceils  are  found  to  lie  detached  from  each  other  (fig  !  e)  and  start  interacting 
with  their  end-wall  <011  liter  palls  As  a  result  of  such  an  interaction,  the  end  cells  are 
progressively  suppressed  by  the  growing  cells  in  iheieiitei  I  tig  I  Ijti  After  luiul  )h»iui 
id  is  rounded.  two  central  tells  tetnaiu  alone  (lig.  I  It) 

Thus  at  this  stage,  the  effi-ct  of  tile  increase  in  Wu,  ironi  f(KXMI  to  tiOOtH)  oil  the 
symmetric  solution  structure  seems  to  lie  reduced  to  the  emergeiue  of  the  additional  **• 
type  structure  consisting  of  limit  |mmuU  /..»  and  /.t*  in  place  of  the  interval  of  single  branch 
>'5  at  Wo  7  =  30000.  In  spite  of  tlie  existence  of  the  four  « —U  How  along  the  associated 
branches,  how.-ver.  tl»e  pattern  ultimately  formed  neai  Id  i»  of  the  two-cell  type  (lig  1 
h).  like  the  one  nrar  limit  point  /.4  (at  the  vers  outset  of  branch  >4  1  These  two  cells 
remain  alone  within  an  interval  of  branch  S~  above  limit  |H>int  /.<».  but  as  the  thermal 
Rayleigh  number  is  sufficient ly  increased  along  this  blanch,  two  other  tells  arise  again 
This  time,  the  formation  of  the  four-cell  flow  is  associated  with  the  peripheral  |>arts  of  the 
streamlines  of  the  cell  pair  starting  to  separate  from  the  main  Iwidies  of  the  cells  1  best- 
separating  legions  become  almost  drtaclied  from  their  parents  manifesting  themselves  like 
small  single  cells  (fig.  4  i)  With  furthet  m<  tease  of  War.  the  newlv  formed  small  tells 
grow  iti  size  reaching  ap|iroximately  the  diuiensiotis  of  the  parent  ones,  their  inteiisitv 
also  increases  (fig  1  j).  In  spite  of  the  present!*  of  the  additional  n*itb  resjM-.  1  in  < lie 
bifurcation  diagiatu  at  Wtis  ~  iUKNMI)  >  -tv|n  strut  lute,  ass*  tinted  with  limit  point'  /  7 
anti  /.  Y  siibsetjuent  development  of  the  four  cel!  How  ipialitat  iv  t-l\  lesetubles  tliat  along 
the  branch  V-f»  in  fig  I.  tine  to  tin-  interaction  Im-uwii  eatli  of  the  central  tell*  on  one 
hand  and  its  eutl-wall  < oulilt-i pat t  on  the  other,  the  whole  airav  Itetoines  weakci  on 
the  background  of  the  arising  surrounding  stit-allihues  ;  tig  I  ki  (  lie  tells  tiltiiiia*e|\ 
fade  away  in  the  vitmily  of  limit  oonii  /.'I  at  brant h  '*,«  (hg  1  I)  I  nlike  the  events  at 
Wet s  HMKKt.  lioWC-Vel  .  it  ts  (lit-  foiiiifitioit  of  a  fiVt-  (athei  ebaii  n  three  i  t’ll  flow  that 
IS  observed  aftei  louiidiliK  limit  |toml  /.'*  Not  far  fltilii  tin-  outset  of  (lie  five  <ell  lltnv 
lilt-  arratigetiN'iil  of  lilt  t  tdls  in  this  flow  (fUilltds  that  ill  it'  foul  <  e||  pretlet  esvit  with 
an  addi'lonal  tell  it  the  teiiiel  (tig  I  ml  Five  tells  ariai>gcd  in  an  orderly  tuaiun-i  ate 
In.metl  at  the  small  1  values  of  Wnj  tivei  hiauth  MO  dig  I  lit  I  Im-ii  mutual  inter  at  t  ton 
results  111  that  two  end  tells  appreciably  lose  thru  intensity  Ihg  I  •>)  ami  ptat<n  allv 
vanish  as  hunt  |H»mt  /  |(i  is  apinoaclietl  dig  I  pj  Fite  dim-  tell  flow  formed  m  ihi»  wav 
undergoes  stihseipifut  motliht  alitttts  along  branch-.",  >11  .  s||  ,md  i>  lepbu  <d  vs  it  It  out 
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cell  after  limit  point  AN  is  pass*-d.  These  changes,  however,  are  qualitatively  identical  to 
the  appropriate  events  at  Ha >  =-  ItiOOO.  for  which  reaaoti.  they  are  not  iWriW  lien1. 

I, ike  at  the  smaller  values  of  Ha-. .  the  multiplicity  of  the  symmetric  flows  described 
above  is  accompanied  l»y  a  variety  of  asymmetric  solutions,  being  the  result  of  symmetry 

breaking  bifurcation  points  W I . #18.  They  are  Hemt'teil  by  the  dashed  lines  in  fig.  2.1 

lu  particular,  like  foi  Has  —  MH)00  (sec  fig.  2  h.i  in  TK).  the  onset  of  the  first  instability 
is  caused  bv  the  breaking  of  the  central  symmetry  lietween  the  end  cells  at  symmetry 
breaking  bifurcation  |>cinl  Hi.  Tin-  total  number  of  the  bifurcation  points,  however, 
has  increased  by  eight  coin|>arrd  to  Has  =  KHIOC  tflg.  .1).  Moreover,  new  asyiuiiM*tri< 
branches  have  emerged  on  account  of  the  formation  of  limit  points  in  the  asymmetric 
branches  at  Has  -  -10000.  via  tlie  mechanism  reprearnted  in  fig.  I  ( l>).  An  essential 
common  feature  of  all  the  asymmetric  solutions  at  any  Has  <  '10000  (the  corres|K>nding 
bifurcation  diagrams  aio  presented  in  T).  however.  has  been  preserved  also  at  Ha  .  ~ 
00000  llieir  |>airs  necessarily  form  a  rlosed  curve  intersecting  the  symmetric  brandies 
in  the  corresponding  bifurcation  point*  (fig.  2.  1  illustrate  only  the  projections  of  such 
curves  on  *lic  symmetric  plane).  In  this  sense,  tlx-  asymmetric  branches  can  lx-  regarded 
as  tin-  alternative  scenario*  of  transformation  of  one  of  the  symmetric  flows  into  anothei 
skipping  their  iiHMlihs  at  ions  taking  place  in  the  symmetric  plane.  Tin'  example*  of  the 
streamliiH*  contours  of  asymmetric  solutions  at  Has  -  60000  are  preseiiteil  in  hg.  T 

Stability  of  the  steady  solutions  ha*  Ix-rii  studied  liy  simulating  the  temporal  rvo 
lution  of  the  linearized  system  of  the  governing  equations  resulting  from  a  disturbance 
intrtMluced  into  its  initial  conditions.  It  is  worth  Iteing  noted  that  a  minus  sign  in  tig.  2.1 
is  mdicaf  ive  of  I  Ik-  presence  of  the  negative  eigenvalue  in  the  set  of  eigenvalues  of  the 
system  of  linearised  governing  equation*.  As  a  consequence,  the  solution  is  necessarily 
unstable  within  the  corresponding  interval  of  Hay  In  spite  of  the  formation  of  the  five -ceil 
flow  and  the  ap|*earame  of  many  new  multiple  solutions  as  Uu s  is  increased  from  10000 
to  60000.  the  set  of  the  stable  steady  flows  at  Has  -  60000  has  remained  qualitatively 
the  saitM-  as  it  was  at  /in*  =  -10000  lu  particular,  besides  asymmetric  branch  .42  and 
symmetric  branches  >1  and  >16  at  the  small  and  ihe  large  Hut-  respectively,  the  only 
stable  steady  How  is  represented  by  the  short  interval  between  /.I  I  and  H 17  of  branch 
>16 

Thus  for  the  thermal  Hayleigh  number*  between  zero  and  that  of  limit  point  Ai-r).  the 
stahk-  solution  is  unique,  and  it  is  characterized  by  two  very  weak  end  cells  like  the  ones 
m  lig.  2  (a)  from  TK.  Two  stable  steady  solutions  coexist  between  limit  points  /, IS  au<l 
/.l-l.  tin-  second  is  the  asymmetric  one-cell  flow  (see  lig.  6  b).  Between  limit  point  /.  1 4 
and  bifurcation  point  Hi  7.  the  set  of  the  stable  solutions  comprises  also  the  symmetric 
•ine- cell  flow  from  the  stable  interval  of  branch  /M5  (this  flow  is  similar  to  the  slightly 
asymmetric  one-cell  pattern  in  fig.  5  r).  The  latter  flow  becomes  unstable  for  Ray  above 
//I",  and  so.  only  two  stable  solutions  are  present  between  #17  and  Hi.  In  the  interval 
iM-tweeu  Hi  and  #18  onlv  the  asymmetric  one-ccli  flow  (branch  A‘2)  is  stable.  When  Ray 
i*  increased  abov<  #|8,  this  solution  exchanges  its  stability  with  the  symmetric  one-cell 
How  |H-rsistmg  up  to  the  very  large  values  of  Ray  (this  flow  is  similar  to  the  one  in  fig.  2 
g  from  TK ) 


4  Discussion  and  conclusions 

It  is  interesting  that,  in  spite  of  the  multiplicity  of  the  flow  patterns,  there  can  nevertheless 
Im-  distinguished  generic  features  of  these  flows.  In  particular  even  based  on  the  partial 
[••suits  pi  e'en  led  here,  it  can  be  noticed  that  when  the  bifurcation  parameter  approaches 
it*  iiiinmial  value  along  a  branch,  the  trend  of  the  steady  solution  towards  having  some 
slow  motion,  almost  stagnant .  region*,  either  between  a  pair  of  cells  or  between  a  cell  and 
the  nearby  end  wall,  can  be  clearly  observed.  Such  regions  can  be  identified  either  by  the 
absence  of  the  signs  of  cellulai  motion  in  the  streamline  patterns  or  by  the  absence  of  sig¬ 
nificant  distortion*  in  the  constant -salinity  lines.  These  trends  are  associated  either  with 
* !*•-  gradual  decay  and  vanishing  of  one  of  the  end  cells  (or  them  both,  in  the  symmetric 
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case).  or  willi  the  shrinking  of  the  existing  (ells  either  from  one  of  the  end  walls  (both  of 
them |  or  from  each  other  as  Hut  is  decreased  along  the  branch.  As  the  thermal  Hayleigh 
number  is  increased  to  its  maximal  valnps  at  a  branch,  however,  the  trend  towards  either 
giving  rise  to  new  cells  or  enlarging  the  existing  ones  on  an  entire  enclosure,  so  that  the 
whole  space  of  the  cavity  l>e  taken  up  by  the  cellular  motion,  is  tangibly  displayed.  As  a 
consequence  of  such  a  behavior,  all  the  steady  solutions  at  Hot  above  limit  point  /,4  are 
characterized  by  the  convective  cells  occupying  the  entire  enclosure.  The  steady  solutions 
possessing  flow  regions  that  either  are  practically  stagnant  or  are  characterized  by  die 
motion  of  the  relatively  very  low  intensity  can  be  found  starling  from  the  value  of  the 
thermal  Hayleigh  number  slightly  smaller  than  that  at  LA.  and  below  the  H»r  correspond 
ing  to  approximately  the  middle  of  branch  .'*4.  such  a  region  (or  regions)  are  present  in 
almost  all  the  solutions.  However,  apart  from  the  one-,  two-,  three  .  and  four-cell  flows 
observed  at  Hits  1  40000.  the  set  of  the  solutions  without  the  stagnant  region  comprises 
also  the  symmetric  and  asymmetric  live-cell  flow  patterns. 

The  dc|M'udeiire  of  the  presence  of  a  stagnant  How  region  in  a  steady  solution  on 
whethei  Hu 7  i>  lx*k>w  or  alxive  a  critical  interval  (the  one  between  the  middle  of  >| 
and  /  I)  is  reminiscent  of  the  “successive"  and  "simultaneous"  modes  of  lavri  formation 
observed  hi  previous  studies  below  and  above  an  appropriately  delmed  Hayleigh  mini 
U*t.  respectively.  It  is  interesting  that  the  stability  results  described  above  exhibited  so 
latgc  time  scab's  of  the  instabilities  that  the  steady  Hows  could  eventual!)  be  long  I  in 
application  to  the  expenmental  set  of  Lee  it  at  1*190.  for  many  hours)  observed  in  the 
experiment  Thus,  even  allowing  for  possible  qualitative  changes  in  the  steady  solution 
structure  and  for  variation  of  the  growth  rales  of  the  instabilities  as  the  salinity  Hayleigh 
number  is  further  increased  up  to  the  very  large  values  used  in  the  previous  studies,  it 
nevertheless  appears  that  the  features  of  unstable  steady  Hows  are  of  basic  significance 
for  the  understanding  of  the  nature  of  the  "su.cessive"  and  “simultaneous"  flow  regimes 
observed  in  the  past. 


References 

[1)  Chon.  C.  F..  Brings.  D.  G.  and  Wirt/,,  R.  A.  (1971)  Stability  of  thermal 
convection  in  a  salinity  gradient  due  to  lateral  heating.  /»/.  ./  flint  Mass  Tmnsfi  r 
14.  57-B5. 

[2]  Hart.  J.  E.  (1971)  On  sideways  diffusive  instability.  J.  Fluid  Mich.  49.  '279*288. 

[4]  Keller.  H.  B.  (1977)  Numerical  solution  of  bifurcation  and  nonlinear  eigenvalue 
problems.  In  Application*  of  bifurcation  theory,  (ed.  Habinowitz..  I*. II. ).  Academic 
Press:  New  York.. 

|<1]  Le<*.  J.  W.  aild  Hvun,  .1.  M.  (1991)  Double  diffusive  convection  in  a 
cavity  under  a  vertical  solutal  gradient  and  a  horizontal  temperature  gradient. 
hit.  J.  Ural  I Man*  Tninaftr  44.  2424-2427. 

[5]  Lee.  J.  W..  Hvun,  M.  T.  and  Kang,  Y.  S.  (1990)  Confined  natural  convec¬ 
tion  due  to  lateral  heating  in  a  stablv  stratified  solution,  hit.  J  Hrat  Man*  Tranafcr 
44,  869-875. 

[6]  Thorpe.  S.  A.,  Hutt,  P,  I\.  and  Soulsby,  R.  (1969)  The  effect  of  horizontal 
gradients  on  thertuohaline  convection  •/.  Fluid  Mich.  48,  475-400. 

[7]  Tssitverblit.  N.  (1994)  Hifurcation  phenomena  in  confined  ihermosolutal  convec 
tion  with  lateral  heating:  commencement  of  the  double-diffusive  region.  Submitted. 

[8]  Tsitvrrblit.  N.  and  Kit  ,  E.  (1993)  The  multiplicity  of  steady  flows  in  confined 
double-diffusive  convection  with  lateral  heating.  Phy*.  Fluid*  .4  5(4),  1062-1064. 


Figure  1  The  mechantame  mponaiblc  (or  promotion  of  the  dilution  multiplicity  with  the  aecond  parameter.  Ras,  being 
varied  (a)  the  emergence  of  two  limit  pointa  via  the  formation  at  a  non* degenerate  hyatereeie  point;  (b)  the  emergence  of 
a  tingle  limit  point  due  to  the  eachange  of  the  criticality  of  a  aynunatry-breaking  bifurcation  point;  (c)  the  emergence  of  a 
pair  at  aymmetry-breaklng  bifurcation  pointa  via  the  formation  of  the  iaola  of  aaymmetric  aolutiona  at  a  aymmetric  aolulion 
branch. 


Figure  7  The  achematic  diagram  of  the  variation  of  a  meaaure  of  the  aymmetric  component  e(X)  of  aolulion  vector  X  with 
thermal  Rayleigh  number  flap;  Res  «  60000  Si,  ...SIS  (the  to  lid  linet)  are  at  inmetric  branchea  41, ....  431  (the  daahed 

tinea)  are  aaymmetric  branchea.  £.1 . £36 — limit  pointa.  B I . SIR—  aymtneiry.hreaiting  bifurcation  pointa  The  plua 

and  minua  aigna  deaignate  the  aigna  of  the  Jacobian  determinant  at  the  correiponding  intervale. 
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Figure  3:  The  schematic  digram  of  the  variation  of  a  measure  of  the  symmetric  component  d(X)  of  solution  vector  X 

with  therm*]  Rayleigh  number  Ray;  Ras  *  30000  Si,..  .511  (the  solid  lines)  *re  symmetric  brooches.  <41 . <415  (the 

dished  Lines)  ore  asymmetric  brancber  t\ L10 — limit  points.  f?l.  i?10  -ey m met ry- breaking  bifurcation  points  The 

pin*  and  minus  signs  designate  the  siga*  of  the  Jacobian  determinant  at  the  corresponding  interval*. 


Figure  4  (a).  ...(h)  Symmetric  steady  solution*:  Ru+  *  tiOUU)  streamline*.  5  the  lines  <vf  constant  salinity.  T 

isotherms  Left  wall  is  at  higher  temperature  Ail  the  /'ontourt  are  equally  spaced  between  their  maximum  and  minimum 
values,  (a)  Raj  n  620.  branch  S3;  (b)  Rar  *  IT ft.  branch  5  V  («■)  Rtr  *  4M.  branch  5.4.  (d)  floy  “  branch  55.  |e) 

Raj  *  All.  branch  56;  (f)  Raj-  *t  461.  branch  56;  (g)  War  w  12!.  branch  56.  (h)  Rar  =  323.  branch  ST. 
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Figure  4:  (i)....,(P)  Symmetric  needy  solutions:  Raj  »  90000.  *:  tireemline..  5:  the  Une*  of  constant  salinity.  T 
itothernu  Left  well  is  et  higher  temperature.  All  the  contoun  ere  equally  spaced  between  their  meximum  end  minimum 
veluee.  (i)  flay  n  J09,  breach  57:  (j)  /ley  «  72»,  brench  S’;  (kj  Hay  «  770,  branch  58;  (I)  Ray  m  1003.  branch  S9i  (m) 
Hay  =  900.  brench  SIO;  <n)  Her  =  7J0,  branch  S10;  (o|  Ray  *  »*>,  brench  510;  (p)  Rap  *  MV  brench  510 


Figure  5.  The  streamline  contour*  of  asymmetric  needy  solutions;  Ray  s  60000.  Left  well  is  et  higher  temperature  All 
the  contours  are  equally  space. I  lie  tween  their  maximum  and  minimum  values  (a)  Raj  =■  346,  branch  At;  (b)  Raj  -  406. 
brench  43;  (r)  Ray  =  337,  branch  43;  (d)  Ray  =  433.  branch  45;  (e)  Ray  =  403,  brench  47;  |f)  Ray  *  440.  branch 
48.  lg)  Roy  a  483.  branch  411.  (hi  Ray  a  340.  branch  413.  (i)  Ray  a  461.  branch  413;  (Jl  R ay  =  518.  brench  414. 
(k)  Roy  c  603  branch  416;  (I)  flay  =  «7».  branch  4I‘;  (ml  Ray  =  96».  branch  430;  (n)  Ray  =  38«>.  branch  423.  id 
Hay  =  413.  blanch  425.  (p)  Rut  =  .310.  branch  420  (q  1  Ha  r  =  433.  branch  430  (ri  Raj  =  244.  branch  431 


BOUNDARY  LAYER  AND  SCALING  PROPERTIES 
IN  TURBULENT  THERMAL  CONVECTION 


F.  Chilli^,  S.  Ciliberto^,  C.  Irmocenti^ ,  C.  Laroche^ 

{*)  Ecole  Normale  Supdrieure  de  Lyon 
Laboratoire  de  Physique,  C.N.R.S.  URA1325 
46,  Allee  d’ltalie 
69364  Lyon,  FYance 

(o)  C.R.T.B.T.,  25  Avenue  des  Martyrs,  38042  Grenoble,  France 
M  I.M.G.-  L.E.G.I.,  B. P.53,  38041  Grenoble,  FVance 


Abstract:  We  describe  an  experiment  which  has  been  designed  to  measure 
both  spatial  and  temporal  features  of  turbulent  thermal  convection  in  a  fluid  layer 
heated  from  below.  Specifically  we  have  studied  the  dependence  of  the  heat  flow 
versus  the  Rayleigh  number,  the  thermal  boundary  layer  profile,  the  temperature 
probability  distribution  function,  the  frequency  and  wave  number  power  spectra. 
Scaling  exponent  of  temperature  structure  functions  have  been  evaluated  using 
the  recently  introduced  method  of  Extended  Self  Similarity. 

(1)  Introduction 

Many  properties  of  thermal  convection  in  a  horizontal  fluid  layer  heated  from 
below  are  not  yet  well  understood.  One  of  the  most  Important  is  the  dependence 
of  the  Nusselt  number,  that  is  the  non-dimensional  heat  flow,  as  a  function  of  the 
Rayleigh  number  Ra  ■»  agdP&T/vx,  where  a  is  the  thermal  expansion  coefficient 
of  water,  g  the  gravitational  acceleration,  d  the  height  of  the  cell,  AT  the  temper¬ 
ature  drop  across  the  cell,  v  the  kinematic  viscosity  and  x  the  thermal  diffusivity 
of  the  fluid  under  study.  The  dependence  of  Nu  versus  Ra  is  certainly  induced  by 
the  boundary  layer  shape  and  from  the  characteristics  of  the  large  scale  circulation 

11,2,31.  The  study  of  the  boundary  layer  is  not  only  important  to  determine  Nu 
tut  also  the  statistical  properties  of  the  temperature  field  inside  the  bulk  which  are 
strongly  influenced  by  the  fluctuations  near  the  walls[2,3t4L  Indeed  it  has  been 
observed  |1]  that  the  probability  distribution  functions  (P.D.F.)  of  temperature 
measured  in  the  center  of  the  cell  presents,  at  Ra  >  107,  exponential  tails  which 
are  related  to  a  logarithmic  dependence  on  z  of  the  r.m.s.  fluctuations  closed  to 
the  boundary  layer|2,3,4). 

Finally  an  other  important  problem  in  turbulent  thermal  convection  is  the 
scaling  of  temperature  and  velocity  fields.  In  the  experiments  of  ref.5,6  it  has  been 
found  that  the  measured  scaling  exponents  were  consistent  with  those  predicted 
by  Bolgiano  and  Obukhov[7|  for  turbulence  in  stratified  media.  However  In  several 
i  scent  papers[8,9,10]  it  has  been  shown  that  this  scaling  could  be  possible  also  in 
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thermal  convection.  In  contrast  in  ref.  11  the  standard  Kolmogorov  law  K~^ 3  is  '  i 

predicted  for  the  temperature  wave-number  power  spectra  and  it  has  been  argued  I 

that  the  exponent  —7/5,  found  in  the  experiment  [5],  could  be  valid  only  for  fre-  > 

quency  spectra  but  not  for  wave-number  spectra  which  should  present  the  steeper  j 

power  law  at  K~s^. 

We  have  investigated  all  these  effects  in  an  experiment  on  turbulent  Rayleigh- 
Benard  convection.  This  experiment  has  been  designed  to  measure  both  temporal 

and  spatial  features  of  turbulent  regimes  in  a  cell  filled  with  water  and  heated  ! 

from  below.  The  description  of  the  experiment  can  be  found  in  ref.2,3,13.  thus  we 

remind  here  only  the  main  features.  The  average  temperature  of  the  cell  was  45 °C 

corresponding  to  a  Prandtl  number,  Pr  =  v/x  of  about  4.  By  changing  the  height 

d  of  the  cell  from  6.5cm  to  40cm  and  we  were  able  to  cover  the  interval  of  Rayleigh 

numbers  Ra  from  106  to  1010.  As  the  horizontal  length  of  the  cell  was  40cm,  the 

aspect  ratio  L/d  was  changed  from  6  to  1.  Local  temperature  measurements  were 

done  with  a  small  thermocouple  whose  position  could  be  changed  in  order  to  test 

different  regions  of  the  flow.  Spatial  measurements  were  done  with  a  laser  beam 

sweeping  technique  described  in  previous  papers  (see  ref.2,3  and  reference  therein) 

and  by  changing  the  thermocouple  position. 


Figure  1:  a)  Dependence  of  Q,T  on  z  for  different  values  of  Ra,  o  Ra  - 
5  •  10T,  *  Ra  =  10s,  A  Ra  =  2  ■  108.  The  continuous  line  correspond  to  best  fits 
done  with  eq.l.  Insert:  dependence  of  log10  6,T  on  z3,  the  straight  lines  show  the 
accuracy  of  the  fit. 

b)  dependence  of  the  root  mean  square  of  the  fluctuations  of  T  as  a  function 
of  z  for  two  different  values  Ra,  o  Ra  =  108,  A  Ra  =  2  •  108.  The  continuos  lines 
are  logarithmic  best  fits  for  z  >  zv. 

(2)  Boundary  layer 

From  our  optical  measurements  we  can  also  compute 

Q,T{z)  «=<<  dxT(x,z,t)  >x>t,  that  !s  the  z  component  of  the  temperature 
gradient  averaged  on  an  horizontal  plane  ,  and  the  root  mean  square  fluctuations 

6T(z)  =<<  (T-  <  7  >t )2  >x>}/ *,  where  <  .  >u  stands  for  average  on  the 
variable  u.  These  two  fields  dxf  and  if  are  reported  in  fig.  1  as  a  function  of  z  for 
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different  values  of  Ra.  Only  the  lower  part  of  the  cell  is  shown.  Notice  that,  for 
z  >  5mm,  dMT  is  slightly  negative  and  it  reaches  0  once  again  at  z  >  20mm.  This 
indicates  that  a  small  thermal  inversion  is  present  at  Ra  ^  10s.  The  continuous 
lines  in  fig.  la  are  a  best  fit  done  with  the  boundary  layer  shape  proposed  in  ref.  11: 


dtToc 


Bexp[(-23/9xri)] 
(r  x)1/3 


(1) 


where  B  depends  on  boundary  conditions  and  r  is  a  characteristic  time  such  that 
Nu  oc  Bt~1^3  [3].  The  agreement  between  the  measured  temperature  derivative 
and  the  fits  is  good.  The  accuracy  of  the  fit  is  clearly  seen,  in  tne  insert  of  Fig.  la, 
where  log5,T  versus  z3  is  shown.  We  realize  that  the  fit  deviates  for  z  >  zv,  where 
z„  is  the  viscous  sublayer  depth.  More  details  about  the  implication  of  eq.l  can 
be  found  in  ref.3. 

In  Fig.lb,  where  the  r.m.s.  of  temperature  fluctuations  is  shown,  we  see  that 
the  strongest  fluctuations  are  close  to  the  boundary  layers  as  it  should  be  expected 
because  of  the  hot  plumes  coming  out  the  boundary  [1,2,3].  The  continuous  lines 
is  a  logarithmic  best  fit  which  is  the  reason  for  the  exponential  tails  observed  in 
the  temperature  P.D.F.  observed  at  Ra  >  107  (2,3,4]. 

The  knowledge  of  d,T  at  the  bottom  plate  of  the  cell  is  also  useful  to  measure 
the  heat  flow  with  the  optical  technique  in  addition  to  the  standard  calorimetric 
one.  The  results  are  shown  in  ref.3. 

(3)  Scaling  laws  in  turbulent  convection 

Several  experiments  [5,6]  have  shown  that  the  temperature  and  velocity 
fields  present  scaling  exponents  which  agree  with  those  predicted  by  the  Obukov- 
Bolgiano  [7]  arguments  for  turbulence  in  a  stable  stratified  medium.  This  means 
that  the  temperature  and  velocity  spectra  should  scale  as  K~7/s  and  K~n/i  re¬ 
spectively. 

However  many  experimental  measurements  are  done  just  in  a  single  point, 
thus  it  is  important  to  study  the  relationship  existing  in  thermal  convection  be¬ 
tween  frequency  and  wave  number  power  spectra[13,3].  We  found  that  when  the 
mean  recirculation  flow,  inside  the  cell,  is  stable,  the  frequency  and  wave  number 
spectra  coincide  by  simply  using  Taylor  hypothesis.  In  contrast  in  the  points  of 
tne  cell  where  the  mean  flow  does  not  exist  frequency  and  wave  number  spectra  are 
different.  We  have  also  noticed  that,  because  of  the  instabilities  of  the  mean  flow, 
scaling  is  observed  better  in  spatial  measurements  than  in  temporal  ones.  Thus 
the  possibility  of  observing  a  scaling  in  time  measurements  is  related  to  the  mean 
flow  stability.  This  feature  has  been  also  observed  in  recent  numerical  simulations 
[14]. 

All  these  problems  and  the  fact  that,  at  very  high  Ra,  the  standard  Kol¬ 
mogorov  scaling  could  be  indeed  observed  make  a  clear  evaluation  of  the  scaling 
laws  in  thermal  convection  rather  difficult.  Furthermore  the  distinction  between 
the  Kolmogorov  and  the  Bolgiano  scaling  can  be  influenced  also  by  the  intermittent 
corrections.  The  best  way  to  study  this  problem  is  to  compute  the  temperature 
structure  functions  of  order  p,  that  is 

<|  $r(r)p  |>=<  |T(x  +  r)  -  T(x)|p  > 

and  then  to  use  Extended  Self  Similarity  f E.S.S.) [15]  which  works  very  well  even 
for  very  small  Reynolds  number,  that  is  tne  case  of  our  experiment.  It  has  been 
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recently  shown  that  E.S.S.  works  also  in  thermal  convection(16).  E.S.S.  consists 
in  finding  the  scaling  laws  using  structure  functions  of  different  orders: 


<|  6T(r)  |p>=<|  6T(r)  |>«p) 


Specifically  it  has  been  shown[16]  that  £(2)  is  1.4  for  the  Bolgiano  scaling  and  1.7 
for  the  Kolmogorov  one. 


Figure  2:  Temperature  structure  functions  at  Ra  =  4  •  108  obtained  from 
the  thermocouple  in  a  single  point  and  uisng  Taylor  hypothesis. 

a)  Temperature  structure  functions  <  |tfT'(r)jp  >  as  a  function  of  r  for  p=l 
*,  p=2  o  and  p=  3  A.  The  Bolgiano  length  Lb  ana  the  integral  length  scale  d  are 
also  indicated,  b)  Extended  self  similarity  between  p=2  and  p=l.  Notice  that  the 
Bolgiano  scaling  indicated  by  the  solid  straight  line,  with  slope  1.4,  stops  exactly 
at  <  |6T(L(,)|  >  as  expected.  The  dashed  line  has  a  slope  of  1.7. 


In  Fig.2a)  the  structure  functions  for  p=2  and  p=l  are  reported  whereas 
in  fig.2b)  they  are  shown  one  against  the  other.  A  clear  scale  is  observed  with 
£(2)  —  1.4.  The  structure  functions  of  fig.2  have  been  computed  using  time  mea¬ 
surements  and  then  making  used  of  Taylor  hypothesis  to  transform  them  in  spatial 
measurements.  In  fig.3  we  show  the  structure  functions  directly  measured  in  space 
by  measuring  the  moments  of  the  temperature  difference  between  two  points  at  a 
distance  r  changing  the  thermocouple  position.  A  rather  clear  scaling  is  observed 
as  a  function  of  the  distance  r  (fig.  3a)  and  when  a  structure  function  is  drawn 
as  a  function  of  the  other  fig.3b.  The  results  repported  in  fig.2  and  3  clearly  show 
that  the  Bolgiano  scaling  is  the  correct  one  at  least  at  small  Ru.  It  could  be  not 
in  this  way  at  different  Prandtl  number  and  higher  Ra  see  also  ref.3. 
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Figure  3:  Temperature  structure  functions  at  Ra  —  1010  obtained  by  direct 
spatial  measurements 

a)  Temperature  structure  functions  <  |6T(r)|p  >  as  a  function  of  r  for  p=  1 
A  and  p=2  *. 

b)  Extended  self  similarity  between  p=2  and  p=l.  The  Bolgiano  scaling  is 
indicated  by  the  solid  straight  line,  with  slope  1.4.  The  dashed  line  has  a  slope  of 
1.7. 

(4)  Conclusions 

Using  an  experiment  on  turbulent  thermal  convection  which  allows  to  mea¬ 
sure  both  spatial  and  temporal  features  of  the  temperature  field,  we  have  shown 
that  the  conjectures  of  ref. 5  on  thermal  boundary  layer  are  correct.  We  have 
shown  that  the  spatial  P.D.F.  of  temperature  fluctuations  has  an  exponeual  tails 
which  implies  a  logarithmic  dependence  on  z  of  the  fluctuations  amplitudes.  Fi¬ 
nally  using  E.S.S.  we  have  clearly  show  that  in  the  range  of  f?u  number  UBed  in 
our  experiment  the  appropriate  scaling  is  the  Bolgiano  one. 

We  acknowledge  useful  discussion  with  R.  Benzi. 
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Abstract 

Preliminary  experimental  results  of  Rayleigh-R^nard  convection  in  the  strongly 
turbulent  regime  are  presented.  The  liquids  tested  are  mercury  [Pr  =  0.025)  and 
water  (Pr  =  7).  The  experiment  cover  a  range  of  Rayleigh  numbers  between  1.6  x 
1()7  <  Ra  <  6.3  x  109.  The  convective  cH.iber  consists  of  a  cylindrical  cell  of  aspect 
ratio  T  =  1  (  T  =  ftawgjg. ).  In  the  turbulent  regimes  it  has  been  measured  the  heat 
flux,  the  temperature  fluctuation  spectra  and  the  structure  of  the  mean  flow.  For 
Ra>  2  x  109  a  transition  to  a  new  turbulent  regime  was  observed  with  considerable 
increase  of  the  Nusse't  number.  A  decreasing  of  Nusselt  with  decreasing  Prandtl 
number  is  observed. 


1  Introduction 

An  horizontal  layer  of  fluid  subjected  to  uniform  heating  from  below  and  cooling  from 
above  is  a  classical  (unstably)  stratified  system.  The  strongly  turbulent  regime  has  been  the 
subject,  of  numerous  recent  investigations  [1]  [2].  These  experiments  have  been  performed 
at  Prandtl  number  close  to  unity  (in  helium  or  water)  and  the  influence  of  this  parameter 
has  been  little  explored.  Convei  t  ion  at  low  Prandtl  numbers  has  been  carefully  investigated 
near  the  onset  of  unsteady  motions  [3],  [4],  but  the  strongly  turbulent  regimes  seem  not  to 
have  been  studied  since  Rossby  [5]  and  Globe  &  Dropkins  [6].  In  the  present  investigation, 
we  extend  these  results  to  a  wider  range  of  Rayleigh  numbers,  and  compare  them  with 
experiments  in  water.  Furthermore,  we  investigate  the  structure  and  dynamics  of  the 
mean  flow  which  is  spontaneously  produced  in  such  Rayleigh- Benard  configuration. 
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(a) 


(b) 


Figure  1:  (a)  Test  apparatus,  (b)  Arrangement  of  nickel-teflon  thermistors  in  the  heater 
and  cooler  plate. 

2  Apparatus  and  Experimental  Procedure 

A  detailed  description  of  the  cell  can  be  found  in  [7j  and  will  be  published.  Here  we 
give  only  its  main  characteristic.  The  test  chamber  is  a  cylindrical  cell  (Fig.l)  of  internal 
diameter  and  height  21.3  cm.  Both  plates  are  in  copper  5  cm  thick,  coated  with  nickel  ( 
50pm  thick  )to  avoid  amalgamation  with  mercury.  The  cell  is  thermally  insulated  from  the 
outside  by  neoprene  layers,  and  surrounded  by  a  thermal  screen  to  minimize  heat  losses. 
The  bottom  plate  is  heated  with  a  constant  power  by  electrical  resistances,  forming  a 
double  spiral  to  avoid  magnetic  effects  on  mercury  flows.  The  upper  plate  is  cooled  and 
thermally  regulated  by  a  water  circulation.  For  measuring  the  temperature  at  the  upper 
and  lower  boundaries  of  the  layer,  borehole;,  are  sunk  radially  into  the  copper  plates  and 
calibrated  thermistors  are  inserted.  The  depth  of  the  boreholes  is  7 cm  and  distance  of  the 
boreholes  tips  from  the  plate  surface  is  3  mm. 

Three  different  sets  of  data  have  been  obtained:  the  heating  power,  the  temperature 
differences  across  the  cell  as  function  of  time  at  six  positions  and  local  temperature  fluctu- 
actions  inside  the  fluid.  These  are  obtained  from  the  resistance  of  a  platinum  film.  250pm 
long,  coated  on  a  small  wire,  of  diameter  25pm,  electrically  insulated  from  mercury  by  a 
thin  quartz  layer,  (it  is  a  T.S.I.  hot  film  probe  used  with  a  small  current,  10  mA.  producing 
negligible  overheating). 

We  study  the  permanent  flow  regime  for  different  values  of  the  heating  power. 
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Figure  2:  Nusselt  versus  Rayleigh  in  water  and  mercury 

3  Heat  transfer  measurements 

We  first  determine  the  temperature  difference  A T  between  the  bottom  and  top  plates  as  a 
function  of  the  heating  power.  This  is  represented  in  non-dimensional  form  by  the  Nusselt 
number  (  .Yu  =  conlJ.*°l„^a<|t{(Uylt)r )  versus  the  Rayleigh  number  Ra.  In  fact  the  temperature 
in  the  top  and  bottom  fluctuates  in  time  with  fairly  large  amplitude,  especially  in  mercury 
(20%  of  AT),  and  a  time  average  is  performed  (over  several  hours).  Also  a  systematic 
horizontal  temperature  gradient  appears  in  each  plate,  in  relation  with  a  big  convective 
roll  at  the  scale  of  the  whole  cell,  as  discussed  in  next  section.  Thus  a  spatial  average  in 
each  plate  is  performed  in  order  to  get  the  mean  temperature  difference  A T.  The  results 
are  represented  in  Fig.  2  in  the  case  of  water  (Pr=  7)  and  mercury  (/V  =0.025).  A  good 
fit  of  the  data  is  provided  by  the  following  formula 

YuHjfl  =  0.l64fta* 

for  water  in  the  range  3.7  x  108  <  Ra  <  7  x  10B 

A'uHj  =  0.077fl<^ 

for  mercury  in  the  range  1.6  x  10:  <  Ra  <  2.7  x  10B 

Our  results  with  water  are  in  excellent  agreement  with  precedent  works  [9],  Our  values 
of  V ii  for  mercury,  extrapollated  to  lower  Ra.  are  about  1.5  times  lower  than  the  result 
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of  ( iIoIm*  V  Dropkins  (tij  (obtained  m  «  cell  with  aspect  ratio  TS  or  2).  Tin*  range  of  Ha 
i*  not  •niliicicnt  to  dial itigiiish  brtwern  a  2/7  powei .  and  t h**  1/8  power  assumed  in  earlier 
theories  Nevertheless,  the  lower  value  of  A  u  for  lower  /V  is  clearly  established.  This  is 
in  agreement  with  similar  comparisons  made  at  lower  Hu  [6]|oJ.  However  this  result  is  in 
contradiction  with  tin-  model  of  Shraitiian  k  Siggia  [8],  whieli  has  been  however  successful! 
ill  several  other  predictions  [>>].  (It)].  IK  contrast ,  it  agrees  with  the  earlier  theory  of 
Kraichiian  [II].  Further  experimental  iiieasureiiients  are  needed  to  better  discriminate 
between  tin’  different  theories,  and  may  be  suggest  new  ones, 

In  the  case  of  mercury,  a  very  sharp  increase  of  ATi  is  observed  near  Ha  ~  2. 1  x  10s*.  'Phis 
could  correspond  te  a  transition  ex  pis- led  when  the  viscous  boundary  layer  becomes  thinner 
than  the  thermal  boundary  layer  [2).  Notice  however  that  this  transition  is  observed  near 
the  maximum  Hu  that  we  can  reach  with  our  apparatus,  and  we  have  difficulties  in  repro¬ 
ducing  the  data  (by  contrast  the  results  at  lower  Ha  are  quite  reproducible).  Investigation 
is  in  progress  to  clarify  this  problem. 


4  Dynamics  of  the  mean  flow 

The  spontaneous  formation  of  a  large  convective  roll,  at  the  scale  of  the  whole  experimental 
cell,  has  been  noticed  by  previous  investigators,  and  is  an  important  ingredient  of  the 
model  by  Shraiman  and  Siggia  [8],  We  show  here  that  this  so  called  mean  flow  has  in  fact 
a  complex  dynamics  on  a  slow  time  scale.  As  stated  earlier,  the  temperature  distribution 
in  the  bottom  and  top  plates  is  a  convenient  track  of  this  mean  flow.  The  temperature 
records  at.  two  locations  at  the  bottom  and  tops  plates,  are  shown  as  function  of  time  in 
Fig.  3  at  Hu  ~  1.2  x  10".  Wc  notice  fluctuations  on  the  time  scale  of  several  minutes, 
and  switches  between  two  regimes  persisting  during  one  or  several  hours.  The  fluctuations 
at  two  diartietrallv  opposit  locations  (probes  2  and  (>).  are  opposit,  so  that  these  switches 
can  be  interpreted  as  a  reversal  of  the  mean  flow  (The  negative  crosscorrelation  is  also 
an  indication  that  the  observed  fluctuations  are  not  linked  with  the  thermal  regulation 
system).  The  dipolar  structure  of  the  temperature  distribution  on  each  plate  is  confirmed 
by  the  crosscorrolations  between  the  different  probes  (Fig. 4a).  Surprisingly  enough,  this 
correlation  is  not  only  verified  for  the  major  reversals,  but  also  for  more  rapid  fluctuations. 
It  appears  indeed  in  Fig.4b  that  the  crosscorrelation  strongly  decreases  for  time  intervals 
of  a  few  minutes,  so  that  a  significant  part  of  the  crosscorrelation  comes  from  fluctuations 
on  that  time.  Therefore  the  ’mean  flow"  undergoes  a  quite  complex  dynamics  that  has  to 
be  further  investigated. 


5  Temperature  fluctuation  spectra 

The  third  objective  of  this  study  is  to  explore  the  scaling  laws  in  temperature  fluctuation 
spectra  ( S & ( h )  ~  l*).  once  fully  developed  turbulence  regime  is  established.  All  these 
spectra  were  made  at  the  1/4  of  the  total  height  from  the  bottom. 
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Figure  5:  Temperature  fluctuation  spectra  a)in  water.  I»)  in  mercury. 

The  spectral  data  of  the  present  work,  show  in  water  (see  Fig.  -r>)  a  well  defined  7/S 
law.  in  agreement  with  the  scaling  of  Bolgiano  and  Obukhov  [13]  [12}.  This  confirms 
previous  experimental  works.  On  the  other  hand,  the  experimental  findings  in  mercury  (see 
Fig.  •'))  don't  show  a  very  clear  scaling  law.  The  spectra  are  however  closer  to  Kolmogorov 
scaling,  as  expected  from  an  estimation  of  the  respective  fluxes  of  temperature  and  velocity 
fluctuations  [9}. 

6  Summary 

These  preliminary  experimental  results  show  that  convection  at  low  Prandtl  number, 
presents  several  interesting  and  differents  feature  with  respect  to  convection  in  fluids  with 
Prandtl  number  of  order  one.  for  example  the  transition  of  Nusselt  versus  Rayleigh  in 
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mercury  for  Hn  >  '2.1  x  10,J  (which  remains  to  he  confirmed). 

Furthermore,  the  strong  temperature  fluctuations  induced  by  1  lie  fully  developed  con¬ 
vection  allow  us  to  to  show  that  the  previously  observed  "mean  flow”  has  a  complex 
dynamics  on  long  time  scales,  involving  fluctuations  and  reversals. 

Although,  at  the  moment,  we  cannot  determine  the  exponent  of  .V it  versus  Ha  with  high 
accuracy,  we  can  affirm  with  confidence  the  observed  dependence  on  the  Prandtl  number. 
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ABSTRACT 

One  of  the  simplest  experimental  systems  which  exhibits  Rayleigh-Taylor  instability  is  that 
where  a  homogeneous  layer  of  fluid  overlies  a  similar  layer  of  less  dense  fluid.  Initially  the 
two  layers  are  separated  by  a  horizontal  barrier  The  instability  starts  when  the  barrier  is 
removed.  Quantitative  measures  of  the  spatio-temporal  velocity  and  density  structure  of  the 
How  have  been  made  using  a  range  of  image  processing  techniques.  These  data  are  then 
compared  with  theoretical  and  numerical  predictions  of  the  development  of  the  instability. 

This  puper  addresses  the  question  of  how  closely  these  simple  experimental  Hows  relate  to 
idealised  numerical  simulations.  Such  simulations  predict  growth  rates  significantly  lower 
than  those  observed  in  experiments.  Three-dimensional  numerical  simulations  typically  utilise 
a  horizontally  periodic  domain  and  a  spectrum  of  random  initial  perturbations.  The 
destabilising  acceleration  is  turned  on  at  the  same  instant  everywhere  in  the  domain.  In 
contrast,  experiments  are  performed  in  a  finite  domain  with  solid  sidewalls.  The  withdrawal  of 
the  barrier  introduces  strong,  coherent  perturbations  to  the  initial  state  of  the  fluid  and  the 
finite  time  required  to  remove  the  barrier  introduces  a  delay  in  the  initiation  of  the  instability 
across  the  tank.  The  structure  and  effect  of  these  coherent  perturbutions.  the  delay  in  initiating 
the  instability  and  the  coupling  of  the  flow  with  the  boundaries  of  the  tank  arc  analysed  and 
their  influence  on  the  subsequent  evolution  of  the  flow  determined. 


1.  Introduction 

Along  with  Kelvin-Hclmholtz  instability.  Rayleigh-Taylor  instability  is  one  of  the 
fundamental  mechanisms  through  which  mixing  occurs  in  stratified  flows.  For  miscible  fluids 
the  instability  develops  whenever  fluid  of  a  greater  density  overlies  fluid  of  a  lower  density. 
Such  unstable  stratifications  frequently  occur  in  stratified  flows  due  to  gravity  currents, 
breaking  internal  waves,  buoyancy  sources  and  a  variety  of  other  mechanisms.  A  thorough 
understanding  of  the  instability  in  relatively  simple  situations  will  aid  our  understanding  of  the 
mixing  events  which  occur  in  more  complex  flows. 

i  revious  experiments  have  used  a  range  of  techniques  to  produce  the  initial  unstable 
density  stratification.  At  the  high  technology  end  rocket  motors  (e.g.  Smceton  &  Youngs. 
1988)  and  linear  electric  motors  (Dimonte  et  «/..  1994)  have  been  used  to  accelerate  cells 

containing  initially  stable  stratifications  downward  at  I0',t>.  Accelerations  as  high  as  I0\i> 
U'.g.  Zaytsev  el «/.,  1994)  have  been  achieved  using  pressurised  gas  Attempts  to  simply  invert 
a  stable  stratification  ( ('..q.  Voropayev  et  al..  1993)  are  hampered  by  Kelvin’s  circulation 
theorem  requiring  the  body  of  the  lluid  to  remain  irrotational  and  so  the  initial  unstable 
interface  is  not  normal  to  the  gravity  vector. 
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Rayleigh-  Tavlor  instability. . 


In  (his  paper  we  report  on  some  results 
'  ^  obtained  using  a  simple  barrier  of  novel 
design  (luine-Serff.  1989.  p  A7;  Dal/icl 
■\  1993.  1994)  to  separate  the  (wo  layers  of 

^  v  'V.  fluid.  Previous  workers  (Linden  &  Redondo. 

1991)  have  seen  that  a  simple,  solid  barrier 
^ leaves  behind  it  a  wuke  which  has  a  long- 

term  influence  on  the 

The  burrier  and  tank  used  in  the  current 
experiments  arc  sketched  in  figure  I.  The 
harrier  consists  of  two  sheets  of  stainless 
'  steel  (dark  grey)  separated  along  the  edges  by 

two  strips  of  the  same  material  to  form  a 

the  original  solid  barrier  lonS-  ,la'  ,uhc  Two  P,eL‘es  ny|on  labr,t' 

(light  grey)  pass  through  the  centre  ot  this 

tube.  At  the  inner  end  of  the  harrier  one  piece  of  the  fabric  is  folded  buck  on  itself  and  laid  on 
lop  of  the  burrier  and  fastened  to  the  end  wull  of  the  tank  through  which  the  burrier  passes. 
The  second  piece  of  fabric  returns  along  the  lower  side  of  the  barrier  to  be  fastened  to  the  end 
wall.  As  the  burrier  is  withdrawn,  any  unsupported  fabric  is  removed  through  the  centre  of  the 
harrier.  The  net  result  of  this  arrangement  is  to  eliminate  any  sheur  between  the  burrier  und  the 
fluid  above  und  below.  All  the  sheur  is  confined  between  the  barrier  and  the  nylon  fabric. 

Unfortunately  this  burrier  arrangement  is  not  ideul.  In  section  2  we  investigate  details  of  the 
perturbation  introduced  by  the  barrier,  while  in  section  3.  we  present  a  gross  qualitative 
comparison  between  the  experimental  flow  and  numerical  predictions  of  Youngs  (1991. 
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1994).  In  section  4  we  discuss  some  of  the  details  of  the  structure  of  the  concentration  field 
and  in  section  5  the  velocity  fields.  The  main  conclusions  arc  highlighted  in  section  6. 

2.  Initial  parturbatlona 

While  the  novel  design  of  the  barrier  outlined  in  the  introduction  removes  most  if  not  all  of 
the  shear  between  the  barrier  and  the  fluid  above  and  below,  it  still  introduces  significant 
perturbations  to  the  flow.  The  primary  mechanism  for  these  perturbations  is  the  removal  of  a 
finite  volume  from  the  tank,  and  the  associated  need  for  fluid  to  move  to  replace  the  void  left 
behind.  As  the  working  fluid  (water  stratified  and  refractive  index  matched  with  salt  and 
alcohol)  is  esscntiully  incompressible  and  the  tank  rigid,  it  is  necessary  to  have  a  free  surface 
which  must  move  down  us  the  burner  is  removed.  The  barrier  measures  approximately  2.4mm 
thick  (including  the  nylon  fabric)  and  so  the  free  surface  must  move  down  by  this  amount. 
Note  that  the  potential  energy  released  by  the  downward  movement  of  the  upper  layer  exactly 
bnlunccs  the  work  done  on  the  barrier  by  the  hydrostatic  component  of  the  pressure  during  the 
removal  process. 

As  u  first  approximation  to  the  flow  produced  by  the  removal  of  the  barrier  we  may  assume 
two-dimensional,  irrotational  flow  and  utilise  potential  flow  theory,  For  the  present  discussion 
we  take  the  free  surface  to  be  flat  and  at  constant  pressure  and  tne  walls  and  harrier  to  be 
impermeuble.  At  the  end  of  the  burrier  the  horizontal  velocity  is  equal  to  the  speed  of 
withdrawal.  With  these  boundary  conditions  time  enters  the  problem  only  through  the  distance 
the  barrier  protrudes  into  the  tank.  Wc  may  thus  replace  the  moving  burrier  by  a  fixed  barrier 
and  fluid  sink. 

This  model  for  the  flow  induced  by  the  barrier  has  been  solved  numerically  using  a 
multigrid  technique  for  the  velocity  potential  tp.  Figure  2  plots  the  velocity  (urrows)  and 
velocity  potential  (grey  scale)  for  the  perturbation  at  two  different  barrier  positions.  Note  that 
the  vertical  velocities  near  the  trailing  edge  of  the  barrier  ure  much  stronger  at  curly  stages  in 
the  withdrawal  process.  This  results  in  un  overall  tilt  to  the  interface  as  the  barrier  is 
withdrawn. 

If  the  fluid  were  unstrutified  and  truly  irrotational  then  the  motion  would  stop  once  the 
burrier  was  fully  withdrawn.  However  rotational  flow  will  exist,  particularly  in  the  vacinity  of 
the  trailing  edge  of  the  burrier  where  the  nylon  fabric  is  pulled  uround  the  corners  of  the 
stuinlcss  steel  sheets.  These  rotational  aspects  to  the  flow  introduce  additional  fine-scale 
motions  plus  enable  the  tilting  process  to  continue  even  alter  the  burrier  withdrawal  is 
complete. 

The  fine-scale  rotational  perturbations  are  at  a  length  scule  an  order  of  magnitude  greutcr 
than  that  associated  with  the  linearly  most  unstable  mode,  They  also  contain  significant 
energy,  swamping  the  linear  growth  phase  of  the  instability  in  a  stratified  run.  Coupling 
between  the  tank  walls  and  the  large  scule  tilt  due  to  the  rcmovul  of  u  finite  volume  draws 
energy  from  the  stratification  to  set  up  a  large  scule  overturning  motion.  The  direction  of  this 
large  scale  overturning  is  always  the  same  and  is  consistent  with  the  potential  flow  model. 

3.  Qualitative  comparison 

Figure  3  presents  u  qualitative  comparison  of  the  present  experiments  and  the  numerical 
simulations  of  Youngs  (pers.  comm.).  In  the  experiments  the  lower  luycr  is  dyed  using  a 
combination  of  food  colour,  textile  dyes  and  fluorescent  dye  (sodium  fluorescein)  to  produce 
an  opaque,  shiny  interface  between  the  upper  and  lower  layers.  The  results  of  Youngs  are  from 
a  direct  numerical  simulation  of  the  compressible  Euler  equations.  The  simulations  were  run 


Ra vleifih-Taylor  instability. . . 


S.li.  Dutzicl 


at  low  Mach  number  to  minimise  compressibility  effects.  An  attempt  v  is  made  to  model  the 
time  lag  between  one  end  of  the  tank  and  the  other  as  the  barriti  was  withdrawn.  While  white 
noise  and  a  wave-like  perturbation  comparable  with  the  experimental  line  scales  was 
introduced  to  trigger  the  instability,  the  barrier  was  assumed  to  be  infinitely  thin  and  shear 
free. 


The  experimental  and  numerical  flow  are  clearly  similar.  While  the  length  scHrs  achieved 

differ  (for  the  numerical  flow  they 
depend  partly  on  the  spectrum  of  the 
noise  introduced  to  trigger  the 
instability),  *he  individual  structures 
are  very  similar  and  follow  the  same 
general  development. 

4.  Concentration  field 

4.1  LIF  IMAGES 
Figure  4  shows  the  evolution  of  the 
instability  as  u  sequence  of  LIF 
(Light  Induced  Fluorescence) 
images  of  the  lower  half  of  the  tank. 
In  these  experiments  sodium 
fluorescein  dye  was  added  to  the 
upper  layer  and  the  How  illuminated 
(from  below)  by  a  sheet  of  light 
approximately  I  mm  thick  (over  the 
entire  depth  of  the  tank)  from  a 
300W  mercury  arc  lamp.  The  flow 
was  imaged  using  a  high  resolution 
monochrome  video  camera 
equipped  with  a  mechanical  shutter 


(c) 


(d) 


KksiirR  3:  Perspective  view  of  the  early  evolution  of  the  instability  for  experimental  and  numerical  flows 
Times  ure  measured  from  the  start  of  the  withdrawal  process,  lixperiments:  (a)  t=2s  (h)  /=3s.  icl  r=4> 

Numerical  simuluiion  id)  f=.V 
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FiauRE  4:  Corrected  LIF  images  showing  the  evolution  of  the  instability.  Times  as  indicated. 


(to  ensure  simultaneous  acquisition  of  the  even  and  odd  video  fields).  The  video  signal  was 
recorded  on  a  Super  VHS  video  recorder  for  later  processing  using  I'  m\hnaflc,  an  image 
processing  system  developed  in  DAMTP  over  the  last  five  years. 

Image  processing  of  the  raw  images  was  necessary  for  three  reasons:  the  intensity  of  the 
illuminating  sheet  was  not  uniform  along  the  length  of  the  tank,  the  individual  light  rays 
attenuated  due  to  absorption  by  the  fluorescent  dye,  and  the  light  rays  were  not  parallel.  The 
intensity  at  the  edges  of  the  light  sheet  used  for  the  experiment  in  figure  4  was  only 
approximately  20%  as  bright  as  that  in  the  middle  As  a  result,  the  image  correction  procedure 
has  apparently  enhanced  the  noise  content  of  the  images  in  these  regions. 

In  the  very  early  stages  (figure  4.  r=2s)  the  fine  scale  perturbation  introduced  by  .he  nylon 
fabric  at  the  end  of  the  barrier  is  visible  as  rapid  roll-up  on  a  length  scale  of  approximately 
10mm.  In  comparison,  the  linearly  most 
unstable  mode  (e.g.  Chandrasekhar.  1%I. 
p.  447)  for  this  density  ratio 

<PW-/P'.n.,<  =  ' 006)  is  approximately 
2mni.  There  is  up/down  some  asymmetry 
of  these  structures,  presumably  due  to  the 
net  downward  motion  of  the  upper  layer, 

Perspective  views  such  as  those  in  figure 
3  suggest  that  these  initial  structures  are 
three-dimensional  in  nature.  The 
structures  rapidly  interact  and  combine  to 
produce  successively  larger  scales,  a 

process  which  continues  until  the  flow  Fiuiikk  V  Fnsemhle  mean  I.IF  .mage  at  r=  1 2- 
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extends  through  the  entire  depth  of  the  tank  (f=12s). 

The  large  scale  effect  of  removing  a  finite  volume  can  be  seen  as  the  more  rapid  growth  of 
the  structure  at  the  right-hand  wall  of  the  tank.  The  growth  of  this  structure  leads  eventually  to 
a  clockwise  overturning  motion  on  the  scale  of  the  tank.  This  feature  is  consistent  throughout 
these  experiments  as  can  be  seen  from  figure  5  which  represents  the  ensemble  mean  LIF  field 
from  25  individual  experimental  runs  at  /=  1 2s. 

4.2  GROWTH  RATE 

It  is  possible  to  calculate  a  wide  range  of  concentration  statistics  from  the  LIF  images 
presented  in  the  previous  section.  Here  we  shall  limit  ourselves  to  the  growth  rate  and  fractal 
dimension. 

Figure  6  plots  the  ensemble  mean  (25  runs)  temporal  evolution  of  the  penetration  of  the 
upper  layer  into  the  lower  half  of  the  tank.  The  penetration  depth  is  defined  as  the  depth  where 
there  is  at  least  5%  upper  layer  fluid  in  the  central  50%  of  the  tank.  From  dimensional  analysis 
wc  expect  self-similar  penetration  with  the  penetration  depth  h  scaling  as 


.  1  Ap  , 

/,=  a  _££/-+ V 
2  P 


(1) 


where  Ap  =  -p(im„,  p  =i(pw,  +P(, fi  is  gravity.  I\t  is  the  effect  of  the  small  scale 


perturbations  and  a  is  some  constant  of  proportionality.  This  scaling  law  is  plotted  as  a  solid 
line  on  figure  6  with  a  =  0.05.  This  is  in  broad  agreement  with  the  earlier  experiments  of 
Linden  &  Redondo  (1991)  who  were  restricted  to  density  ratios  of  greater  than  1.06  (i.e. 
density  differences  ten  times  greater  than  the  present  experiments)  due  to  the  wake  from  their 
simple  barrier.  The  current  growth  rates  also  compare  well  with  the  a  =  0.06 found  in  the 
rocket  experiments  of  Smeeton  &  Youngs  ( 1988)  and  fall  within  the  range  of  values  found  in 
direct  numerical  simulation  (a  =  0.03  -  0.05). 


If  we  select  only  the  experiments  wc 
thought  were  the  best  in  the  sense  that 
everything  ran  smoothly  and  there  were 
no  other  undesirable  influences,  then 
our  estimate  of  the  growth  rate  could 
be  reduced  to  around  a  =  0.04.  On  the 
other  hand,  if  we  were  to  look  at  the 
growth  rate  over  the  entire  length  of  the 
tank,  we  would  find  that  it  was 
dominated  by  the  rapid  growth  down 
the  right-hand  boundary  due  to  the 
Row  imparted  by  removing  a  finite 
volume.  Clearly  then  there  is  still  some 
doubt  about  the  true  value  of  a  for 
these  experiments. 


Time  in 


Figure  h:  Penetration  depth  of  mixing  region  for  ensemble  of 
experiments  (xl  and  similarity  law  < line > 


There  is  also  uncertainty  about  the  growth  rate  calculated  from  numerical  simulations. 
With  gradual  improvement  of  the  numerical  codes  and  increase  in  resolution,  the  hesr  estimate 
for  the  growth  rate  has  dropped  from  0.05  (Youngs.  1991 )  to  0.93  (Youngs.  1994). 
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4.3  FRACTAL  DIMENSION 

It  is  still  a  subject  of  debate  as  to  how  useful  a  knowledge  of  the  fractal  dimension  of  a 
material  surface  is  in  understanding  the  dynamics  of  the  flow.  Wc  shall  not  enter  this  debate  in 
this  paper  other  than  to  note  that  the  fractal  dimension  is  a  useful  measure  of  the  degree  of  self 
similarity  of  the  fine  scales  in  the  flow. 

Figure  7  plots  the  temporal  evolution 
of  the  fractal  dimension  of  the  50% 
concentration  contour  for  an  ensemble  of 
25  experiments.  The  three  key  features  of  $ 
this  evolution  are  the  initial  growth  phase  i 
for  t< 5s,  the  self  similarity  maintained  up  i 
until  /=  14s  and  finally  the  gradual  " 
increase  in  the  dimension  at  later  times. 

Comparison  with  the  LIF  images 

presented  in  figure  4  shows  the  initial 
phase  corresponds  to  the  distortion  to  the 
initially  planar  interface  (D=l)  due  to 
perturbations  introduced  by  the  harrier 
gradually  interacting  with  each  other  and 
the  unstable  stratification.  From  approximately  f=4s  the  self  similar  development  described  by 
(I)  is  established.  While  the  boundaries  of  the  tank  Marl  to  be  important  by  f=12s,  it  is  not 
until  somewhat  later  that  wc  see  a  response  and  the  development  of  more  highly  folded 
concentration  contours.  The  numerical  work  of  Youngs  (1994)  shows  a  similar  time  lag  before 
the  onset  of  self  similarity  (in  this  case  characterised  by  the  growth  rate  following  equation 
(D) 

In  the  absence  of  molecular  diffusion  of  dye  and  salt,  the  fractal  dimension  would  continue 
to  increase  towards  D~  2  as  the  internal  wave  field  continues  to  break  With  diffusion,  the 
increase  in  dimension  due  to  folding  will  eventually  be  balanced  by  diffusion,  with  the 
dimension  then  slowly  decreasing  towards  unity  (the  final  state  will  be  a  continuous  density 
stratification  with  the  50%  concentration  contour  corresponding  to  a  horizontal  surface). 

6.  Conclusions 

In  this  paper  wc  have  shown  broad  qualitative  agreement  between  a  series  of  simple 
laboratory  experiments  and  sophisticated  direct  numerical  simulations  of  classical  Rayleigh- 
Taylor  instability.  While  the  quantitative  comparison  is  less  favourable,  wc  have  shown  that 
the  discrepancy  between  the  predicted  and  observed  development  may  be  explained  in  terms 
of  the  initial  perturbations  to  the  flow  produced  by  removing  the  barrier  initially  separating 
these  two  layers.  For  these  perturbations  to  have  their  full  impact  on  the  flow,  it  is  necessary 
to  consider  the  coupling  between  them  and  the  lank  walls. 

We  have  demonstrated  that  the  flow  achieves  a  self  similar  growth  phase  despite  these 
initial  perturbations.  In  addition  to  the  r  growth  rate  anu  the  constant  fractal  dimension 
presented  in  this  paper,  concentration  fluctuation  power  spectra  and  the  evolution  of  the 
velocity  field  also  show  self  similar  behaviour. 
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Abstract 


In  this  paper  we  investigate  the  Rayleigh-Taylor  instability  of  a  two-fluid  layer  system 
under  a  general  rotation  field.  Gravity  is  always  perpendicular  to  the  two  layers.  It  is  found 
that,  in  an  unstable  situation,  an  increase  in  the  densities  difference  increases  the  stable 
angular  area  of  wave  propagation,  measured  with  respect  to  the  horizontal  component  of 
rotation.  However,  it  is  found  that  the  vertical  component  of  rotation  decreases  not  only 
this  stable  angular  area  but  also  the  range  in  which  the  horizontal  component  stabilizes  the 
system,  according  to  a  previous  research  by  DAvaios- Orozco  (1993).  This  decrease  in  stable 
area  comes  along  with  a  decrease  in  the  growth  rate.  It  is  shown,  by  numerical  analysis  of 
the  eigenvalue  equation,  that  the  stable  angular  area  disappears  after  the  non  dimensional 
vertical  component  of  rotation  attains  the  value  .33,  approximately.  Exact  and  approximate 
analytical  results  ate  calculated  to  understand  the  physics  of  the  numerical  results. 


1.  Introduction 


The  Rayleigh-Taylor  instability  (RTI)  has  been  the  subject  of  recent  research  due  to  its 
importance  in  stratified  systems  among  which  planetary  and  stellar  atmospheres  are  two 
examples.  In  order  to  describe  realistic  situations,  different  properties  of  the  fluid  have  been 
included  in  theoretical  investigations.  For  instance,  Chandrasekhar  (1955)  included  the  effect 
of  viscosity  and  Reid  (1961)  the  effects  of  both  viscosity  and  surface  tension.  The  fluid  can 
also  be  supposed  as  beihg  made  of  a  number  of  layers  or  as  being  continuously  stratified. 
For  a  review  see  Chandresekhar  (1961).  Recently,  important  advances  have  been  attained 
from  the  theoretical  point  of  view  by  Yiantsios  and  Higgins  (1989).  A  new  and  original 
experiment  has  being  done  by  Fermigieret  al.  (1992)  which  gives  a  light  in  the  development 
of  the  RTI  not  seen  before. 

The  effect  of  external  forces  has  importance  mainly  in  planetary  and  stellar  systems. 
Coriolis  and  centrifugal  forces  are  the  more  common  in  these  systems  and  play  an  important 
role  in  determining  many  phenomena  including  RTI.  The  effect  of  rotation  making  an  angle 
with  gravity  was  first  investigated  by  Hide  (1956a)  and  gave  a  detailed  analysis  only  for  the 
case  of  rotation  parallel  to  gravity  Hide  (1956b).  Bjerknes  et  al.  (1933)  were  the  first  to 
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include  the  effect  of  vertical  rotation  in  a  two-fluid  layer  system  In  a  recent  research,  the 
RTI  of  a  continuously  stratified  fluid  in  a  general  rotating  field  has  been  investigated  by 
Divalos-Orozco  and  Aguilar- Rosas  (1989a).  They  found  the  upper  bound  of  the  growth  rate 
of  instability  and,  by  means  of  an  example,  they  found  that,  for  large  values  of  the  wave 
number,  a  bifurcation  occurs  in  the  plane  of  the  angle  of  maximum  growth  rate  against  the 
wave  number  for  vertical  component  of  rotation  comparable  in  magnitude  with  the  horizontal 
component.  This  angle  of  maxima  is  measured  with  respect  to  the  horizontal  component  of 
rotation. 

A  continuously  stratified  horizontal  magnetic  field  has  been  included  by  D&valos -Orozco 
and  Aguilar- Rosas  ( 1989b)  who  obtained  the  upper  bound  for  the  growth  rate  of  the  instabil¬ 
ity  in  a  continuously  stratified  fluid  under  a  general  rotation  field.  See  also  Divalos- Orozco 
(1991). 

Divalos-Orozco  (1993)  investigated  the  RTI  of  two  superposed  fluids  under  a  horizontal 
rotation  field  and  also  under  the  simultaneous  action  of  horizontal  rotation  and  magnetic 
fields. 

In  this  paper  we  investigate  the  RTI  in  a  two-fluid  layer  system  under  a  general  rotation 
field.  Viscosity  is  ignored.  The  results  obtained  here  are  an  extension  of  those  given  in  the 
paper  by  Divalos- Orozco  (1993).  Here,  we  clarify  the  importance  the  horizontal  component 
of  rotation  has  in  RTI  and  how  the  vertical  component  of  rotation  can  not  eliminate  the 
effect  of  the  former  until  a  fixed  magnitude,  obtained  numerically,  is  reached.  Exact  and 
approximate  analytical  results  will  be  calculated  to  help  in  the  understanding  of  the  physics 
of  the  problem  and  to  identify  the  correct  numerical  results. 

The  structure  of  the  paper  is  as  follows.  In  section  2  the  perturbed  equations  of  motion 
are  presented  using  normal  modes  along  with  the  boundary  conditions.  In  section  3,  a 
discussion  of  the  proper  value  equation  obtained  in  section  2  is  given  and  one  exact  and  one 
approximate  solutions  are  calculated  to  help  in  the  numerical  analysis  discussed  in  section 
4.  The  conclusions  are  given  in  section  5. 
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2.  Equations  or  motion 


We  consider  ihat  the  two  fluids  composing  the  stratified  layer  are  non-dissipative  and 
that  the  Euler’s  equations  govern  the  system  under  rotation.  We  suppose  that  at  the  onset 
the  system  is  in  static  equilibrium  but  in  an  unstable  situation  with  a  fluid  of  density  pi 
over  another  of  density  p\,  where  pj  >  p\.  The  gravity  force  is  perpendicular  to  the  two 
layers.  After  a  perturbation  is  given  to  the  system,  the  variables  satisfy  a  system  of  linear 
equations,  where  we  suppose  that  all  dependent  variables  have  the  form  exp[i(kx  x  +  ky  y) 
+  n  t].  Then,  a  combination  of  those  equations  leads  to  an  equation  of  motion  satisfied  in 
each  medium 


n 2(fc*  -  D2)w  -  4(»n+  +  UzDyw  =  0 


(1) 
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This  equation  is  solved  trying  a  solution  w  <xexp(7z)  and  using  the  condition  of  continuity 
of  the  vertical  component  of  velocity  w  at  the  interface  and  the  jump  condition  at  the 
interface,  that  is,  wt  =  w3  and 


w0(2nCi-  +  tk3g)Ap  +  i(n2  +  4d3g)A(pDw0)  -  4n+nz[A(/»u>o)  +  pAtvol  =  0  (2) 


Here,  AG  =*  Gj  -Gi,  is  the  jump  of  a  quantity,  k*  and  ky  are  the  x  and  y  components 
of  the  wave  vector  where  k  is  its  magnitude  and  n  is  a  complex  number  whose  real  and 
imaginary  parts  are  the  growth  rate  of  the  perturbation  and  the  frequency  of  the  oscillation, 
respectively.  Q+  =  ktflt+k„nv  and  fl'  =  kti\y - k-jd,  where  and  Qz  are  the  x,  y  and 

2-components  of  the  rotation  vector.  All  this  leads  us  to  the  following  eigenvalue  equation 
in  non  dimensional  form: 


{N*  +  N3[F$ +  F3coe3(0-a)]}1'3  >=[l-2iNFain(6 -a)]A . (3) 


where  N=  n/(gk)1/J,  Fz  =Oz/(gk)1/3,  F  =  fl/(gk)1/a  and  Q  is  the  magnitude  of  the 
horizontal  component  of  rotation.  A  =  (pi  -  Pi)/(pi  +  pj)  >  0  represents  the  densities 
difference,  6  is  the  angle  of  propagation  of  the  perturbation  with  respect  to  the  x-axis  and 
a  is  the  angle  of  the  horizontal  component  of  rotation  with  respect  to  the  x-axis.  From  now 
on,  a  will  be  made  equal  to  zero.  This  has  no  influence  in  the  results.  For  more  details  in 
the  derivation  see  Divalos-Orozco  (1993). 


3.  Approximate  and  Exact  solution 


Squaring  both  sides  of  Eq.(3)  we  obtain  a  forth  order  nonlinear  polynomial  equation 
with  complex  coefficients.  This  leads  us  to  a  problem  because  when  squaring,  we  lose  the 
information  given  by  the  non  dimensional  densities  difference  A.  This  information  is  impor¬ 
tant  because,  as  we  will  see,  the  stability  of  the  system  under  study  is  not  only  determined 
by  A,  but  also  by  the  vertical  and  horizontal  components  of  rotation.  Only  in  the  case  of 
vertical  rotation  A  determines  the  stability.  In  this  circumstances,  it  is  necessary  to  know  in 
advance  which  two  solutions,  of  the  four  obtained  from  the  forth  order  polynomial,  are  the 
correct  To  this  end,  we  obtain  an  approximate  solution.  Note  that  the  eigenvalue  equation 
has  a  solution  purely  imaginary,  that  is,  N  =  i  I.  Then,  the  condition  I*  >  I3[F\  +  F 3 cos  H) 
is  obtained,  which  lets  us  obtain  the  following  approximations  of  the  two  solutions,  if  we 
suppose  that  N  satisfies  a  similar  inequality  (DAvalos-Orozco  (1993)): 


N  =  i  AFsintf  ±{A  —  2F\  -  FJ( A2 sin  +  2 cos a0)}1/3 


(4) 


Prom  this  equations  we  obtain  a  critical  F  (or  stability: 


FSca  =  (A-  2F$)/(Ai  sin  H  +  2cosa#) 


(5) 


This  approximation  is  valid  for  small  F  and  Fz  and  for  9  near  to  90°,  as  shown  by 
numerical  analysis.  Numerical  analysis  shows  that  an  increase  in  F  leads  to  FSc,  that  is,  the 
system  stabilizes,  but  also  it  shows  that,  after  a  further  increase,  the  system  destabilizes. 
In  order  to  show  this  analytically  we  looked  for  an  exact  solution  to  this  new  critical  value. 
To  this  end,  we  suppose  again  that  N  is  purely  imaginary.  Then,  two  inequalities  from 
both  sides  of  the  eigenvalue  equation  are  obtained.  One  is  that  shown  above.  The  other  is 
1>  2//* sin#.  See  D£valos-Orozco(1993)  for  the  conditions  necessary  to  preserve  the  signs  of 
the  inequality  in  order  to  be  able  of  squaring  both  sides  of  it.  Then,  after  squaring  both  sides 
of  this  inequality  and  multiplying  member  to  member  with  the  first  inequality,  a  condition 
for  stability  is  obtained  which  at  criticality  for  instability  gives  the  following  value  for  the 
critical  horizontal  component  of  rotation: 


FIca  .  5cosa#{-Fj  +  [FJ  +  .25 cot  a#]1,/a} 


(6) 


This  result  is  exact  in  the  sense  that  no  approximation  has  been  made  in  its  calculation 
and  it  is  a  direct  result  from  the  eigen  value  equation,  in  contrast  to  the  method  used  to  obtain 
FSc.  Note  that  the  value  of  Flc  is  independent  of  the  A.  The  two  critical  values  obtained  in 
this  section  will  be  very  useful  in  determining  the  correct  solutions  of  the  eigenvalue  equation. 


4.  Numerical  Analysis 


The  numerical  solution  of  the  forth  order  polynomial  eigenvalue  equation  corroborated 
the  results  obtained  for  FSc  and  Flc  when  Fz  and  9  are  small  enough.  Results  were  obtained 
(or  different  values  of  A,  but  here  only  two  values  A  «  4  and  1  are  presented  combined  with 
two  values  of  Fz  *  .01  and  .15,  in  a  plot  of  F  against  9.  In  Fig.  1  ,  graphs  of  log  F  against 
6  are  shown  for  Fz  =  .01.  First,  lets  investigate  the  case  9  *90°  An  increase  in  F  leads 
the  system  to  FSc,  point  after  which  there  is  stability.  With  a  further  increase  it  reaches 
Flc,  point  after  which  the  system  becomes  unstable  increasing  the  growth  rate  again  until  a 
maximum  FM  is  reached.  Later  the  growth  rate  decreases  monotonically.  It  is  important  to 
note  that  in  the  absence  of  the  vertical  component  of  rotation  (see  Ddvalos- Orozco  (1993)) 
there  were  no  Flc  at  6  a90°.  In  other  words,  the  value  of  Flc  a  oo  at  9  =90°  when  Fz  a  0. 
This  may  be  shown  by  means  of  Eq.(6)  for  Flc  taking  the  limit  for  9  =  90  adequately. 
Another  way  is  to  calculate  Flzc  instead  of  Flc,  This  last  procedure  gives  Flca  a  1/16FJ 
for  9  as  90°  For  the  case  of  Fig.l,  Fz  =  .01,  which  gives  log  F  a  1  3979.  That  is,  a  very 
small  value  of  the  vertical  component  of  rotation  reduces  considerably  the  stable  range  of 
F  9  =90°.  After  the  crossing  of  the  lines  FSc  and  Flc,  a  line  of  minimum  of  growth  rate 
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appears  as  a  remnant  of  the  former  stable  area.  It  disappears  after  the  crossing  with  PM. 
This  behavior  it  similar  to  that  in  the  absence  of  Fz.  Note  that  an  increase  in  A  increases 
the  stable  angular  area  along  with  an  increases  in  the  growth  rate  in  the  unstable  angular 
areas.  The  contrary  is  valid  too  when  A  decreases.  Therefore,  there  are  no  contradictions 
about  the  meaning  of  stability.  Fig.2  shows  curves  of  P  against  6  for  Fz  *=  .15.  Hete,  the 
stable  angular  areas  are  considerably  reduced  but  again  an  increase  in  A  increases  this  area. 
Notice  that  this  increase  is  due  exclusively  to  a  decrease  in  the  value  of  FSc. 

The  limit  angle  for  stability  may  again  be  calculated  analytically  as  in  Divalos-Orozeo 
(1993).  However,  this  angle  is  approximate  because  use  is  made  of  Eqs.(5)  and  (6)  obtained 
above,  one  of  which  is  an  approximation.  As  seen  in  Fig-(l)  and  (2),  FSc  and  FIc  cross  just 
at  the  end  of  the  stable  angular  area.  Use  of  this  idea,  equating  FSc  to  Flc,  gives: 


tan»0t  «  Ry{l-AF$R) 


(?) 


where  R  ■>  {2+(2)1/3}/ A.  Note  that  in  the  absence  of  Fz  this  equation  reduces  to  that 
obtained  by  D&valos-Orozco  (1993).  The  figures  show  that  the  larger  limit  angle  is  attained 
for  A»l.  Then,  from  the  denominator  and  for  A  *  1,  we  find  that  Fz  =  [l/4{2  + 
(2)i/3}]»/3  as  .2705  is  the  approximate  value  at  which  the  stable  angular  area  must  disappear. 
Numerical  analysis  shows  that  this  area  disappears  at  Fz  a  33.  Fig. 3  presents  graphs  of 
9i  against  Fz  for  different  values  of  A  using  the  approximate  Eq.(7).  The  approximation  is 
good  for  small  values  of  Fz,  fair  for  values  a  little  larger  than  .1  and  bad  for  larger  values. 


5.  Conclusions 

We  have  shown  that  a  two-fluids  system  under  a  general  rotation  field  presents  a  more 
complicated  behavior  compared  to  the  cases  in  which  the  vertical  and  horizontal  components 
of  rotation  are  present  alone.  The  densities  difference  parameter  A  increases  the  stable 
angular  area  as  in  the  case  of  horizontal  rotation  alone  but  even  a  small  magnitude  of  the 
vertica*  component  of  rotation  works  to  eliminate,  considerably,  the  stable  angular  region 
decreasing,  at  the  same  time,  the  growth  rate.  The  angular  region  disappears  when  Fz  * 
33  Note  that,  to  complete  the  stability  analysis  for  all  the  36U°  angular  region,  the  graphs 
shown  in  Figs.(l)and  (2)  must  be  reflected  every  90°.  The  growth  rate  in  the  figures  is  larger 
at  the  lower  left  side  and  smaller  at  the  upper  right  side. 
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Fig  2.  F  va.  6.  An  inoreaae  in  Fz  deoreaaea  the  atable 
area  while  the  denaity  difference  increaaee  it  with  the 
growth  rate. 


